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ABSTRACT 

Various methods are described for .calculating nonuniform seepage 

discharge and free-surface curves from bounded and semibounded earth 

structures, with water level against the structure changing linear­

ally with time. The methods have application to problems of seepage 

in open pit mines, canals, trenches, cofferdams, and earth dams. 

Mathematical derivation based on the Bouissenesq equation are 

presented. 

DESCRIPTORS--/ *seepage/ *mathematical analysis/ phreatic lines/ 

canal seepage/ cofferdams/ earth dams/ groundwater flow/ boundary 

conditions/ hydraulic structures/ slopes/ *embankments 

IDENTIFIERS--/ USSR/ Bouissenesq equation 



PROBLEMS IN NONUNIFOR.i'1 SEEPAGE IN THE SLOPES 
OF STRUCTURES WITH VARIABLE BOUNDARY CONDITIONS 

:sy 
G. I. Kononenko 

i 
I . 

At the present time in hydraulic construction and in1 roct-work (for open 

pit mining of useful materials), wide use is found of the methods of 
i 

constructing ditches, cofferdam~, open pits, and others using hydro-
i 

mechanical facilities. After placement of cofferdams or after soil 

evacuation under tq_e foundations of structures, trenches are unwatered 

during which the speed of dropping the water level causes an outflow 

due to seepage from the stable slopes or edges of the open pits. Thus, 

within the body of the earth structure, a nonuniform seepage flow is 
i 

formed. Such flow is observed in the body of dams during fluctuation 
' i 

of the upstream or downstream water level, in canals '. or irrigation 

systems, and in the slopes of diversion canals. 

In seepage problems, calculations lead to determination of the quantity 

of . the characteristic flow and also to the dynamics of · the changing 

location of the free surface curve in earth structures. The amount of 

work concerning the case of seepage with boundary conditions which are 

a function of time is limited. Thus, in practice, various assumptions 

are made. So, in Reference 7 approximate calculations are given of the · 

parameter for semibounded and bounded seepage flow with sloping bound­

ary plane where the change in water level against the slope is assumed 

linear. During the investigation of Reference 1, the dynamics of 



ground water were observed during filling and establishing the reser­

voir; the change in the water level in the reservoir in this case was 

·approximated by a parabolic equation. 

V. M. Chooeko, Reference 5, examines the nonuniform seepage for vari-

able boundary conditions for structures with vertical boundaries 
! 

(trenches, · vertical-edged open pits, and others). In\ h . t e given case 

several systems of seepage flow and homogeneous earth masses with 

boundary slopes on impermeable foundations are presented (Figure 1), 

the location of the fre~ surface curve is determined, along with the 

discharge on the slope with the degree of relationship to changes in 

\ 

- \ 

the water level on one of the boundaries. 

' 

Figure 1. The computation schemes for seepage 
flow: a. Semibounded; b. Bounded 

The general equation of nonuniform seepage is the Bouissenesq equation 

k i) ( i)lz ) i}lz µ ax 1zax = y'. 
(1) 

where h(x1 ,t) is the depth of flow; k is the co efficient of seepage; µ 

is the coefficient of soil drainage. 
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The solution to Equation (1) is found for the case of semibounded 

flow (Figure la) for initial conditions oft= O; h = h
0

(x) 

h . (x) = H 2 + 2% x 
0 k 

and the boundary condition of x = -mvt8 ; S > O; v > tj 
I 

h (0, .t) = H - vtB. \ 
l 

Equation (3) corresponds to a change in the water level against 

the slope according. to a power law. 

Equation (1) is nonlinear. Linearization by the method of Bagrov­

Verigin results in an equation of the thermal conductivity type 

where u = h2 ; a= khsr; the value of hsr is determined by 
µ 

recommendations given in References 1 and 7. Taking into account 

new boundary conditions 

with t = o ( 0) , 2qo x· 
U X, = U, - , 

k 

with x = - mvtB · 11 (0, t) = · (H - ~·tB),. 

Let us introduce a variable 

y= x + mvtB, 

3 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 



then 

i}u (x, !) = iJu (y, t) iJy +.-- iJu (y, I) . iJy = R tfl-1 
at ay . · 7iT -· -a--r-· at ~rrw 

and Equation (4) takes the form 

during which the boundary conditions are also changed 

with Y = Ou (0, t) = u - 2 ·f i;" vtfl + ,pt211; 

with 
. . 2q~ 

t = Ou (x, 0) = u + -x. 
k 

Let us supply a Laplace transforfil to Equation (9) with variable 

tim~. Let us multiply the equation term by term by exp(-st)dt 
! 

and integrate with time within the limits of Oto infinity. 

By integration by parts, we obtain 

00 00 00 

· ~ ~; e-51dt = ue-51 I + s 5 u (Y, t) e-st dt = 
0 ' 0 0 

This leads to the form 

00 

= - u (y, 0) + s 5 ~ (y, t) e-51dt. 
0 

00 

U (y, s) = u (y, t) e- dt · s st 

0 
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(8) 

(9) 

(10) 

(11) 

(12) 

(13) 



.. 

and with U(y,s) describing the function u(y,t), then the lefthand 

part of the equation may be written in the following form: 

00 

5 au st 
~ e- dt = - u (y, 0) + sU (y, s). 

0 

After transformation of the righthand part of Equation (9) we 

obtain 

00 00 

5 au -sldt - a s -sldt - au (y, s) • 
dy e - Ty lie - oy ' 

O 0 

00 . 00 . 2 

S i)2u - sldt = ai s ue-sldt = a u (y, s) 
ay2 e ay2 0y2 

0 0 

In connection with this, the results from t vanish and only the 

results from y remain, the parts produced may be substituted by 

(14) 

(15) 

(16) 

the usual means. Thus,in place of the differential equation in 

parts produced in Reference 9, we obtain the ordinary nonhomogeneous 

differential eq~ation. 

where 

~U dU 1 · 
-d ., -2a-d =-[sU-u(y, 0)), 

y- y a 

mv " 1 2a=~- t•'-. 
a 

5 

(17) 



As a result of transformation of the boundary conditions (10) and 

(11), allowing for Equation (13) 

u 2 1/ uv (~)! + v2 (2~)! . 
U(O, s)= -- B+ t .2fH t • s s s--

+ 2qo 
u - k- x 

U(y, 0) = ---
s 

/ 

(18) 

(19) 

Equation (17) is linear with constant coefficients. Its character­

istic equation is the equation 

the roots of which are 

s 
p2 -2ap-a =0, 

.a-±Va2+ ;. 

Solution by parts of Equation (17) will be 

u* = Ay+ B. 

Having determined the constants A and B, we obtain 

U + 2qo X 

u* = ___ k __ - ~ 2qo mvtfl-1 
s ~k . 

