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- ----
This report presents the final results of a study conducted in the 

Hydraulics Branch, Divison of General Research of the U.S. Bureau of Reclama­

tion. It provides a procedure for optimizinB sele~tion of coefficients 

(parameters) to be used with a proportional plus · integral (reset) controller 

for canal automation. The study includes a method for use with a proportional, 

proportional plus . integral and proportional plus integral plus derivativ e 

controller. The procedure is illustrated using data from the South Gila canal. 

'· 

; 



--~ 

1_ ... ..:.---=.:: ~-·. -
\ 

-----
• I 

Page 

I. INTRODUCTION 4 

II. FEEDBACK CONTROL 4 

III. PARAHETER ADJUSTMENT 7 

IV. ULTIMATE PARANETERS. . .. 9 

V. COMPUTER RESULTS 10 

VI. FUTURE REC0M}1EdDA.TI0NS 13 

VII. REFERENCES . 15 . 
V.III. APPENDIX . · ... . 17 

··~ .. 



-l 
I 

• I 
' I 

------ ~--- -~----·--
----~ ... <I ..... _ ·-,J..,-- ::- ..... ~· - ~·~ .. _...._...-..~-- . ....-. ...;...,;··~·----<~ 

I. Introduction 

This study is concerned with the control nnalysis of- a system which is 

designed to regulate the downstream control of canal check gates. 

4. 

A block diagram of the control system is shown in Fig. 1. In order to 

reduce the system to a level which will permit an analytical study, the 

effects of the gate motor dynamics and the deadband of the motor contactor 

have not been c6~sidered in this analysis. In some cases such effects may be 

lumped into the overall system gain constants. 

The type of control which is considered in this study was selected in 

order to reduce certain undesirable effects such as oveishoot of the dis-

charge response to a step input and the steady-state error in the canal level 

response following such a disturbance. Proportional control alone, cannot 

reduce such undesirable effects. It is necessary to employ proportional plus 

integral control to reduce the error in the steady-state canal level respo nse, 

and proportional plus derivative control to reduce the undesirable transient 

overshoot effects. To eliminate both transient and steady-state errors, a 

proportional plus integral plus derivative controller or its equivalent is 

required. An equivalent controller or compensator is considered in the 

concluding section entitled "Future Recommendations". 

In conclusion, it is usual practice to have the error signal -which is 

acted upon by a proportional plus integral control be the difference between 

the set point and the output variable. In Fig. 1 the input to the controller 

is the difference between the set point and the output of the ' filter. This 

arrangement could lead to a b~i~d-up in the discharge ;esponse overshoot. 

II. Feedb~ck Control 

A reduced block di~grai is shown in Fig. 2. The c~scadc con trol l er is 

labelled G (s) and the lumped model of the cannl reach is labelled G (s). 
C p 
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The notation indicates that the transfer functions are expressed as a function 
' . l 

J 

of the Laplace .variables. 
------·--

R(s) M(s) C(s) 
+ E(s)I I ---.::...>Q_ _ ;. G c (s) ------=-

Set Point _ . Gp(s) 

/ Controller 
1

~c-a-n-~-=-l~~~-1_o-__ d_e_;~; ~~~~ 

.,__---'-------------1 Gf(s) > 
FIG. 2 

The overall closed-loop transfer function is 

C(s) Gc(s)G (s) 

R(s) = 1 + G (s)G (s)G~(s) 
C p t · 

For the purpose of ~nalysis the information which concerns transient and 

steady-state response is contained in the characteristic e~uation which is 

defined as 

1 + G (s)G (s)Gf(s) = 0 
C p 

that is, the transfer function of the controller, the canal model and the 

filter are contained in this equation. 

Before considering the characteristic equation in detail a discussion 

of the control laws which are used in this study will be considered, 

From the block diagram, the controller transfer function is 

M(s) = G (s) 
E(s) c 

That is, the control law relates the input variable of the canal model to 

the error siinal of the system. The three basic forms of control laws 
i 

considered here are: 

Proportional action 

G (s) = K 
C 1 

(1) 

(2) 

(3) 

( 4) 
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7. 

Proportional plus Intcgr2 l Act ion (~es ~t) 

G (s) 
C 

1 
= K1 (1 + rs°) 

1 
(5) 

Proportional plus Integral plus Derivative Action 

(6) 

The parameter K
1 

is a gain and T
1 

and T2 are integral and derivative action 

ti1Ile cons·tants. These are the adjustable parameters which are to be optimized 

in this study. 

