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INTRODUCTION

In order to deal intelligently with certain problems of
maintenance of channels in erodible materials, it is important to
know what shape and dimensions a channel should have in order to
avoid changes of cross section due to scour or sediment deposition.
A knowledge of stable shapes finds application to the problem of
designing canals in earth and to the problems of river regimen.

The computations of stable shape patterns described herein have
been made at the request of Mr., E. W. Lane who has also laid dcwn
the basis for the computations.

BASIS OF COMPUTATIONS

The problem of finding a stable channel shape is here
based on the following assumptions:

a. The particle is held against the bed by the component
of the submerged weight of the particle acting normal to the bed.

b. At the edge of the stream the particles are at the
angle of repose under the action of gravity.

c. At the center of the stream the drag force of the
flowing water holds the particles at the point of incipient
instability.

d. At points between the edge and the center the particles
are held at the point of incipient instability by the resultant
of the gravity component of the particle's submerged weight and
the drag force of the flowing water.




In dealing with the drag force of the flowing water, two assumptions
have been used as follows:

e. The drag force acting cn an area of the bed of the
stream is produced by the component of the weight of the water
directly above the area, which acts in the direction of flow.
This component is equel to the above weight multiplied by the
stream gradient.

f. The drag force acting on & particle is proportional
to the square of the mean velocity in the stresm at the point
vhere the particle is located.
Use of assumption (e) permits a simpler treatment than is possible
with assumption (f) but does not permit the lateral transfer of drag

due to velocity gradients in the horizontal direction to be taken
into account. This factor can be included in the computations when

assumption (f) is used.
NOTATION

represents the cross sectional area of the channel
% or half the top width
Chezy's coefficient
depth of an infinitely wide channel
longitudinel slope or friction slope
factor of proportionality
coefficient of roughness
perimeter

quantity of flow (cubic rt/sec)

drag force on a surface of a lamina of unit length

+

re %,tbe hydraulic radius

S = ten 9, the transverse slope at the outer edge of
the channel




T,

v,

X,

Y

=L

f, angle the tangent at x makes with the horizontal

top width

U= v

mean velocity. of the lamina at a distence x from
the center of & channel

mean velocity of the flow in an infinitely wide
channel of depth D = y,

mean velocity of the flow in a channel of finite width
and of depth Yy,

mean velocity of the lamine at the center of a channel
submerged weight of a particle

distance messured horizontally from the center of s
channel

depth of a channel at the distance x from the
center; or, in the evaluation of m, Yy represents
the distance from the top of the channel of depta D
to & horizontal lemina of thickness dy

depth of a channel at the center

a variable

a variable

Yo

angle of repose for the material

x
Yo

density of water

an average drag force

7, maximum allowable drag force for soil in 1b/ft2




STABLE CHANNEL SHAPE WITH DRAG PROPORTIONAL TO DEPTH

The type of stable channel studied herein has the property

that all the particles of its bed are in a state of incipient instability

under the action of the forces acting on them. At the edge the drag

force is zero; and incipient instability is due to the force of gravity
acting on particles resting on the slope S, which is zt the angle of

repose, At this point the ratio of the component of force down the
slope to the component normal to the slope is S. At the middle of
the chamnel, where the slope dy is zero, the particles are held in

the state of incipient instability by the drag force of the flowing
water. In this case, also, the ratio of the force along the bed to
the force acting on the particle in the direction normal to the bed
is S. At all other points the resultent of the drag force and the
gravitational component along the bed ect on the particle, and the
ratio of this resultant to the gravitational force component normal
to the bed must also be S. These relations mey be expressed mathe-
matically in the following way. If W represents the submerged

" weight of the particle, then, with the notation of Figure 1, the
force component normal to the bed is W cos @. The gravitational
component along the bed is W sin @ and the drag force of the
flowing water per unit of area of the bed is

WS'X—‘cos¢
Yo

Then the requirement that the condition of incipient instability
shall prevail everywhere is

w2s1n2¢ + wls? in cosz¢
yo‘

- S » o e (l)
W2c032¢
Since
- .
e tang
This relation can be put in the form
2 2 :
dx 2
Yo




A solution of this differential equation vhich satisfies the
condition that y = y, vhen x =0 18

Y= yoocosg_x

... (3)
yO

Then it mey be concluded that a simple cosine curve represents

the shape of a stable channel under the conditions specified in
assumption (e).