It is possible to express the gener al solution of Equation (17) 

in the following form: 
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(20) 

(21) 

(22) 

(23) 



where 

For this the functions U(y,s) do not become boundless with an 

increase in y. In Formula (23), we assign c 1 = O. After this, 

assuming y = 0 and taking into account Expression (18), we obtain 

Thus , finally 

C2= 
r.P (2~)! 

52ti+ 1 

2qo 

U (y, s) = ___ k ___ ~ 2qo mvttl-1 + ,P (2~)! 
u+--x [ · 

s s2k 52ti+ 1 

+ ~ !;; '.nvttl-l + !!o ':1vttl] eY (a-v). 

On the basis of the calculations, it was established that for 

a\Jat ~ 0.5 the original of the representation 

I -yVa• + s • a 
7e 

depends little on the value av;;;,, in view of which it is possible 

to assume 

_ 1 [ 1 -y Va,+ s ] [ 1 -y ~ rs] L -- e a ~ i-t __ e V a 
Sn. · ti • . s 
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(24) 

(25) 

(26) 



The condition «\{;rt$ 0.5 makes it possible to substitute the 

simpler condition 

Considering that the transform !corresponds to unity,and !2 
s s 

correspond tot, we regain by use of the Table of Transforms 

(References 2 and 3) the functions of u(y,t) and after that the 

functions h(y,t): 

. 2 { . 
112 (y, t) = lf'J + : 0 (x - mvt.B) + ea.y v2 (2~)! (4t)21\4fl .erfc Y 

2 Jf at 

-- 2Hv(~)! (4t)fl/fl erfc Y + 2
q0 mvtfl [4i; er[c 

2 }"at k 

. . + erfc Y _ Jlj , . 
_ 2 JI at 

y ' 
.- T 

2 JI at . 

where 
"" 

i11 erfc u = S i 11
-

1 er[c ;d;. 
u 

I 

Expression (28) is the integral of the error function, the 

general recurrent formula of which will be 

2ni11 er[c u = i11
-

2 erfc u - 2ni11
-

1 erfc u. 

Function (28) has been tabulated with a high degree of accuracy 

in the investigations of Reference (3). 

The utiit discharge qB on the slope of a structure is connected 

with the functions U(y,s) by the relationship 

_!!_=_1 k( au) . 
s 2 oy ,y=O 

8 

(27) 

(28) 

(29) 

(30) 



au 
The differential ay is found from Expression (25) and the original 

is determined with a Table of Transforms to be 

2j3--

[ 

. I ] at213 22/3 2 
qB = kfP (2~)! - f ~ 

. 2 (2~)! . 2 [I . 3. 5:.: (4~ - ])] J/ rw 

r p- .!_. ] . at/3 2131 2 

- kHv (~)! -(R)' -'-- _ + 
. L I-' • [I · 3 · 5:.: (2p - l)J y rra 

+ 2q0mvt~ [ ; (l + ~) - ;; ( + 
0

+ ~) J + %· 

Let us examine several particular cases of changing water level 

through slopes: 

(a) $ = 1, v = a constant; this corresponds to a linear law 

of the change of water level on the slope: 

· 1;2 (y, ;) = H~ + 2q0 (x - mc.f) + edY [32v2f2i1 erfc ~ -
k 211 at 

- SHc•fi2 erfc Y + 2
kqo rnv.t (4i2 erk . y + erfc y )] 

2 yat 2 JI at 2 l1al ' 

with the discharge 

q8 = k(~ - 0,
755

) u2t2 -k (a- · l,~ )Hvt + 
2 11 at Jl at 

+ (a - 0,
347 

)2 q 0mvf-!-1\. 
- 11 at . 

Equation (33) can be written in another form: 
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(31) 

(32) 

(33) 

(34) 



where qB is the discharge of the flow at its outflow on the slope; 

q
0 

is the initial steady-state discharge, the sign of which is 

selected to be positive if it is directed towards the slope and 

negative for the reverse direction; q1 is the relative discharge 

on the slope with a drop in the water level through the slope. 

To determine q
1

, graphs are constructed (Figure 2) to show the 

relationship of the discharge to the drop in water level through 

the slope, o = h1 
. µ 

the magnitude of i = - v, which is the product 
K 

H 
of the characteristics of the soil and the velocity of lowering 

the free surface. 

(b) B .. 1, v = a constant, q = O, and H = h (initially 
0 0 

the thickness of the groundwater); in this case the water level 

in the slope is 

h2 I.JI, f) = h~ + eay [32v2f2i 4 erfc y _ - 8h0vti2 erfc y l 2yat 2Vat ' 

With the discharge 

( 
a. 0,755) ( 1,13 ) 

qa = k T - Vat v2t2 - k a - Vat hovl. 

Figure 2. Graphs for determining r1-
ql 
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(36) 



Let us examine the .limi~ing flow with a given constant head on 

the external boundary. The design scheme for this case is shown 

on Figure lb. Let us assume that on the ·boundary y = Lt. The 

depth of flow remains constant and equal to H • Then the function 
0 

U(y,s) should satisfy Equation (17), the solution of which appears 

in Equation (23), and also the condition on the boundary y = Lt, 

which, taking into account designation (13), can be· expressed in 

the following manner: 

llo U(L, s) = - . 
s 

Let us assume Equation (19) for the initial condition in which 

(37) 

the coordinate y changes from Oto Lt. In this case, the solution 

of Equation (17) has the form 

. 2% 
u+--x 

U (y, s) = [A ch yv+ B sh y v] ea!.!+--- k __ 
s 

where A and Bare arbitrary constants. 

Assuming in Equation (38) 

y =O, U = _!:_ _ 2 }'uv (~)! + v2 (2~)! y L u = .!!2_, 
S 513+1 

5
2[1+ 1 ' = I• & . 

