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SIMILITUDE R:CI.J.TT ONSHIPS 
FOR VAlUABLE FLOW THRO'JGH EAl1TE DAMS 

The two most important p;eneral considerations in selecting 

the material arid profile for an earth dam are now usually conceded to 

bG the resistance to seepae;e as such and the stability of the slopes. 

In additj_on to the usual considerations of the loss of' water and 

erosion as a result of seepa�o, the position of the saturation line 

has an important effect on the equilibrium of both the upstroam and 

downstream slopes. 

In the absence of any conclusive and practical ,nathom8.tical 

method for predetermining; the behC1.v:i .or of the saturation line from 

properties of the ma�erial obtainable t}u·out;l1 field and laboratory 

tests, the use or' sen.le rnodels-.nmy provide a valuable guide. Current 

opinion is divided as to the eztent to which such studies co.c1 be 

relied upon, but since they f�n-:c.ish u.llriost the only means of increasing 

the knowledge of the subject ezcept for exr,cns:i.ve and slow full scale 

experiments, it is probable that their employment wj_J.l cont:i.nue to 

increase. 

In applying the results of r.1.odel studies to the analyses of 

prototypes, it js desirable to reduce the dimons:i.onal relationships 

to their simp]est form. ?or the c2.se of constant or permanent flow, 

those sim5.litude equations hQve been presented by sever&l writers 

(1)(2)(3)(4) but not, it is believed, in a form readily applicable 

to problems associated with vo.rying reservoir levels. 'l'he follov,ing 
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is a brief development from tho point of vic1H of non-permanent or 

vo.riable flow. 

It is convenient to predicate the Erntiro analys :i_s upon tho 

stipulation that in two geometricc;.lly similo.r eC1.rth dams of unit length, 

the il1sto.ntaneous flow nots sho.11 likevvise be geometric,:,,lly s:l.milar; 

thv.t �-s to say that with homologous reservoir 8.ncl tailv,ater lovols, 

the saturation curves shall Qlso be homologous. It is desired to 

find what relationships Emst maL1to.in betvveen tho physical propert:i.es 

of the mCtterials, the sizes of the structures, their flow properties, 

cmcl tirn.o :i.n order that this hy:;1 othesis shall :::io fulfilled. 

C01·1s3.dor tho cs1.so of tvw such. s:\.r:d.lc,r do.2ns (1'1odel Ql1d 

proto-type) :i .n vrhich tho reservoir lovols are assmnod to descend 2.?t·.Jr 

h2.v:i.ng bec::n prey:i_ously held a.t hor:1olor;ous elevatirmo until equilibrium 

'nnd ',•)een c.3-l-ab7 i c,hnd (f'i .. 1 ! ...... v� v ..L�.�J ...,, .,_ --t;
J

o ,' o 

i:ri.u ic:.:;,to di:mens iorrs portr1inin2; to tho :node 1, and def:\.nc tho noh.tion 

o.s follows: 

b o.n arbitrary dim.ens': on r·�1.rcl110l to a potential lino. 

d din.motor of 8. capillo.ry tu:)o, 

dh heo.dwator depth c.t 'oot;i1ming of period. 

di == vort:Lc,,.l distance botvireon point of: intersection of sc-.tuj'O.tion 

L.ne witl1 do1:mstre:un fc.co and tailwc..tcr olevo.tion o.t tho beg-

irmi:cg of c.. period. 

dt == tr>.ilwator depth o.t ;):_)gi1ir.Ling of a period • 
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H h 

acceleration of gr&vity 

= vertical drop of reservoir surface during o. time lapse 1 t, 

after crn:nnencer.1.ent of drn.w-dovm 

H = vertj_co.l dj_stance bet�;men j_nitial reservoir level o.nd crest s 

of saturatj_on line at the end of the sane period, t • 

.D.. I-I = potential drop or J.oss of piezometric elevation betvireen two 

adjacent equipotential lines of a. flow net 

j = percent go.�.n of water on filling expressed o.s a fro.ction of 

the volume occupied by the unso.tui-atod soil; a nfilling/ 

constant 

k = coefficient of pormcrn.bility or the vohu:10 of flovr through a 

unit cross-sectional area u:nder a unit potential gro.dient 

in v.ni t tir,,o 

ks = coeffic��