STABLE CHANNEL WITHE A DRAG FORCE PROPORTIONAL TO THE SQUARE
OF THE VELOCITY AND NO LATERAL TRANSFER OF DRAG

In this case the drag force term is assumed to have the
form:

'2

VS~V—§
o]

vhere V represents the mean velocity in the stream at the
distance x from the centeryand V

represents the mean velocity
at the center. Then the condition ghat the particles everywhere be
or. the verge of motion 1is:

2, 2
wPsin’g + Wesz(s'g)

o -5

- P L)
W2eos’g .

But since tan ¢ .%

and 81n¢-




the above expression can be put in the form:

L
(%%’)2 * Se(%) [1 +(%§')2] =82 . (6)

In order to obtain an expression for the velocities, we may apply the
Chezy formula

V=C\/;-f. : T &

to compute the flow through an element such as the shaded element of
Figure 1. Since the assumption of no lateral transfer of dreg is
equivalent to an assumption of no drag forces on the sides of the
element, the hydraulic redius r may be computed by dividing the area

of the element ydx by the length of bed in contact with its base.
This length is

2
ax/1 + (8)

and from (7T)
2 2

V- = C°rf =:\/~_--E——§~
ay
1+ (&)

Voo = CPyf

then, by division
ye

2 = L
Vo

dyy2
Yoy 1 + (a-}z()




If this expression is substituted into Equation (6), it becomes:

( ) +52L-S

yo

This is identical with Equation (2) and, of course, has the same
solution, namely:

Y= yocosgmx

o

It may be concluded therefore, that if the lateral transfer of drag
is neglected, both assumptions (e) and (f) lead tc the same shape for
the steble channel. If this seems surprising, it should be recelled
that the Chezy formulae itself is derived by equating a frictlonal
drag force proportional to the square of the velocity to the
component of the welght of the water acting in the direction of flow.
Therefore, if the Chezy relation is used with the above restrictions
to determine the relation between velocity and drag, assumptions (e)
and (f) become identicel.

STABLE CHANNEL SHAPE WITH LATERAL DRAG TRANSFER ACCOUNTED FOR

Before the effect of lateral drag transfer can be introduced
into the equations, it will be necessary to develop some means of
computing it. In the present case it will be assumed that the shear
force acting on any section through the stream is proportional to the
gradient of the square of the velocity. The factor of proportionality,
here called m, will be determined by computing the mean velocity
in an infinitely wide channel according to these relations znd then
determining the factor m by comparison with the Chezy formula. The
modifications needed to introduce the effect of latersl drag transfer
can be made as soon as the factor m 1s evaluated. The detail of
the evaluetion of m 1is as follows: ' ‘

In & channel of depth D and having & friction slope f, such as
is shown in Figure 2, the shear on a unit area of the plane at a
distance y below the top is

au
- | o=

dy




where U = V2 and V represents the stream velocity at y. The
gravitational component scting on the volume included between unit
areas of the planes y and y + dy is

-

)afdy

where o represents the weight of a unit volume of wate;fL‘Then it
this gravitational component is to be held in balance by the difference
betwzen the drag forces on the top and bottom of the element: -

4 dau
--d—}"(mE'&—Pf e o . (12)
In setting up this expression, forces in the downstream direction have
been considered positive. By integration

du

- M a— =
dy

and

-mJ = 4E£Xg + Ciy + Cy

2

where Cl and 02 are constants.