11 

(38) 



we obtain 

2q · 2q · 211 uv(~)! 
A= - 0 mvtfl+ ~ - 0 mvtfl-l - + 

sk s!k . 5fl+ I 

( 
2qo . fl'- 1 . 2qo ') -a.Lt 

~ - mvt - u - u0 + - L e 
s2k k B=~------sh~L"tv ______ _ 

[ 
2qo tfl + R 2qo tfl-1 ~ 2 -Vu V (~)! 
sk mv I' s~k mv 2r, + 1 s 

+ v
2 

(
2~) ! J ch L v 

S2fl+l I 

sh Lt v 

Substituting the quantities A and B, Equation (38), after the 

corresponding transformation, we get 

lj (y S} = ea.y[ 2qo mvtf3 + ~ 2qo mvtf3-l - 2 -Vu V (~)! 
' sk s~k 513+1 + 

sh (L1-y) v 
X shL1 v 

2qo u+--x 
shy v , k R 2qo . tf3-I 

X chL
1

v , ---s-- -p s2k mv · 

{39) 

. (40) 

(41) 

To obtain the value of the function h(y,t) from the relationship (41), 

we carry out several simplifications for small values of time t. In 

order to get to the original function h(y,t) in the expression for 

representation (41), the ratio of the hyperbolic sines can be easily 

presented in the following form: 

yv (1 - 2yv) 
shyv = e - e = e-<L-y)v [I + e- 2Lv+ ... -e-2yv_ 
sh Lv eLv (I _ e-2yv) . · 

_ e-2 (y + L) v + .. . ] = e- (L- y) v _ e- (L + y) v + e- (3L-y) V _ 

\ _ e- (3L+ y) V + ... ; 

12 

(42) 



- ·- . 

h 
}• _ e-2 (L-y) V 

s (L - y) v = e-f!V = e-f!V [l + e-2L v + ... _ e-2 (L-y) v ,_ 
shlv l-e-2Lv (43) 

-e-2 (2L-yJ v _ ... ) = e-UV + e- (2L+ yJ v _ e-2Lv _ ••• 

Maintaining in Expressions (42) arid (43) only the first terms 

of the series, let us rewrite Equality (L•l) in the form 

u ( s) = er7.Y [ 2qo mvti3 + B 2qn mvti3-1 - 2 Vu V (~)! + v2 (2B)! J e-f!V + 
Y, sk s2k 

5
13+1 

5
213+ 1 

+ ,-• (L,-,J [ ~ ; :; m,10-1 _ 

2qo 
u+-x 

+ k R 2qo tf.l-1 ___ s ___ l-' s2k mv • 

Using Relationship (26), let us pro~eed using the Table of 

Transforms to the function U(y,t), and after that to the function 

h(y,t), As a result, we finally obtain for small values of time t 

h2 (y, t) = W + 2z0 (x ::- mvtf3) + er7.Y { v2 (2B) ! (4t)2f> i4tl )( 

X erfc Y _ - 2Hv (~)! (4 t)l\213 erfc Y _ + 2q0 motfl x 
2 Vat 2 V at k 

(44) 

· ·x (4i~ erfc Y . + erk Y -)} + e-a. <L1-Y> { 8~0 mvtl\2 x 
2 i1 at 2 JI at R ( 45) 

X ~rfc Li-_! -(H2 -H2 + 2
q0 L) e:rfc Li-!_}. 

2 I at O 
k 2 Vat 

13 



Let us obtain the transformed expression for the discharge, 

starting with ratio (30), taking into account the transition 

to the original: 

Let us examine particular cases of a change in water level 

through the slope: 

(46) 

(a) 8 = 1, v = a constant; this corresponds to a linear law of 

changing water level through the slope: 

fi2 (Y I) = H~ + .'!_q!!_ (x - mvt) + ea.y [ 32,Pf2i4 erfc _ Y _ -
• k 2v~ 

- 8Hvti~ erfc y + J..22_ mr.:t (.4i 2 erfc y _ + erfc - . y . ')] + 
2 )1 at k 2 1r at 2 l1 at (4 7) 

. , ·...:-a. (L1-Yl [ 8qo ,· .. , f Lt - y -(H2 - H2 + 2qo L) erfc Lt . y ] • ....l- e - -- mc•i-crc _ 0 k 
· . k 2 }' at 2 I' , at 

With the discharge 

q8 =k(;- O,?~ )v2t2 -k(a-1,13 )H~·t+ke-aLtx 
li at . . . Vat 

X [ 2q0 mv(2ati2 erfc Lt_ + ll ti erfc Li_ )-(H2 - H2 + 2q0 L) x 
k 2 l/ at 2 Vat . 0 k 

(48) 

( 
a . Lt 0,28 - 4~; ) . . 0,847 

X 2 erfc +-;:=- e + 2q0mut (a - ) + q0; 

2 Jf at Y at Vat 

14 



(b) f3 = 1, v = constant; q0 = O; H = II0 = h
0

; in this case 

h2 (y, t) = h2 + eay [ 32r.J2t~i 4 erfc y - 8h 0vti2 erk y ] · 
· 

0 2 Vat 2 }1 at ' ( 4 9) 

With the discharge 

From Equations (49) and (50), it is seen that for small values 

of time t the effect of a more distant boundary on the seepage 

process is not seen, and in this case the formulas for semi-
' 

bounded and bounded flow coincide. 

The formulas given above were obtained without calculating the 

resistance of the outflow wedge ABC (Figure 1). On the basis 

of this study of the movement of water in the outflow wedge, it 

is possible to establish the connection between the discharge 

occurring along the wedge and the magnitude of the seepage. 

Recommendations for determining the seepage depth hB in 

References 4, 6, and 8. 

Below is given an example of calculation for a dam with a t?e 

drain with a falling water surface in the reservoir. Calculation 

of the seepage proceeds according to a simplified method found in 

Reference 7. According to this method, a fictitious slope is 

constructed with a slope m', determined according to the formula 

m'=----
m + 0,5 

15 

(50) 

(51) 



with computations according to the formulas and equations, 

derived without taking into account the seepage part. The point 

of seepage is located at the point of thi intersection of the free 

surface curve with the line of the actual flow. 

The computation schematic for the dam is shown in Figure 3. The 

level of the upper pool dropped in a period of 15 days with a 

constant velocity v = 0.6 m/day, the level on the downstream face 

was constant. The seepage properties of the soil were character­

ized by the relationship~= 10 m/day. 
µ 

Let us determine the parameters of the steady-state flow 

. 32 H 
m' = 3,5 = 2,57 11 !'J.L = ---

1 
-

2+-
m. 

22 
---,

1
~ = 9,5 Al, 

2+-3-

The given discharge 

IF - H
0

0
" 22i - 42 

- qo - - ~ ~ - = --- = - 3,4 At, 
qo = fl=-:- 2 (L + !'J.L) 2 . 69 

The parameters for unsteady flow will be 

H + I ?2 ..J..., 13 . k 
/lcp -- _ _ 2_11 --- - " 

2 
= 17,5 .11; a= --hep = 10, 17,;:) = 175 ,:t; 

~t 

11 at = J,r f75 . 15 = _51 ,5 ,11; m',.:t = 2,57 , O,G , 15 = 23,l 1.t; 

a=!;~'!!_ = 
2

·
5

: ;
0
°•6 

== O,OOH; Li= L + m'vt = 69 + 23, 1 = 92,l At, 

16 



The free surface curves are calculated according to Equation (47), 

represented graphically in Figure 3. On Figure 3 is drawn a curve 

used for calculation according to the method of V. M. Shestakov 

(Reference 7). 

Figure 3. Computation scheme of a dam with a toe drain:~ is the 
freesurface curve according to Equation 47, the line 
is the free surface curve calculated according to the 
method of V. M. Shestakov. 
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r. H. KOHOHEHKo, 11H>«. 