III. Parameter Adjustment 

In process control, the two most widely used me.thods to optimize control 

parameters are given in the following paragraphs. · The analysis upon which 

these methods are based and the optimization approach which is used are given 

in an appendix. 

Method I of the technique due to Ziegler and }Tichols [2) depends on the 

process response for the open loor system using a proportional controller. 

Two parameters, the naximum slope Rand the lag time L, for a. unit step 

input are measured on a computer nodel graphical print out. 

;; 

Uni l:-stcp input 

response-open loop. 

In terms of these parameters 

for proportional control 

RL 
1 

is 

usually opt imurn·:· 
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l 8. -1~-- = ·- --\ 
j · Method II is b~sed on the re sponse of a closed-loop syste~, ~here the process 

' • I 

j is under proportional control, and its gaiQ K1 is at the ~tabilit y limit 

I 

I 
.1 

I 

_j~----ri 
-I~ 

Process 

K; that is, the loop has sustained oscillations of a period P . The two 
u u 

parameters K and p · may be determined by actual tests or estimated by simula-
u u ' 

tion. With these data the optimum adjustment a.re: 

Pr?portional Control (P) 

1 
Kl = 2 Ku 

Proportional plus I nt egral Control (PI) 

Method I Method II 

K·· 0.9 
Kl 0.45 = = 1 RL 

Tl = 3.3 L Tl = 0.83 

K2 = K/T1 

K 
u 

p 
u 

Proportional plus In t egral plus Derivative Control 

Hcthod I ; Method II 

K 
1. 2 

K o. 36 K = = 
1 RL 1 u 

Tl = 2L Tl = 0. 83 p 
ll 

K2 = K/T1 K2 = Kl/Tl 

T = 0.5L T2 = 2 p 
2 u - - --

(PID) 
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9. 

The filter used in this system has essentially the same characteristics 

as a PD controller . . The aJ<litional 2ain and derivative action is prob.:1bly the 
--'.::'..__ 

reason for the overshoot of the first add second peaks of the discharge 

response. To compensate for this effect, rnod{fications were made in the 

above procedure. 

IV. Ultimate Parameters 

The term ultimate is used here to mean values which are c.:ritical or on 

the verge of instability. The gain and frequency to be calcul~ted are values 

which occur on the iw axis in the complex frequency plane, and are therefore 

values which relate to the natural frequency and corresponding gain of the · 

closed~loop system. 

At the stability limit, s = iw and 6 = O. KI= K is the correspqnding 
u . u 

value of INCO at this limit. This is the value of HICO at which the discharge 

is in an oscillatory ~tate. In this case (1) (see Appendix, VIII- 1) becomes 

-iw t 
K e u D 

u 1 + = 0 
iwtf + 1 

or ,/ 
/ 

(1). 

(2) 

Separating this equation into real and imaginary parts, 

w 
u 

and solving these equations fo r K we have 
u 

K = 
u 

; 

-1 

The na tura l frequency of t he syst em wh ich is w 
u 

from the rela t ionship 

(3 ) 

( 4) 

in (15), i s de termined 



l 
1 
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Using the value of (tu+ tD), for Q = 10 cfs, (from STAGAT) which is 

' . . 
J 

(tu+ tD) = 2108 sec. ----
the calculated value of w is 

u 

2n 
wu = 2108 = 0.00298 rad/se~. 

Using this value of w the corresponding value of K may be calculated from 
u u 

(15) (using tD = 1027), 

-1 
K =---------~ u cos[(0.00298)(1027)) 

= 1.000. 

This value of K is the value of INCO when c = 0. The corresponding value 
u 

of GAIN is calculated for a discharge value of Q = 10 cfs. (from STAGAT). 

INCO ,= GAIN x FNGATE (0.78386) 

FNGATE = DELTA COED/DELTA GATE · (0.094273) + 0.61473 

= (-2'.057)(0.094273) + 0.61473 

= 0.4208 . · 

INCO 

GAIN 

= GAIN (0.4208) (0. 78386) 

INCO 
= 0. 3298 = 3.032 INCO = 3.032 

This value of ultimate gain, which is obtained analytically, is close to 

the value (Table 1, Section V) which was determined by trial. 

V. Computer Results 

Computer runs were made using program CORNING with South Gila canal data. 

Both methods described in Section III were used to select the ranp,e of values 

for K
1 

and K
2 

(with PI control) . 