It
au
-m 3§ = 7DfD at y =D
U=0 at y=0D
thern
P
Hence
- 2 oty
‘_72 TE
f
or U= 4%5 (D% - ¥y3) ... (13)




The mean velocity is
D

dey = ;')' \/—#-_
]

et ™ | |
Voean 2m T -« . {25)

A rearrangement which will permit a comparison with the Chezy formule

is . .
Vmean = VJE%§5;5 \/SEh (16)

For this case Chezy's formmula has the form:
Vmean = C VDI
Then by comparison
pD e '
C =
32m (18)
and it follows that:

2
DIr .
n= ’D_Tazc (19)

It will now be possible to modify Equation (9) by adding
to the original gravitation driving force the difference of the
frictional drag forces on the two sides of the shaded element of
Figure 1. The drag force acting on the side of the shaded element
nearest to the center of the channel is, for & unit length of channel,

a=yT ...(26)




and acts in the downstream direction if the velocity gradient %% is

negative. Under the same conditions the force on the side away from
the origin is given by a similar expression, but here the force acts
upstream. The difference between the two forces is

dq=.g_§(yr) dx | .. (21)

Modification of Equation(9)will be most easily made if this
difference is expressed in terms of an equivalent channel gradient.
To do this set ‘

flfaydx = %§ (y73 ax

fl.-:;l—y-g;(yT) c .. (22)

and the equation as modified to account for the lateral transfer of
drag becomes

. (23)




‘ﬁ p
‘ - d 2
Vzu YJ§1+MX99_ y (3)]%
(o]

2 ‘/'_"_ f y ax y ax

To put this expression into dimensionless form let
=L a d
K Yo Yod?) = dy

and since m= £J’o7f
32¢2

then

2 7 72 v
ke %l =7 v:’- gg [”dg ]}

The complicated nature of this expression would make it difficult tc¢
obtain a direct solution by integrating the differential equation

which might be obtained by eliminating the retlo of %.. betveen this
o

equation and Equation (6). A trial method of solution will therefor:
be adopted inste . By this process & trial profile will be chosen
and the ratio(.._) i1l be computed for it from both the Drag Relation

of Equation (6) and the Modified Chezy Relation of Equation (29). It

will be considered that a satisfactory solution has been obtained when

the two curves agree closely. An interesting feamture of 'Equation (29

is that the quentity m does not occur in it This indicates that tle

stable shape will fix a value for the ratio (__) This shape will also
Ve

be independent of size.




For these purposes, if the relation between 7 and E can
be assumed to be:

f7)'=1+a§2+/3§“. ... (30)

gi’ngec% ;‘u ;/-3§3 | .. (32)
2 4

I x ~

Ya 1+C£(yo) +/8(-;%)

Y_oqx x )3
dx (yo) +hﬁ(yo) :

A dy _. .
v 0 and Exz""s vhén x = a

[

_ a \2 a l;“
0=1 +cr(-§;) */3(5531;‘ -
-S=2ay,y Re,3

G+ +B (&)
vhich

S a
. - — -2
a=(2yo )




DISCUSSION OF COMPILATION OF DATA AND CURVES

The' computations in the tables at the end of this report
are those used to obtain data for the curves shown on Figures 3
through 7. They coasist of the development of the ratios of the
meen velocity of the lemine at the distance x from the center of.
the channel to the mean velocity st the center for verious top widths
and transverse slopes, The procedure followed in making these calcu-
lations was to assume a value of 2_ for each value of S and to
o)
determine the ratio of %— from the Drag Relation and from the
o =
Modified Chezy Relation. When close agreement ‘hetween the two curves
vag obtained, a satisfactory solution of Equation (29) was assumed to
have been attained. In computing the values of ;- from the Modified
o
Chezy Relation, it wvas necessary to choose a value for the constant

v.%m
7t

Drag Relation., If egreement was not obtained, it was necessary to

choose a new value of 2_ and make a new set of calculations.