HEl<OTOPblE BOnPOCbl 
HEY CT AH0BY1BWB1CS! Cl>HJJb TPAL.V,1H 
B OTl<O·CAX COOPY>l<EHl-111 
C nEPEMEHHblMJ.1 fPAHl-14HblMH YCJJOBHS!MH 

B HaCTOll!I_\ee Bpe~rn B rIIApaB,ll!'!eCKOM CTpOl!TeJibCTBe II B ropnm, .n.e­
ne (rrpu oTKpb!Tbix pa3pa6orn:ax rro.YJe3HbIX 11cKorraeMbIX) Haxo.n.HT urnpoKoe np11:,,e­
ueH11 e crroco6bl coopy;;.;em1tt I<oT,10BaEoB, nepe~1b1tJeK, 1(ap bep0B !l .l\p . c l'!OMOW.bIO 
cpeJI.CTB rn,npoMexaHH33Ul!IL nocJJe ua.111,rna rrepe~1b1tJ 1rn um, BbI<:MKI! rpy1ua no.:i. 
OCHOBafme coopy;;,eHHll KOT.10!l3H ocyrnaeTCll, rrpll'l€M CKOpOCTb ITOIIH>i·:e!!Hll rop1:-
30IlTa BO.l\bl B He~, 3a;J,aIOT l!CX0.11.ll !!3 cjlH.%Tpauuol!HOH )'CTO!!t/l!nOCTH OTKOCOB !I.m 
6opTO!l Kapr,epoB. flpa 3TO~! B Te.1e 3e~1n lluoro coopyiKeJrnll 06pa3yeTCll HeycnHOBIIB· 
wm"tcll qm,1r,rp_au11om1r,111 no TOK. Ta Koii no TOK m:G.1i0.:aercll B re.1e rr:rnr:rn bt n pu 

P!ic . I . Pact/eTHbie cxe~Ibl cjm.%Tpau11011Hb!X ITOTl)h0B: 
.a - no~'lyorpaHn tJ CHHoro., 6 - orpaJ111l{Ci.11-10ro. 

Kone6aHHH ropH30HT0B B0.11.bl a 6i,ecpax, Ka:ra,1ax opornreJibliblX c11creM, orKoc<1x 
.n.ep!!B3Ul!Ollllb!X KaHa.~OB. 

B sa.QatJy cjm.ibTpauHouHoro pactJera nxo,!l,l!T onpe.n.e,1e1rne Konw;ecrneHHbIX 
xapaKrep11crnK rroroKa, a TaK,Ke J(111ra~u11rn u3~1e11eH!!ll nonoa,eil!lfl KpHBOli cso-
6o.n.11oii rronepx11ocrn B 3eMJ1llHm1 coopy;Kenm1. Ko,1utJecrno pa6or, B Kompux pac-
010rpe!!bl c.TJytJa!l cjm.1Lrpaum1, t(O rµ.a rp a nu t/Hb1e yc.TJOBI! ll llBJi lllOTCll qiyrJKuuei'r 
BpeMeJIH, orpaHU'-1€HO. flp!! 3TOM B pa6orax m1e!OTCll pa3.111'-1Hble jl.OITyll_\ellHfl. TaK, 
B pa6ore [7 ] npirne.[l.eH rrp116m1,r<eHHb111 pact/er napa~:eTpOB Ji.MI noJiyorpaHH'-!e!!l!Oro 
H or paHH'-leHHOro cjJll.1bTpau110Hl!b!X nOTOKOB C H3KJJOHH01l rpaH!i'-I HOl! [J,TJOCKOCTblO, 
fµ.e 113MeH€Hl!e ypoB1!5l 80)].bl nepe;l. OTKOCQ~., np!!!!lHO mrnci'lllb!~!. np11 HCCJie,'l,OBal!lrnX 
[I ] paco1orp e11a ;i;u11a~1HKa rpyHTODbIX so.n. rrpu narrom1 e1-1!1I! H cpa6orKe so.n.oxpaHH· 
.TJl!ll..\a, I!3MeHeHHe rop!!30HTa no.n,bI n so;i;oxpa1rn.TJ11 ll..\e a 3TO~I cnytJae annpoKCHM!!po· 
B8HO ypaBH€HH€M napa6onb!. 

B. M. 4y11Ko [5 ] pacotaTpnaaer 11 eycra11on11Bmy10cn cp:1.%rpauH10 npH nepe­
MeHHb!X rpa!Il!t/Hb!X yc.1on1rnx .n..rn coop y,1,enH1I c nepT!ll(.'.l,1bHOII rpamr •rnoii rr.10-
CKOCTb!O (Tpa11meil, neprnKa.'lbHbll! 6opr Kap bepa II ilp.). B .J,amwi1 pa6oTe npirne­
)].ef!bl neKOTOpb!e cxeMbl cjlll.TJbTpau1wllHblX ITOTOKOB B O.JHOpO;!,HO'ol Maccmie rpyI!Td 
C HaKJIOHHOH rpalll!'!HOH n.~OCKOCTb!O Ha DO;l.OHenpomiuae.,mM 0Cli0B3Hll!l (;)lie. ]), 
orrpe.l(e.1e1w nO.TJQ}l(eHHe KpHBOli CB060;J.HOH noBepXHOCTll ll pacxo.11. Ha OTKoce rrp!i 
crenenHOM 33K011€ H3M€H€Hflll ypoBJHI BO.J.bl Ha O,!l,l!Oll 1!3 rpa1mu noTOJ(a. 
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061.I]J!M ypaBHeHHeM HeycTaHOBI!BUJeiirn cpll.%Tpamm l1B,151E:TC5l ypaBHeH11e fiyc­
Cl!HeCKa 

_!:__a_ ( ~)-3!.__ 
µ ax h ax - at . (I) 

rAe /z (x1 , t)- r.1y61ma no101rn; k - rm3<jxpmrn e1ncp11J1bTpaumr; ~~ - Ko3¢:pauHeHT 
80.QGOTJJ,alJJI rp yHTa. 

Ha1r.n.e1.r peU1e1me ypasHeHJrn ( I) s rny<iae no:1yorpaul!lJeHHoro nornKa (pHc. I. a) 
A,lll 11aqa.1hHOro yc.'!OBllll npu t = O; h = h0 {x ) 

h0 (x) = W· + 2
: 0 

x (2) 

H rpaml'aioro yc.1os11ll npu x = - mvtl3; p > O; v > 0 

h (0, t) = H - vtfl. (3) 

Yc.ijO BHe {3) COOT!leTcrnyeT 11 3Mel!eHH IO rop1!30HTa BO,ll,bl nepe.n. OTKOC0,1! no crer.eH­
l!O~ry 3a1muy. 

