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!hmnrthm-nmlmlltduhumr
mmwnmmmmbnthmurmum
mm MWile in the first ocase water is Deing
mwm.umumacm. the dreizing as wll aa
ﬁmﬁmmmthtmumm“
mmmmmcmmmhhmuthtutm.
The Tellewing stedy will cover the sosond cese. Others havo in-
“westigeted the problen of the Tate of lowsriug of the water tabls,
mmmm. Wober (2) ané Xezony (8). (8Sce veferences
-taﬂd‘m).

nmumxumu the solution of the proklem, sev-
«rul singls sssampiions axe introfuosd in the following, with tho

rosuls thet the imvestigation is yeGuced to an sppruximstica of
the ostasl essediticas a8 given chove - Fimst, only asall qhnn'

, i ko m-m level will be comsidernd, which, m.
ammm.mumiam. It is permiseible to
mwmam-nmmmmpmn'
.. oon 30 safused 10 the cass of the simgle wll showm iz figwre 1.
'm‘ﬁ.-m-uwnneunﬂnt rate, Q, bus &
mmmﬂ!ﬂu. ® Which extends through & water-beering
mwmmn.munmmmm It 18
mmcmﬂwmsmuumuum
mwmonm; that is, water can peycolsts freely thrcugh




o distsnce x = L to the outer surface of the pips. Furthermore

4t is masumed thaut the water-baarins strata posscBsos evarywhare
the sama coefficient of permeebility, K, and pors wvolums, n. By
the pors velume is meant thet nart of the voids of the soil which
contributes stored water to the Tlow ue the ground-water level
sinka. ¥inallr we nsaume Dercy's law to be valid and, therefore, -

the filter welocity, ¥, can be written,

I X

in which:

im
Z » the height of the ground-water ievel mbovs the /permeeble
ficor; and -

¥ = a distance measured from the axis of the well.
Since we intend to study only small changzes with flow
that is prewvailingly horizontal and steady, the familiar approxi-

mate amolution of Dupuit holds, naaely:

_Hz_ 27. — % \oq (,L;:..) (2m)

This equation represents the situation when the flow is

independent of time, thet is, when just as much water enters the

ground-water basin from the outer regions as 1s taken from the well.
.Howaver, when the water table is droppring @& part of the diacharge
is drswn trom the ground-water besin {tsolf. Conaider a hollow
eylinder of radius, x and thickness ax,cut out of the water-bearing

strata, It is an esteblished fact that the difference between the




qmtity or watey rlovug in snd out of the surfaces of 'tho aylin-
deor per unit of time ia oqual to the change in water acntent er
tha cylinder during the ssme time. The quaniity of water passing
through the eylinder per unit of time is: |

ﬂ H

4 aTTk"(H L"

_.A':"

and the quentity of weter stored in the cylinder ia:

Now oz azﬁi/H—‘)“{x
The differential squatiom for the lowaring of tho water teble u:

Equation (4a) reduces to the Previcus equaticy for
m 1'10' (Ra). This !muan 1s 20t lineer but for emasil
! ebncu u the water-table J.ml u 8an Do replaced by equstios {a)
mmlimr me«pnuiuaorthntcrnhhw
aave me.lys

H-v & H
-l ;nmu of {Se) the uum Sosmes:
g9 = -zmv:xH J: ‘
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| Time _oonﬂiﬁnna;

", | S y=ovwhen t « o0 {5¢)

y- znnn“"l(b—) when t = %, (5"‘_)

si.nu squation (&) 1is lineer, the th\eor@m of Bsupor-

. . position is applicable. Thus the sum of ths payrticular sclutions
iz s ‘nlution of the diffevential squation. We solwve ihe problem
by separsting it in simple way and write:

RAS SR q=aq; * Q

in whioh y, and ¥, must satisfy differential equation (4). Funoc-

tions q) and Qg are given by the following reletions:

R = o4 = -
R ‘-}.__--zrtkl-tx 31: G, = 2 kHX _é'_-%

W sball uss sclution (2) for y;. This norroapdndl to

4tho fincl stesdy flow, for which the discharga of water at any

' distence ¥, thus also for X = r, 1is constant and equal to the quan- .

