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SUMMARY 

Many design problems call for an assessment of whether flow 

is subcritical or supercritical. The amount of computer 

time required will depend on the decision criterion select­

ed. This article shows that the use of the "critical slope" 

criterion in an appropriate graphical representation offers 

a quick way to characterize the state of flow. 

1. Basic Equations and Definitions 

The expression for the critical slope results from the definition 

of the critical state of flow and from a formula for the hydraulic 

resistance. Both the initial equations are referred to the relative 

depth of part-full conduit flow. The solution is demonstrated for the 

example of a circular cross section. 

From the general equation defining critical flow 

(1) 

if it is assumed that ex~ 1.0, it follows that 
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Here 

2 
vcrit = g(A/B) = ghm. 

Fr is the Froude number [ 1] ; 

ex is the Coriolis number [ 1] ; 

g is the acceleration of free fall = 9.81 m/s 2 ; 

Q is the flow rate, m3 /s; 

vcrit is the critical velocity, m/s; 

Bis the width of the water surface, m; 

A is the cross-sectional area of the flow, m2 ; and 

hm =A/Bis the mean depth (or, in Anglo-American terminology, 

the hydraulic depth), m. 

Fig. 1 illustrates the definition of the mean depth. 

hm=i 

Fig. 1. Definition of "mean [hydraulic] depth"~-

( 2) 

Introducing the relative quantity hmr = ~/D, where Dis the di­

ameter or cross-sectional height, we put Eq. (2) in the form 

2 
V = gDh • crit mr 

( 3) 

If the cross-sectional shape is given, the geometry (Fig. 2) gives the 

relative mean depth hmr as a function of the relative depth hr= h/D. 

For practical reasons, the Manning-Strickler formula is used for 

the velocity: 

( 4) 
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Fig. 2. Dimensionless groups used to determine 

the critical state of flow in a circular conduit. 

The Manning roughness coefficient n is the reciprocal of the Strickler 

coefficient kst· For the condition of full-cross-section flow in the 

circular cross section (R = D/4), this formula becomes 

(1/n) (D/4) 2/3Jl/2. (4a) 

For the calculations to be equivalent to the Prandtl-Colebrook cal­

culations with the most commonly selected roughness coefficient kb= 

1.5 mm, the Manning roughness coefficient should be taken in the range 

of n = 0.013-0.014 (valid for D = 0.25-2.5 m). 

In common practice, the velocity for part-full flow is determined 

not directly from Eq. (4) but from a "part-full velocity curve": 

v = vfull vr, (4b) 

where vr is the relative velocity of part-full flow in the conduit, 

that is, the abscissa of the part-full velocity curve. 

Combining Eqs. (3), (4a) and (4b) yields an expression for the 

critical slope in the form 

_ 2 1/3 2 Jc r it - 6 2 . 3 n ( 1 / D ) ( ~r/ v r ) • 
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Fig. 2 is a plot of the dimensionless group ~r/vr2 and the 

intermediate quantities vr, vr2 and ~r· The part-full curve (vr) is 

shown in the usual version with the "Thormann correction. 11 

For a given roughness, the critical slope as a function of the 

parameters D and hr is found with Fig. 3. The plot in Fig. 3 is based 

on the assumption n = 0.014. 
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Fig. 3. Critical slopes for circular conduits. 

Example of the use of the plot: For diameter D = 1.0 m and bot-

tom slope1 Js = J - 4.5 °100, supercritical flow (shooting) is crit -
found in the range of hr= 0.20 to 0.43. Below and above this range, 

flow is subcritical (streaming). 

2. The Jcrit Curves 

The shape of the Jcrit curves is strongly influenced by the last 

factor in Eq. (5), the expression hmr/vr2 • 

1Translator's Note: The symbol 0 100 denotes "per thousand"; 
4.5°/oo = 0.45%. 
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For hr= 0 and hr= 1, this expression tends to infinity; it has 

a minimum at hr= 0.30. 

The flow in a closed cross section is always subcritical at very 

shallow depths and in the transition to full-pipe flow. The tendency 

to go over to supercritical flow in circular cross sections is strong­

est at a depth/diameter ratio of 30%. 

Therefore, to assess whether supercritical flow can occur at all, 

it is sufficient to examine the state of flow for hr= 0.30. 

For the sizing of cross sections, on the other hand, what is of 

interest is the condition when the conduit is running nearly full. In 

such cases, the Jcrit values corresponding to hr= approx. 0.70 can be 

regarded as representative. 

The shape of the Jcrit curves in Fig. 3 holds for flows that do 

not involve changes in air pressure. 

3. Effect of Compression of Air Enclosed in a Duct 

The definition of critical flow in Eq. (1) holds provided the 

pressure conditions over the water surface remain constant during the 

passage of a flow wave. In closed conduits, this condition does not 

always hold. If we write pL for the pressure difference relative to 

atmospheric pressure and express this pressure difference as the pres­

sure head (pL/"fw) in meters water column, the general expression for 

the specific energy head becomes 

v2 p 
hE = h+ a• - + ~ 

2g 'Yw 

and from the critical flow condition 

dhE . a d (v2 ) d (pdyw) = 
0 dh = I + 2g • cih + dh 

it follows that 
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2 
V . = crit 

I d(pLf'yw) a • g • hm • ( I + dh 

that is, the previously assumed Eq. (2) is multiplied by 

1 + d(pL/Yw)/dh. Eq. (5) also takes on a corresponding form: 

J = 62 • 3 nl. _I_. hm,r, (I+ d(p~rw)) 
crit Dl/3 v? 

(2a) 

(Sa) 

If the vents are blocked, a higher pressure can occur in the leading 

region of a flow wave and a lower pressure can occur behind the wave. 

When the pressure is higher, the tendency to supercritical flow is 

inhibited; when the pressure is lower, this tendency is promoted. As 

the peak discharge passes in large conduits, the air pressure gradient 

can exert a perceptible effect. According to my estimate, gradient 

values of d(pL/Yw)/dh = 0.1 to 0.5 (i.e., 1 to 5 mbar per 0.1 m rise 

in water level) can occur in such cases. 

4. Conclusion 

This discussion of the "critical slope" characteristic was limit­

ed to the example of a circular conduit. The method of development 

can, however, be extended to other cross-sectional shapes provided the 

geometry of the cross section is stated unambiguously and the velocity 

curve for part-full flow is known. 

" Author's address: Dipl.-Ing. v. Sifalda, IngenieurbUro fUr Wasser-

wirtschaft, Vor der Pforte 16a, 6072 Dreieich-G~tzenhain, Federal Re­

public of Germany. 
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