Ypam1em1e (I) Hemme1rnoe. J11rneapH3HPYll era no cnoco6y 5arpo_sa - Bepn­
nnra no.1ylJHM ypaa11emre rnna ypaBHeHH5l ren.~onpoBO.ZU!OCTl! 

au a2u 
at= a ax2 , (4) 

khcp 
r)le u = h2

; a = --; semr,nmy hep onpeAM5l!OT no peKo:..1eHAau1rn.1r, l!3JIOl!<ermh!\I 
u 

B pa6orax (J, 7). C' )\!eTO~! l!O!lb!X l(paesb!X )'CJIOBHf! 

np11 t = 0 u (x, 0) = u + 2
q0 x; 
k 

np11 x = - mvtfl · 11 (0, t) = (H - ;:,tfl),. 

Bse)l.eM nepe1e1my10 

TOrJJ,a 

a2u a2u 
axz = ayz ; 

n ypaBHeH11e (4) 

y = X + mi•tfl, 

au (x, t) 

at 
ou (y, t) 

=----oy 
ay t- au (y, t) . ar· -a-,-. 

np!!!!IIMaeT BIi.i!. 

au azu fl I -- = a - - - pmvt -at . ay2 

au 
ay• 

npHlJeM H3M€ll5llOTCll II ·KpaeBL!e yrnoB115l: 

ay A tfl-1 '7ft"=t'mu 

npn y = Ou (0, t) = u - 2 l/ ~ vtfl + v2t21\ 

np11 
. 2qo 

I = Ou (x, 0) = 11 + -- x. 
k 

(5) 

(6) 

(7) 

(8) 

(9) 

(I 0) 

(l I) 
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Tip1rnemrn K ypaBHemno (9) npeo6pa30Bam:e Jlan.1aca OTHOCHTeJJbHO nepeMeHHoii t. 
Llmr 3TOro ywm;1m~1 3TO ypasttemre noqneHHO Ha exp (- st) dt n npomnerpupyeM 
no t a np~;i.enax oT Hy.151 JJ,O 6ecKoHeqHocTH . 

I1HTerpupyH no qacTH:s1, no.~y'm~i 

00 00 00 

J ~~ e-51dt = ue-51 I + s S u (y, t) e-st dt = 
0 · 0 0 

00 

= - u (y, 0) + s S u (y, t) e-sldt. 
0 

00 

U (y, s) = S u (y, t) e-st dt 
0 

(12) 

(13) 

H 6y,n.eM H33bIB3Tb U (y, s) H306pa)1<em1e1 cpyHKUH!! u (y, t), rnr,n.a .~eey10 qacTb ypaa­
HeHHH MO)EHO nepenHC3Tb c.1 e,n.y10U.1.]!M o6pa3o~i: 

"°s au st at e- dt = - u (y, 0) + sU (y, s). 
0 

TiocJJe npeo6pa3oBaHil5l npasoi'i qacrn ypa1J11PH!!ll (9) rroJJyqn~i 

00 00 

S ~ -sfdt = _a_ j' -sldt = au (y, s) . ae a ue a' 
0 y y O y 

00 00 

I iJ2u - ,fdt a~ s -sldt --e · = -- ue = 
V iJy2 iJy2 
0 0 

a2u (y, s) 
ay2 

(14) 

(15) 

(16) 

B CB5!3ll C Te:sr, qrn np01I3B0,'l_H~5! rro t ncqe3.1a H OCT310TC5l ml!.Ub npOH3BOJ1,Hb!e 
no y, qacTHble np0113BO,'l_Hb!e M0)l(H0 3a,reHJ!Tb o6bll(HOBeHHbl~lH. TaKJIM o6pa30M, 
BMeCTO ,n.ncpcpepeam1a.1bHOro ypaBHeHHH B 1!3CTHblX np01I3BO,!l.Hb!X [9] rrony<1w,1 o6b!K· 
HOBeHHOe HeOJ1,HOpO;J.HOe .n.mpqiepeHUl!3J1bHOe ypaBHem1e 

d2U dU 1 
--. -2a- =- [sU-u(y, O)], 

dy• dy a 
(17) 

r,n.e 2a = ~ ..!!!!!_ tB-1• 
a 

B pe3y.%TaTe npeo6pa3oB3HH5! KpaeBbIX yc.~osm1 (10) 11 (11) c y<1ero~1 o6o3naqe­
HHll (13) 

(18) 
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f 
l 

+ 2qo . 
u -k- x 

U(y, 0)=---
s 

(19) 

YpasHemie (17) ~ mrneihroe c nocroHHHbIMH Ko::icjxpn~He,naMH. Ero xapaKTe­
pHCTHtJecKnM ypaBHeHHeM 5IB.'151eTc51 ypaBHeHHe 

KOpH!! KOTOporo paBHbl a ± 

s 
.P2 .-2ap-a =0, (20) 

V a2 + ~. lfacTHblM pewemreM ypaBHeHH51 (17) 6y.n.e,- _. 

u*=Ay+B. (21) 
Onpe.n.emrn nocronHHbre A H B, noJiy'IHM 

U + 2qo X 
. k 

* A 2qo tB-1 u = ___ s ___ - I" szk mv . 

06mee pernemre ypaBHemrn (17) 1IO)!{HO Bbrpa3HTb cJie.n.yr0mHM o6pa3oM: 

r.n.e 'V= Va2+ s. 
' a 

(22) , . 
-~ 

,1 • 
J 
1 

(23) J 
. ., 

}JJIH roro 'IT06bl cpyHinLH 51 U (y, s) He B03pacra.JJa 6e3rpaHH'IHO c yseJIH'!em1e~1 "i 
y , B cjlop\lyJie (23) ll0.JJQ;f'1!~1 C1 = 0. 3aTeM, llOJIOlKHB y = 0, C yl!eTmt Bb!pa)!{eH!IH j 

( 18) llO,lY'l!!~l · . . l 
J< 

C2= (?.4) 1 
-~ 

TaKH~I 06pa3~~.1. 2oq:OH'!aTeJibHO . '- \ t 
U + -k- X _ p 2q0 mvti3-I + [ v2 (2p)! 2 l / ur; (p)! g 

U (Y, s) = " , I + 
S s2k 

5
213+ 1 5>'T 1 

i 
+ p 2.q0 mvtB-I + 2q0 mvtB] eY (a.-v). (25) j 
~ ~ . I 
. . . j 

Ha ocHoBaHHH pactJeToB ycraHos,,eHo, '!TO npH a.Vat< 0,5. op1mrnaJI n306pa- / 

1 -Y Va, ..L s . f 
)l<eHHH Tie ' a MaJio 3asacHT or. seJIHtJHHbl a Vat, BBH.!I.Y 11ero MO)KHO ·; 

npHH 51Tb 

_ .[ 1 -y Va•+ s ] _ [ 1 -y-v-+] L I --e a ~ L I --e a , 
~ ~ . 