' 1%y of water pumpad, Q, snd which satisfies the condition for
y=0at X+ L. In order to setisfy the boundary conditionms
(Sa %o 1) we.must supsrpose on the solution ¥,, ths second solution

Yoo which satinfics the followins conditiona:

. 9, = © gt £ = T (6a)
P,'Laco sonditions

yg=o st xel (6b)

: Q.
Tins costitiens ;= — -y log (&) whent=0  (60)

yg=© vhen ¢t ~ t, (6d)

(5)




In order to ovtain m particular integral or (4) we
nlaca y = X T in which Y is = function of X only and T
°f t omlv. Thus we fipd:
a2y (T) +

[Vl

dx2

1] 8% .1 ax n {7
A x ‘ %1
By nlacine hoth sidas of (7) equal to an ertitrayy
@\ |
constent, "‘(—,:‘) we obtain the two owiinary differential ayue-

tions:

¥or an srbitrary value of & it follows from (8)

1~ BXt

nLG
Since equation (9) is satiafied by a Bessel function of

Z20T0 order, we may write the destired mecond part of the solution,

Y, 88 an infinite series in tems of Besgasl's function, with the




Wﬂm mt mmnd coorﬂctam by thua:

732 .--' iA I (ut '}

-t

Gumzmknz A ad (2 X

‘o -pomit e -which io ;ntmﬁncad for the positive t.m&ta af
"tho vqnqﬂm-i’oé!x) -« 0 to run throughout the uriu. 'In these
ommuu Jo and J"l ‘&re Pessel funotions of ‘the xero -nd"'nnt :
wrder, yospastively. The relation betwesn thess two funoticns is
:given ay this expressien: _ "
ddo(at) _ ) ()
- = ' e
o My 4

Te Jaa casily satisfy cursslves that y, scmm; %0 tu

chevs oquatien fulfills the beusdery oomditions (6b) ama(ea).
m:-x.,y,-o, Peosuse & is & root of Jo. For

- "t
4w {t ‘mgD s ¥g = O bsoauas the factor © vanishes, Xurther,

A1T N nu\m e, of the woll is very amll and thcnroro ror small
. velwes of Of:

g-f - 0
J’l(%__)- °

A% X T, caly the terms with large values of & contri-

.eed with this:

‘wte esasnkially so the dinohw which, however, d-orau.a- rery
bt

;npm.lr with tho 4ime, OB ascount of the fastox e .« The
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) T
- {20)
«.ﬂ Z ot J (q }'-'- € |

'm_zlmrua,y,ucgordmg‘te (2) and {10) 18 thus:

‘ — Jo (B |
Y= 51,1-\112 "‘mi( ) 2. ZQ.J L“YP ](11)
Prom {11) we obttaim:

o X i
Q- = J (a &) o =& r,]

3K S 2nkH| T &3, (w)~

i

from whiieh tho equation for the dischameo ‘is obteined, thus:
22 'i (B o~ 't am
Q - &, (o0)3 T
Beries (11) ‘ond {18) converge well -'for mun-nlﬁn of |
€, that ig, if tbmammhryurtmmorm—
| ,,rmuo ‘is elveedy sppreciabls.
" ¥ shell mow greatly dearease the :rodiua Lof thom
_.of afluence, that is, inveatigate the funetions 7, end ,q | for
‘aa0ll valuea of ‘
) |
amd. putmm. hat for 1erge values of O the followlng. mh-,
5!” are valid: ﬁ

S e= a«ﬂ'(p-ozs)-;-ﬂ(fv-o'za)

/bm:

Bw lp ﬂ. . 8. " .-.o-.'.-o‘t_.‘q‘o seno l‘




(o = \ co.s[n(Pno.zs)-%{—']

g——

Vb VEna

':-..-_L,Z_._.’Z
aJ()? =4 & =%

As the following table shows, fectors & and b sre to
be used only in the first four tems of the series. For all high-

or terms, .b » a = 1 is valid, without any appreciable srror.