M = First peak overshoot 
p 

H = Ratio of second to first peak 

"" T = Hater level recovery time (90%) 
s 
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• ! \ 1. Oscillatory Cases 

I . I ........ _ 

K K p M % H% Tfsec u 2 u p 

1 3.58 .000 5959 38 100 1120 

2 3.58 .006 16619 43.7 100 1120 

. 3 3.58 . 015 5959 108 100 1120 

The cases listed in this table are oscillatory cases of the discharge 

response. The period and the gain for Method II and new values of K1 , K2 and 

T 2 = tf were obtained. (See Table 2 and 3.) 

2. Filter Time Constant Tf = 1120 

Kl K2 M % H% tfsec T hrs 
p s 

1 ·O. 907 0.0117 so.a 24.2 1120 2. 07 

2 o. 970 0.0107 55.8 20.8 1120 2.11 

3 0.970 0.0097 55.8 25.0 1120 2.15 

4 0.970 0.0088 44.0 28.5 1120 2.19 

5 1.13 0.0137 65.9 16. 7 1120 1. 64 

6 1.13 0.0125 55.8 25.0 1120 l. 68 

7 1.13 o. 0114 57.0 20.8 1120 1. 7 2· 

8 1.13 0.0104 55.8 25.0 1120· 1. 77 

9 1. 29 0.0160 68.2 36.0 1120 1. 51 

10 1. 29 o. 0140 65.9 20. 7 1120 t. 64 I 
11 1. 29 0.01 0 6..'i ,4 17,8 1120 1. 77 

, . 

. I 12 1. 29 0. 0118 61.1 26.9 112'0 1. 90 
i 
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The 12 cases a r e typica l c as es ~hich did ~ot mee t s pec i ficat i ons . Thev 

.....___ 
were obtain~d by an iterative application of Me thod II. The filter has 

essentially the same effect as a derivative PD controller. It is probably 

this effect which caused the high values of the ratio P. (the ratio of the 

second to first peak). These high values also could be caused by nonlinear 

effects known as integral saturation and reset windup which are discussed 

in Section VI. 

3, Cases with Variable Time Constant 

Kl K2 M % H% tfsec t hrs 
p s 

·_1 1. 29 0.0156 93 .1 70.7 1990 ,1.58 

2 1. 29 0.0156 91. 9 45.0 1770 1. 64 

3 1. 29 0.0156 87.1 48.6 1608 ' 1. 70 

4 1. 29 0.0156 78.2 47.1 1446 , 1. 7 5 

5 1. 29 0.0156 I 66.6 37.5 1283 1. 79 
-

6 1. 29 0.0156 66.6 23.8 1120 1. 89 

7 1. 29 0.0156 66.6 23.4 1000 1. 96 

8 1. 29 0.0156 58.8 28.0 840 2.03 

9 1. 29 0.0156 52.9 26.1 680 2.08 
-

10 1. 29 0.0156 43.4 35.7 520 2.22 

11 1. 29 0. 0156 43 . 4 35.7 360 2.11 

12 1. 29 0.0156 38 .7 12.0 200 2.25 

13 1. 29 0.0156 32.5 52.4 001 2.00 

12. 
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These cases represent computer runs wi th constant gains. The filt er 

- I time constant was varied over a range frorn ___ oo1 to 1990 seconds. Case 12 

meets the specifications and these data will be used in a sample calculation. 

The PIO formula is use~ because the filter is considered as a derivative 

controller in this analysis. 

4. Sample Calculation 

The values from case 12 are: 

Ki = 1. 29· K = 0.0156 
2 

Using the PIO fo rmula (Hethod II) 

K = 0', 36 K 1 u 

The ·measured value of K is u 

Kl = 0.36 (3. 58) = 1. 28 

Tl = 0.83 P 
u 

Tl 
0.83(5 959) 

== 83 - . 
60 s ec 

_-. 1(2 Ki 1. 28 
0.015 min 

- 1 
= - = --= 

Tl 83 

T = 2 P 
2 u 

= 2 (5959) = 198 
60 

sec 

3.58 

t = 200 
f 

These values are c l ose to the measured values in case 12 . 

VI. Fu t ur e Recommenda t ions 

A brief summar y of el ement s of t he con tro l sys t em which indicate problem 

areas are l i sted fo r c onsidera tion . 

1. The filter t rans f e r f unc t ion i~ the feedback loop ha s essentially the 
'> 

same cha r ac t er i s t i c s as a PI controll er in t he forward br anc h o[ the 

0..,1>,·..:: .?'_ 
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control systcw. .\ more co;-,:pact J.nJ mor e c.::isily aJ justQJ con trolle r 

--~--rcrresult if the filter and the pre sent PI controller were combined 

into a single unit. An alternativ e approach, would be to design a 

replacement lead-lag compensator which would also give the desired 

steady-state and transient performance. 