1 
1 

(26) i 
' ' 
i 
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Yc.,osHe a lf at < 0,5 MO;+;HO 3a~1eHIITb 60.1ee npocn,m ycJiofll!e\1 

µ -
m2 -v< I. 

k 

" ~ I I 
J q11rbrnall, tJTO npeoopa3osaHH!O 5 coornercrnyer e,il.mrnua, a 52 coornen:rnyer t, 

sepHeMCll no ra6.1HUa\! npeo6pa30BaHHi°I [2, 3] I( cpyHKQl!H u (y, t), a 3aTe~i a K cpyHK­
UHH h (y, /): 

rAe 

1z2 (y, /) = H2 + 2
q0 (~ - nwtP) + eay f v2 (2~)! ( 4t)2f\4fl erfc y , -
k l · 2 r at 

- - 2Hv (~)! (-tt)fli 2 fl erfc Y _ + 2
q0 mvtfl [ 4i2 erfc _y'-i -

2 11 at k 2 l/ ai 

. . + erfc y ]} , 

2 }'' at 

00 

i11 er[c u = I i 11- 1 erfc ;d;. 
u 

(27) 

(28) 

8brpa;i.;e1rne (28) llBJilleTCll II HTerpa.lbl·!Oii cjlyHKUIIeii O!llli60K' o6w.a ll peKy peHTl!all 
QJOpMyna KOTopoii 6yAeT 

2nin er[c u = i11-z erfc u - 2nin-l erfc u. (29) 

¢yHKUHll (28) C Bb!COKO!! creneHblOTO'IHOCTII Ta6y.111poaa11a B ncc.1e.n.oBJfl!j,IX [3 ). 
Y.n.e.1bHblli pacxo,il. Qn Ha OTKoce coopy,KeHIIll CilH3aH C cpy11Ku11efi [} (y, s) COOT­

HOllieH11 eM 

(30) 

··1 . au c2~) i pOH3BO,il.HyJO -a HaXOAHM 1!3 Bblpa;i,eHl!H O II no Ta6.1H UaM npeo6pa30BaH1tH 
y 

onpe.n.e;rne1.1 op1mrna.~ 
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at2f3 

QR = krf! (2~)! 2 (2~)! 
2 [I 

r atfl . ,i /'- ~ . l 
-kHv(~)! --1 -------------J+ 

L (~). [I · 3 · 5 : . : (2p - I)] 1r rra 

0,565 

Vat 
(31) 



• 

~1%,1 XBM.:,,;c;:-;;:w 

' 
f 
t 
( P acc1,rnrp 11,1 ueKoropbre tJaCTI-Ibie c.1yl!a 11 H3MeHemrn y poBHll BO.ll.bl nepe.n. OT· 

KOCO:.t: 
a) p = I, v = cons t ; sro coornercTByer ,111uef1n0My 3aKoHy 113Me1re11Hll ypoB!i ll 

BO.lb! nep e.n. OTKOCO~I : 

• 1: 2 (Y, f) = W -i- 2
q0 (x - mvt) + edy [32v2t2ii erfc ~ -
k 2 J,r at 

- 8Hvfi2 erfc y + 2
q0 mvt (412 erfc y + erfc y )] , (32) 

2 y at k 2 JI at 2 l ,rat 

a pacxo.11 

qn=k (:- 0,:55 )·v2t2 - k(a- 1,13 )Hi:l + 
- Y at y at 

-!- (a - O,_B
4?) 2 q (,fll tif+ C\. 

. Y at 

Bh1p:rn<em1e (33) Mo;rrno npe.n.crnBIITb n .npyro11 ¢opMe: 

qn = q0 + kHcii. , 

(33) 

(34) 

r.ae qp, - pacxo;i. noroKa np11 m,txo.:te 11a OTKoc; q0 - pacxo)l ua,1a,1buoro ycr a11os11 s-

Puc. 2. f pacjmK11 Jl.,1ll onpeJJ.e.~emrn q1• 

weroc~ r etJeu1:H , 3HaK 1rnroporo sL1611pa!OT no,10;1mrenbHb1M , ec.111 ouo uanpas.1euo 

B crnpotty OTI<Oca H 0TplIUaTe.%t!bl\l np11 o6paTHOM Hanpas.~emm ; ci1 - OTHOCI!TeJtb· 
llblll pacxo.n. 11a orKoce npu na)lemrn yposrrn BO.ll.bl nepe.'l OTKOCOM. 

Jlmr O!l pe;i.eneHH ll ql nocrpoeHbl rpac'pl! Kil (pHC. 2) 33B!IC!IMOCT!! paCXOJl.il OT 
. ~ 

orno~,!TeJib::ofr aeJIHtJIIHbI na;i.e1mri ypourn BO.J.bl nepe.n OTKoco,1 15 = H' a TaK>Ke OT 

Be,1 l! 'lHHbI i = 1::. v, npe.n.crasnHicw.ei'r co6oi'1 np0 11 3Be.'].emre xapaKTep ncrn rrn rpyura 
k . 

Ha CKOpOCTb DOH!ln<emrn rop1130l!Ta 80.'].bl; 
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6) B = 1, v = cons!, q0 = 0 H H = '1 0 (nepsoHa'laJJbHaH MOlUHOCTb rpyHTOBbIX 
ooJJ.); s 3TO,! c.1;,nrae yposeHb BO;:I.bl s onrnce 

h2 (Y t) = !z 2 .l ea.y [32,/t2i 4 erfc Y - 8/z vtiz erfc Y l 
' 0 I - 0 - ' 

2 lf at 2 -Vat 
(35) · 

a paCXOA 

k(, a 0,755) ?to · ( 1,13 ), 
qs = 2 - -Vat v- " - k a - JI at Zovt. (36) 

PaCCMOTpHM orpaH!I'leHHbll! TIOTOK C 33,!\aHHbn! TIOCTOHHl!b!M HanopoM Ha BHew­
Hei1 rpamme. PactJeTH aH cxe1,1a ,!IJJH 3TOro cJJytJaH noKa3aHa Ha pac. I, 6. Dp11Hn­

Mae~1. lJTO Ha rpam1ue y = Lt r,1y61rna TIOTOKa OCTaeTCH Hel!3l\!eHHOi"! H p a!JHOi"t Ho. 
Tor].\a cjiyHKU!lH U (y, s) .[lOJliKHa )',ll,OBJJernopHTb ypaBHeHl!lO (17), p eweHJle\l KOTO­
poro 5IB.ij5JeTC51 Bblpainem1e (23), a T3KiKe )'CJlO!ll!IO 11 a rpaHI!Ue y = L1, KOTOpoe 
C ytJeTOI>! o603HatJeHHi"! ( 13) ll!OiKHO Bb!p3311Tb C,le,ll,y1ow,uJ1! o6pa3o,i: 

llo U(L, s) =-. 
s 

(37) 

3a H3lJ3JlbHOe )'CJ10!llte npamrnae~I ypaBHerme (19), B KOTOpO~! KOOp.!\l!HaTa y 
H3MCHHeTCH OT O ,!\O Lt. B 310~1 C.ijytJae pewemre ypaB!JeHl!H ( 17) llMeeT Bll,ll. 