T7BLL 1

: 2z & :
o e a=
S () :bfﬂud.tu)"-:a' P-o.25

P 40,5091 °  o0.982 °  1.020
P -0.3403 °  0.895 1,006

a0.2715 0,997 i 1,008

‘16.93) © +0.2068 °  o.899 1,001

1

2

N

¢ 1792 D 02325 0909 1.001
5

6

‘18,071 © -0,1877 1,000 °  1.000

Since geries 1l converges very rapidly for musll velues
of T, n replago 5t by an integrsl and obtein dy considering ihe
above relations for X end o J, (x)* the following equation in
place of {1l):

{10)
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Seversl difficulties sppear for the first time in the
ebove integrals, beceuss in these ths mmall X yange pOSaessss &
large influsmos ami hence the approximaticn b/m = 1 1s not
Jhtlﬂd for smoll values of a. We l‘juort. tharefors, to a
serics and intogrete bdeginning with p » 4.0.

i -t Ay
-E_ o alate)=u Z —_— 4+

P'—'-;-. Q. aIJI(a‘L
P

o
-Clt

___.__. dia*)t = 4.453 - I‘L.[ (425!1)"{_]

Cpeus

= leq(m1.6) = log[ 7 (4.25m)* 1)

1z wbioh ¥ = 1.7811.
Sipow the valus of T 1s very small, wo cen put in tha

sbove roimtion

- uz‘"‘t

€ =4 (renge from o, %0 ay)
epd put:
- 2.7
€ :[- (42511 £ iog[ ¥ (sh.250) t]
1f w2 ofd eguation {llb) to tis oxpression sbove heving

the logaritimic teym, we obtain
Pra

o ( L e

_|_ A xrg

(( )r(u.:sn)" )

1. &

(18)
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As elresdy mentionsd, the discharge during tic lowering
of the weter table is not constant, but does attain the value w
after s very ghort interval, t1. Teking ‘the last volue in teble
11, nemely:

N
s

£ = 0.010 + Y HK = 0,4312 a = 0,997
X

-
a8 & basis, we rind:
t, = 100 8rf
HK

Presentation of the Results

AB alremdy mentioned, series (11) upnd (12) converge
only for lmrge values of T ., 1In this rerion the lowering y
end the diacharge q were comzuted with the eid of the Function
Tables by Tahnke and Emds (G). The results are Ziven in figures
Z end 3. Fipure 2 shows the discharge of water es a function of
the time which is plotted aa ebscissae on = lognrithmic mcele.
The curve for x/L « 1 ia eapecially important, because it shows
the influence of the size of the zone influence. de ase thet
for a velue of T <0.04 no epereciable quantity of water enters
the boundary of the xone of influence, thus for T<0,04, 1t cap
be considered %o bs unlimited. For T=lon the contrary, the
entire, . entera at the boundary of the zone of influence; in
other werds, constant conditions almost obtaein at all points,

Firure 3 shows the position of tho water tuble for

various wslues of € ., .f is plotted es abscigsae op a logarithmic

8cale. ascording to equetion {lla) we have:-

(14}




"f[&.). E'ﬂx_z
HKt

L

log x » ¢ log (t) » log [!’ (ylj
‘therefore

o {log )} = e

ot 2t \
Thersefors in fisure 3, for the valid range of equation
(e} the horizontal distence betwsen any two edjaoent curves is
constent and we can mmamt the successive curves in a simple
.mnor Yy the parallel diaplecemsnt or any ourve in the x- 4i{ireo~

't!.on. Prem equations (lla) u.nd(laal wes obtair for small values

of E ths following limiting value:

¥y XE .,__;__ log (1- (14)
T

 3. * 1 (15)
Q ‘
Froa equstion (14) we hava:

au; — Q__

Yor this reogs ( € emall), 1t 1o evident on coount of
the ﬁtfuisht-nm tundomy of the ovrves in ficurs 3, that perallsl
louering of the ground-weter leval (parallel displacement in the

y-8iraction) 1s valid and 1s confirmed by obsorvations. Thus we
agvee with Webor E 7, %o #as correct in remarking that these
‘perallei d&sthu begin to appesr as ths lowering proceeda,




Finally, we shall investigete closely the significance

of the fumciion yp. As wo se from bw'l:'dary conditions ,(u\'to 84),

negative values of y, give ua'tho poaition of the ground-weter

level if we stop pumping complsately after sttaining constent condi-

tions. Thus the initial position 1s given by the dischargs { as

previously found and is to be domputed atarting from the time of

stopping the pump. For determining the rise of the level wa write:
Yg= =~ Tp=¥ -7

——
L3

Yy 4TEE - lo;(r.‘ - 40y EH (16)

Within the renge of small U (that 18 T <.0,04) the value of ¥ E_g

in table II cen be used. If we introduce for ¥y -E-E in (18) 1ts

valua frem {1la) we obtein:

ysi“_‘lﬂ. . log
Q

Tie rising of the water table is shoun in figure 4.

Tho Zous of lewering

W cap write equetion (14) in the following form, anoting
sx3
t e :
tl_m E » =

it \
. & NsYES
1= 27en P TR

s o p——

Q:—C\/i’:__f_ = |.5

{18}




Squation (17) 1g 8pproximately valid in the renge for

‘whieh the dischargs g ia practically the sans us tho desard

and diffory from equation (2) OLly in thut instead or a constant,
L, a tuaefmn R, of the tims entors. R is called the Zone of *he
lowering. For a aonstant discharge we onn 2180 consider the var.
ietion in the depth or the ground-water flow and write the follow-
ing expresajon anelagous to equetion (B):

gt -.za.-L 103(-5)

X (17a)

Bquations (14}, {17), wna (17e) do not satissy difter.
entiel equations (4) end (¢%) wnd thus are not wethesutically com
rect. The error in the useable rangs of the squations, howsver,
4% Dot very large, singe for sa0ll veluss of £ §p (¢) and{¢a!
the term with .._i is very smsll comparsa to the other terns egp.
taining -iL o .

DX x>

Approximate formulee for the Zone by dehultze /73 7/,
#simr and Kozeny exist o well ag an mpirioal Tformila by Sichardt

(7). Aoconding to deber:

R_2
X g*"m

» Odtained the following




-—-:-._..,: o iy~ e

R=vEE /K = 12 /T fHEt
While he rstained Websr's equation for the lowering of the wetor
<able. ’

It ahould be stated hsre thet the aonaept of a zone gop-
sains in 1tself an Assumption whioch is only an approximation, apd
that the coefficient ¢ w 1.5 in egueticn (B) is valid only for the
survea for the profile of the water table domputed from (17) and
(17a). If ws aacept thet at a d{stance x = R the disoharge smounts
%0 only a oertain fraction of the quentity nf weter drswn from the

well; foxr ¢xemple, q = 0,012 Qs ther wo obtain for the above

soefricient, acsording to table I, with = g-; w 16, the value

ey E « 4, vhils the limiting value of = 0.04 mantionod pay.
orel times previoualy, corresponds t0 2 value of ¢ « 5. Jhu-thor-

WOTre W osn define the zons in texms of s daﬁnito lowaring y » B
. . -}

for x = R. Since according to (Lle) the lowering is 4irectly pro-
porticnal to the discharge of the well and zincs ordinarily wa
spsak of e lowering only whers it ocen be mousuved, tho son.a width
aocording to this definition is elgo a Tunctioa of the dischargs
of the well.