Yo

which would make the curve agree with the one obtained from the

It was found that the curves could be made to agree gquite

closely slthough ;_ vas allowed to vary a great deal. Consequently,

o}

the greatest source of error was in choosing the value of ;—. It is
o

believed that by careful adjustment of ;— the curves could be msde
o B

to colncide still more closely; however, the agreement shown in this

set of curves is as close as is warranted by the epproximations used

in the development of these equations.

It may be noted that the solutions obtained by the
modification for laterel transfer of dreg agree ve:y closely with
the cosine solution. Since this is the case, the use of the cosine
solution may give equsally satisfactory results with considerably
less work. :

The range of transverse slope covered by this set of
curves is from S = 0.3 to S = 1.0.




Graphical integration was used to evaluate
A, endQas follows:
y

o




It will be noted that the curve for §- is not used for solution
: o)

of a problem by this method. This is because the concept of the
wvetted perimeter and the hydraulic radius is not in agreement with
the dreg distribution assumed in thie solution. However, the curve
is inserted to permit a comparison of results obtained by this
method with similer results obtained from the ordinary formulas

of hydraulics.

EXAMPLE

The procedure involved in the design of a stable channel
can best be 1llustrated by the solution of an example.

For the »articular type of soil through which the channel
will run, the engineer will know or will be able to determine certain
physical characteristies on which to base his design. It will be
necessary to know the angle of repose of the soil and the maximum
allowsble drag force. An approprimate coefficient of roughness can
be found in hydrauvlics tables, and the longitudinal slope on which
the channel will run will be a predetermined factor. With these
values specified, the quantity of water which the stable cheannel
will carry will be a fixed value., Since it is desireble to specify
the amount of water to be carried by the channel, it is necessary
to have some method of modifying the stable chennel shepe to incresse
or decrease the flow. If the desired flow is greater than the stable
channel shape would carry, it is proposed to insert a rectangular
section at the center; and if the flow is to be less then the stable
channel shape would carry, then & portion would be removed from the
center. The portion to be removed in the latter case 1is easily
determined by use of Figure 12,

The conditions assumed for the design of this particular
channel are: ‘

a. The tangent of the angle of repose of the soil is 0.6
(S - 0.6). )

t. The material through which the channel is to run will
stand a drag force of 0.1 pound per square foot (7 = 0.l1),

c. The longitudinal slope of the channel will be 0.0004
(f = 0.000L).

d. A reascnable vslue for the coefficient of roughness
would be n = 0.020.




In a wide channel of uniform depth the drag force per
unit of area of the bed would be 7 =s2fD and the velocity would
be V.. At the center of a stuble channel, of equal depth, the

lateral transfer of drag reduces the velocity from v, to V and
the drag relation there becomes

2

 J
T =Py, (2
C

An expression for the center depth can then be obtained from the
above relation in the form

7
v 2

o
1’f(;-)
c

_ v
For the present case the upper curve of Filgure 9 gives 72 = 0.983.
Then c

Yy = 0.1 = 4,146 feet

®  (62.4)(0.0004)(0.983)°

For en infinitely wide channel the following relation

and for the conditions- assumed above the value of C = 94 .k is
obtained from hydraulic tables.

Then

v, = .k \/(h.lhé)(o.oooh)
= 9.4 (0.04072)
= 3,8LL4 ft/sec




From Figure 9

v v
Vf = 0.869 and vs = 0.983

v_ = (0.869)(0.983)(3.84k)
v, = 3.28 ft/sec

From Figure 8

5_5 = 3.42
y

(o]

A= (3.42)(k.146)°
A = 58.79 £t2

Then since Q = AVm

Q = (58.79)(3.28).

Q = 192.83 £t3/sec

From Figure 8 the value of %— is found to be 5.38, 8o that the

o ‘
top width of the stable channel is 5.38 y, or (5.38)(4.146) = 22.30.