2qo 
u+--x 

k 
U (y, s) = [Achy v + B shy v] eay + ----­

s 

r.n.e A H B - npoH3BO.%Hbie nocTOHHHble. 
floJJaraH s ypasHem1;1 (38) 

no.r1y'IHM 

u 211 uv (BJ! v2 (2B)! 
y=O, V=-- +---, y=Lt, 

s 5[3-J-l 5~r, + 1 

llo 
U=-, s . 

2q . ·2q 2 lfu V (R)! t,2 (2R)1 
A = --0 nwtB + p --0 mvtf3-l - \J + 1

' • 
sk s'k 513+1 521:H- l 

(B :~~ nwtB-I _ u- u0 + 2
:

0 L) e-a.L1 

B = sh Lt v 

sh L t v 

(38) 

(39) 

(40) 



• 

Tio,!\CTaBJIHH 3Ha'!eHHH A H B B Bb!pa,1<em1e (38) , nocJie COOTBeTCTBYIOUI.HX npe-· 
o6pa30Bam1i'! Haxo;unr 

U (y s) = eay - 0 mvt" + ~ - 0 mvt"- - + ---'--'-1'-'--- X 
[ 

2q " 2q " I 2 Jiu V (~)! · 'Cr (2R)! ] 
' sk s~k 513+ 1 ;13+1 

X sh (Lt -y) v 
sh L1 v 

X 

[ 

. 2% ] u-!l0+--L + e- a (L1-Y> B 2% mvtl3-I - _____ k__ X 
~k s 

sh yv 
hL1V + 

+ 2qo 
u --x 

k 
s 

(41) 

n.1H no.1y'leH11H 3Ha'!ell!!H cpyIJI([.\1111 h (y, t) H3 33BHCl!MOCTH (4 ]) Bbin0,1Hml 
He1wropbte ynpow.rn11H np11 ~1aJibIX 3HatJeH11Hx apeMem1 t. 4ro6bt nepei-in1 1< op11· 
f!IHany cpyHKUllll h (y, I} B Bb1p a,Kemm .D.JIH 11 306pa11ceH1111 (4 1) , ornowemrn rnnep6o· 
JIHtJeCKl!X Cl!HYCOD y.!\OOHO npe:i.craBl1Tb B rne,i\yIOw.ef1 cpop~ie: 

h eifV (1 e- ~yv) 
~ = - - -(L-y)v [I +e-2Lv+ ... - e- 2yv_ 
sh Lv eLv (I _ e-2vv) - e 

_ e-2 (y+L) v + ... ] = e- (L- y ) v _ e- (L+y) v + e- (3L-y) v _ 

\ - e- (3L +y) V + • • •; (42) 

h (L ) 1 e-2 (L-y) v 
s - y v = e-yv - = e-yv [I + e-2Lv+ ... - e- 2 (L-y)v _ 

sh L v 1 _ e-2Lv • 

_ e-2 (2L-y) v _ ... ] = e-yv + e- (2L+y) v _ e- 2Lv _... (43) 

CoxpaHHH D Bb1pat1Ce1I1IHX (42) H (43) Jllllllb nepBble 'lJieHbl pH,!l.OB, nepenHWeM 
p aaeHCTBO (41) B B!lj.\e , 

U (!J s) = eay - -0 mvtB ' ~ - . -0 mvti3-I - ----- + " · e-yv + 
[ 

2q 2q 2 'Jluv (~)! v2 (2R)I J 
' sk ' s!k 513+1 5213+ 1 

2qo 
u-u0 +-k- L 

s 

2qo 
u+--x + ____ k __ - B ~$kQ. nwtl3-I. 

s s-

l-CC,--,) V + 

(44) 

TipnMeHHH 3am1cm10crh (26), nepeil.n.e,1 no ra6mrnaM 11 306pa11,em111 K cpyHKu1111 
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... 

U (y. t), a 3aTC:M I( cpyHKUJIII h (y, {), B pe3y.~bTaTe OKOH'laTe,1bHO .;!_.151 Ma.'lb1X 3Ha­
'leHHA speMeHH t nony'!HM . . i 

h2 (y, t) = H 2 + 2z0 (x ~ mvt f3 ) + :eay {v2 (2B)! (-lt)2f3i 4f3 X 

X erfc y - 2Hv (~)! (4t)f3i2B erfc · y _ + 2%0 mc•tf3 x 
2 -Vat 2 -Vat 

X (4i2 erfc y _ + erfc y -)} ~ e-a <L1-Y> { Bqo mvtf\2 x 
2 t' at 2 JI at k 

X erfc Li-_!! -(H2 -H~+ 2
% L) e:rfc Li-!_}, (45) 

2 I at . k 2 -Vat 

Bb1pa1Kenne .I\Jlll pacXO.lla B "ll306pa,Kemrnx nonyc111~1. l!CXO~ll H3 COOTI!OWeHIUI 
(30) c y•teTOM n epexo,'.\a K cpHrnHany: 

[ 
I 2r.- ~ · ... J 

o:Pf3 ! 22Bt ~ . 
qB = kvz_ (2~)! 2 (2~)1 - 2 r I . -

- l:Hv <~)! [ ~I; - :,,:~ / !- l)J )']: 

(p). [ I . 3 · 5 : . : !2 ,3 - I )J 1'' :ia. 