2. The present gate motor and contactor is designed with position 

feedback .only . Velocity feedback should be added to this unit to 

prevent observed limit cycle operation of the canal ga_tes. 

3. In a PI controller two nonlinear effect s may occur. For large 

changes in set point, the output of the integrator will saturate 

and stay at its maximum value until the error signal comes within 

the proportional band. In addition, the phenomenon known as reset 

windup also occurs. That is, since the error does not change sign 

the integral action continues to add to the already saturated value 

it is holding,thus keeping the to tal controller output at or near 

its saturation value even though the variable is close to the riew 

set point. This can cause a large overshoot in the system response. 

A conunon approach to avoiding reset windup is to design the controller 

with components which will ensure that the integrator mainta ins a 

zero initial state until the error signal is within the linear range. 

It should be not ed that both saturation and reset windup ar~ nonlinear 

phenomena which do not appea r in the transfer functio n description 

of the controller. '-. 

4. In order to minimize pumping power , the de siin of a deadbeat 

controller should be considered . A d eadbeat controlle-r adj ust s the 

ga te opening so tha t overshoot· and undershoot does not occur . This 

type of controller minimizes the clisch.1q;e re·sponse with rc:=;pcct to 
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a performance index which is a function of pumping power. 

5. Direct digital control is widely used in modern control systems. 

Solutions to the problems discussed above, after they are identified 

by engineering analysis, could readily be implemented by DDC. That 

is, a microprocessor control unit could be programmed to include 

the linear control laws, nonlinear effects, and optimization contraints. 

6. Modern state variable theory permits the analysis and synthesis of 

multiple . control systems. Multivariable control permits the 

integrated operation of interconnected systems which are in cascade, 

parallel or combinations of these. When coupling ef f ects exist 

between control systems this overall approach is genera~ly the most 

satisfactory. Discrete-time multivariable analysis· and synthes i s 

would include DDC design and is a well developed ana l ytical t ool. 

Finally, with multivariable control, a single digital computer could 

be used for the overall system. 
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1. Derivation of Formulas 

Consider the model developed in Shand [l] for the large discharge 

case. The characteristic equation is 

where K1 = INCO, ands=- -c + iw is the Laplace transform variable. 

Expanding (1) gives 

ct
0 

1 
+ ~ c (cos wtD - i sin wtD) = 

0 
tf(-c + iw) + 1 

Separating the variables and setting the real and imaginary parts to 

zero, gives 

·.·4 

Rearranging (3) and (4) gives the following expressions: 

cos wtD = 

sin wt = 
D 

-(1 + ctf) '. -c/w(wtD) 
E 

Combining (5) and (6) results in Shand's equation (65), , 

1 
=-------

(1) 

(2) 

(3) 

( 4). 

(5) 

(6) 

(7) 
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~ 1 2. Or tinum Gain ~djust~ent 

.! 
l 
I 
' 

i 
1 . ' 

'· 

In order to derive the optimum ~ressions for the controller gain 

from (7) , let 

and from (7) 

a = 

tan b = b 
a 

The amplit~de ratio of the discharge wave for the second to the first 

overshoot is defined as 

An optimum value 

a Solving for gives 
b 

of H 

a · 

-aP 
E: 

is 

H = 

15 

3 
20 

where P = 
2,r 

b 

percent. Therefore 
-2,ra 

b = E: 

- = .Lin 1.Q. = 0.302. 
b 2n 3 

Substituting in (8) gives 

Then 

b 
- = 

1 = tan b. 
a 0.302 

b = tan-1 (3.311) = 1.277 

a= 0.302b = 0.3856 

These values of a and b locate the closed loop poles in the complex 
; 

(8) 

(9) 

(10) 

plane when the optimum ratio H of · the first and second· peaks is defined 

to be 15 percent . 

The remaining unknown is the ratio t
0
/tf which can be found by 

solving (5) and (6) simultaneou s l y. The resultant equation is 
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a sin cos b (11) 

- ----- -

and 

tD b cos b 
1 -= = . 

tf . a sin b 
(12) 

The corresponding value of o/w is from 

.2. b 
tD 

a = 
w tf 

0 a+ 1 1 + 0.3856 
1. 085. = = = 

w b 1. 277 
(13) 

In~sununary, the parameters calculated in this section, that is, the 

values a, b, 6/w, ~nd tD/tf, are values for closed- loop opera~ion. The 

assumptions made by Shand (l] in his derivation are also implied . 

.. . 

.; 
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