Having now obtained the top width and the center depth of the stable
channel, it remains only to obtain the x and 'y coordinates of
the channel bed, This is resedily done by making use of Figure 11.
For a transverse slope of S = 0.6 the following values of §.

o)
and %— are obteined and the velues of x and Yy  are calculated,
o




y_
x Yo y

[0

0 1.000 4,146
2.073 0.958 3.972
4,146 0.839 3.478
6.219 0.649 2,691
8.292 0.400 1.658
10.365 0.117 0.485
11.15 0

. o

MmO HOO
O OwWw

If the channel is to carry less than the stable channel
will carry, it is necessary to remove a portion of the channel,
Suppose the channel is to carry 75 ft /sec. Then the ratio of

Q to @ s 15 or 0.389. From Figure 12 the value of X_

° 192,03 3 & a
is found to be 0.369, that is, 36.9 percent of the top width is to
be removed from the center of the channel. The modified section
with a top width of 14,07 feet is shown on Figure 13.

If the channel is to carry more than the stable channel
will cerry, it 1is necessary to add a rectangular section at the
center, Assume that it is desired for the channel to carry
300 ft3/sec, then the amount to be carried by the center section
is 300 - 192.83 or 107.1l7 ft /sec. The mean velocity of the flow
in an infinitely wide channel of depth Y, is Ve, which was

determined to be 3.84k ft3/sec in this case, For a center depth
of 4,146 fegt each foot of width would carry (4.146)(3.84%4) f£t>/sec
or 15.94 ft /sec The necessary width of the center section would

then be —1—5—§K or 6,72 feet,

It should be noted thet there is a discrepancy between
the velocity of the center section end the maximum velocity of the
stable section. This discrepancy is relatively unimportant, however,
since the difference is less than 2 percent of the maximum velocity
for the center section; and, the lateral transfer of drag being
small, the velocity at the edge of the center section would scon
reach its maximum value at points nearer the center. The modified
section with a top width of 29,02 feet is shown on Figure 13,




In conclusion, it may be noted that if water flowving
in these channels carries sediment-of the type coming from soil
through which the channels run, it could be expected that the
channels as designed would neither scour nor silt up. However,
if clear water is to be carried, these channels would be stable
for. any slope less than 0,000k,
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Slope = 0.5 o = - 1171875

& = .00190735
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Slop: = 0.5
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Slope = 0.6 ‘X = - .1632373

= .00 18 12}
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.216:  ..1296: -.05876:.00046 : .94170:/ -.19588: .00309 : -.19279:.03717: .89675 : .8646L
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8.000: 16.0000: -.65295:.05720 : .hok25: -.65295: .11440 : -.53855:.2900k: .19433 : .1506h
10.648: 23.4256: -.79007:.08375 : .29368: -.7182hk: .15227 : -.56597:.32032:  .11022 : .08348
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.66222: ) g": 'gems 06580 : 1.4k136: .00711 1.08378 : .6L0I6: .6LHTL :  .66466 : .B152T: .56563
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.027: .027 :.00010 : .97310: -.18 : .00135 : ~.17865:.03192: .95012 s .92073
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1.331: .363 :.01830 : .65530: -.66 : .06655 : -.593L45:.35218: .kkgq72 : .33259
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% Is the fraction of the channel
to be removed when the design

Qis less than the stable channei
would carry.

FIGURE )2
PROPERTIES OF STABLE CHANNELS
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Modified Stable Channel -.
Q=75 c.f.s.

Stable Channel Profile
Forsoil properties and
longﬂ-udmol slope shown-<_
=192.83 c.f.s.

DESIGN CRITERIA
Transverse slope = 0.6
Alliowable drag force = 0.1 lb/*f'r2

 Longitudinal slope =0.0004 .
~ Coefficient of roughness = 0.020

Q =75 c.fT.s.
Q2= 300 c.f.s.

Modified Stable Channel-
Q2 =300 c.f.s.

STABLE CHANNEL PROFILES
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