/ Ws obtein from iadle II:

Yn—n—-! -y = _i‘._.,
, (€) or ¢ ’(yq ? (n)

from whioh the following exprasaion for the sope width rosults;

{18;




T oy T J
' Ty ks (19)

n

The zesfMclert e e Voo (M) in squetdon (L9} i
LB N
Muncticn of n - AR and aun be scaputed by wans of ‘tuble Il,.

Y S
Rl 'Y

Tor the apaziasl cram wor O, A8 02tnin fivx Jozens's aquntion,
ag well rs from equation (19}, the zone #14th ¥ = Q, -<het {3,
there ia ro lowering. The zone wiith eecording to equstion (18)
or the zortrery i3 indenerndent bf thy diacharge apd has aorc ‘he
aisnifionnce of =n nuxiliarj expression for the anloulation. '™e
influence cT the 2{scanree o9f the well norours “irst {n this case
in “he anmeunt of lowerin:x,

Sinse in thias vaIr a8 #aell na in stuwiies oY daber nﬁd
“ozeny aimple nasumpriona were e, 1e wish tc compare the re-
gults by sonns of numerical exam:loy, ”

Examéla
Suproae the Tellowing quantifties are . lven T0r *he weter

tabhlo »nd tho wall:

Y e DLC0L1 mfe - UBes n/day.

]
H
1

0.020 n¥/s = 1725 1u°/uny

o
|

necording 0 equation (13) the quantity tukep fron the
well for velues of t:'tl. iz mpproximately conatant snd we obtein

congidaring the rnidium, r, of tha well to be 0.5 eter:




%, = 100 .‘.‘_’f e 12,5 minutes.
HE

The ground water can be considared limitless up to

Tw 0.04 or up to
12 = 5 days.

Steady conditions are reached at %z = 125 days. TYor
& tims t = 4 days we obtain for the zone width the following
values according to:

Equation (18) 2= 161 m,
Weber R « 322 m.
Xozeny R= 187 m,
Bquation (19) R= 192 .
{for m = 200, § = 0,02 a%/e).

Using the same time (t = 4 days) we obtain acoording
to table II, equations (17) and (17s) m3 well as accoring to
4eber and Xozeny the values for the lowering y 1ir table III
which ore also shown grephically in figure 85,

According to table III we can divide the zone of in-
fluence into two regidns, nemely - in an inner ragion from X » ¥
t0 X w 44 m vad an outer rﬁgion from X » 44 m t0o X w L. OQuteard-
1y the lowerings are small in comparison with the depth Z of %he
ground-water flow, s0 that wg are entitled to selculets Yy from

table II or equation (lla). XYor the inner region, on the other

hand, the discharge is approxinately constant (&.a 0,958 to 1,00)

and we cap, therefore, compuie the loworing by considering the




#
&
&

TABLE I11

€

X

y fyom oquation { w.‘.:

¥y from table Il

" DA8 | 0.23

fren equation (172

L L

.12 © 0.08 0,00

cwou - -

4

P 0,70  U.6) © 0042 0.2

Do b

mmu; frox table IX

0,99 | 099 © 0a96 - 0,86 © 0,68 | 0023 . 0,03

0s77 | 0,67 ' 0489 - 0,29 . 0,14 0,01 -

M Oou.u .m 0.08 w - m bt




variation of I in-equatiorn (17n). The value. {or the boundary
1tself calculrted fro: both squsticns are in aj_.roximate
agreement. Finally, we noint out that ‘the ‘values .for the

lowering deter:ined ‘frew: trtle I1 erd equation (17a) lie

‘between the correspecnding velues ccmaouted from Yeber's and

Kozeny's formulas end their soaputation is noreover:éxtrem--
1y si=nle, 80 that this method -cf eslculation in ‘the opinion

‘of the muthor, is auitable for practical purpcaas.'
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