+ _ke-aLt [~ 
2
kqo mvtB-I (2a.ti~ erfc Lt + l rli erfc Lt )-

2 Vat 2 l 'at 

. -(·J/2 -- H~ + 2qo L) (~ ~rfc L, . .+ _0 ,2~_ e =~7 \] + 
0 k 2 2 ·fa t Vat } 

0,.565 ('_J -+- R)] + . 
r - 2 ' 1--' % 

l' at 
(46) 

PacO !OTpH !vl '!aCTHbte cn y•ta H H3~1e1:e111rn yp08 !151 EO.lbl nepe,1 OTKOCOM : 
a) ~ = I , v = cons ! ; 9TO .coorneTcrnyeT m1Hei'.rno~1y 3aKoHy l! 3~1e11eH H51 yporrn ll 

ner e.n. OTKOCO~I: 

112 (y, t) = J/2 + 2q0 (x - mvf) + ea.y [32,;2/2 i ; erfc y _ - · 
~ 2-v~ 

- 8Hr•ti2 erfc y ____: + 2
% m,Jf (.4i2 erfc y _ + erfc -2=--')] + 

2 fat k 2_ -Vat . 2 l at _ 

+ e-a <Li-Y) [!.k12.. nwti2 erfc . Lt - _!!_ -(H2 - H2 + 2q0 L) erfc Lt !l_], (47) 
2 }' at O 

k 2 I' at 
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\. 

f 

a pacxoii. 

qs = k ( 2et. - _ 0,_75_5_) r.f2t2 -k (et. __ I_,1_3_) Hvt + ke-aLt X 
-Vat -Vat 

X [ 
2%0 mv ( 2et.fi2 erfc Li_ + Vti erfc Lt_ )-(H2 

- H2 + 2
% L) x 

2-Vat 2]/at O k 

X ( ~ erfc Lt 
211 at 

0,28 - 4~; ) - ( 0,847 ) +---=-- e + 2q0mvt et. - --- + q0; 

li at JI at 
(48) 

6) ~ = I, v = canst; 

B srm1 c.i1y1rne 

h2 (y, t) = h2 + eay[32v2l2i 4 erfc ---1(__ - 8h0vti2 erk y ] (49) 
· 0 2 }' at 2 }1 at ' 

a pacxoii. 

0,755 )v2t2~ll (a- l )~)hovt. 
Y at l at -

(50) 

1·'13 Bb!pa)KeJ-ll!H (49) ll (50) Bll,'.l.HO , tJTO np11 ~13Jlb!X 3HatJeHH51X Bpe~1eHH t BJ1ll5I· 
m1 e y,1.a.1e1111011 rpaHI!llbl Ha cjlll.ij bTp am101-rnb1ii npouecc ue CKa3b!BaercH , I! B sroM 
c.1y 1ia e cpop,1y .1b1 n.151 no.1yorpa 11i:tJe1rnoro II orpaH11tJe1moro noroKoa cosnanaIOT. _ 

Puc. 3. P actJerr1aH cx e~1a n.1or1111b1 c npeHaJKe,1 B 1m)1rneM 6b ecj.1e: cn.ijowHa51 JJI! . 
Hl!H - Kp1rnaH ;1.enpecc11 11 no ypas11e1m10 (47), wrpux osaH - Kp!!BaH nenpecc1m 1 

pacc<mrauuaH no Mero,'.\11Ke B . ./Ii. W ecraKosa. 

np1rnener1r1b1e Bb1we cpopry JJbl 6b1m 1 no.1ytJe11br 6e3 y<1era conpor111rnemrn Bb1xoii.­
Horo J(Jllll!a OTKOCa ABC (pHC. !). Ha OCHOB3Hllll 113y4emrn )lBJ1)KeHJ151 BO.].bl B Bb!XOJJ.· 
110, r 1,m111e MO)KHO )"CT3HO B1ITb CB513b Me,K,uy pacxo:w,r noroKa, npoxo,!l.Hll\11,r 4epe3 
Kmm, 11 se.111tJ11Hoii yqacrr<a Bbica<11rnaH11?.. PeKo,1 e11.:i.au11H 110 onpe)le,1em110 BbICOTbl 
sb1catJ11BaH11H 118 11 3.10)!,E'llbl B pauorax [4, 6, 8] . 

Hrrn<e B KatJecrne np11:11 epa .'J,a H pac qer nnoTIIHbl c /l.pe11a)Ke~1 B mrnrne1 6beqie 
npH 11a.,:i.emm ropl!30HTa BO.].bl B BO,'.l.OXpal!l!.111!1\e . Y<1eT JJblC3'1HB3Hll5I np01!3BOll.l!nCH 
110 y11pomermo11 ~1ero.J.uKe, !1 3JJO,Kem1oii B pa6ore [7) . Cornarno 3roii Mero;i.11Ke crpoHr 
qlllKTIIBHblll OTKOC C 3a,10,KeH11e~r m' , onpe;:i_e,1HeMbnl no cpop~!)'Jle 

m,=----
m + 0,5 ' 

(51) 
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a pactieT npoH3nO,l\51T no cpop,1y.ia,1 n ypasHeHH51,!, cocTas.11emrbl,1 6e3 yqera ytJa­
CTKa Bb!C3\Jl!B3IHl51 . To lf KY 13b!Cil'-ll!B31!1!51 H3X0,'\51T K3K TO'IKY nepeceLieHl!51 no,1yLiae­
MOii Kptrnoii Aen pccc1m c J11tH11ei't ,l\eiicrn1ne.%HOro OTKoca. 

PacLierna51 cx e111a rrnorn11bt H306pa;1<eua Ha puc. 3. YposeHb oepx11ero 6Lecjia 
B Te\Jem1e 15 C)'TOI( onycKaeTC51 C TIOCTOllll!IOi'! CKOpOCTb!O V = 0,6 J,L ( C!JlllKU, ypo!le!lb 
ua HH3ocoi.'1 rpam1u.e - nocrn51!1Hbli

0

1. <P!! ,1bTpau.HoHHbte cnoiicrna rpyHTO!l xapaK­
k 

Tep113y10TcH coon1omen11e111 - = IO .11/C!JfllKU. 
[L 

Onpe,l\e.15leM napaMeTpbl ycTaHOBl!BUJerOCll TIOTOKa 

~ H ~ 
m' = -- = 2,57 II /1,,L = ---

1
- = ---

1
- = 9,5 .11. 

3,5 
2+- 2+-3-

m 

Dp1rne,l\cm11.,1ii pacxo;'.l. 

H~ - H~ 

2 (L + u.L) 
22) - 42 

= 2 ~ =-3,4 ,II. 

Dapa,rCTpa,11! 11cycTa11onuDwerocn nornrrn 6y.l\yT 

h _ H +~ -- 22 + 13 _ 17 " !? 5 cp-
2 

--
2 

- ,;:i.11; a=µhcp = l0-17, =175it; 

Jl at=y·11s. 15 = 51,5 ,11; 

= !_ll'v = 2,57 ~ = 0 0044· 
a. 2a 350 ' ' 

m'vt = 2,57 . 0,6 . 15 = 23,1 At; 

L1 = L + m'vt = 69 + 23,1 = 92,1 .11. 

Kp1rny!0 .l\CHpccc11u, paccLI11Ta111Iy10 no ypanHeH!ilO (47), H3o6pa;Kaei\t rp;icjJl!'I eCKn 
(p11c. 3). Ha p11c. 3 TaKiKe H,l!leccJJa Kpuuan, noJJy<reirnan np!I pacLieTe no iltero,nme 
B. M. WecraKoBa [7]. · 
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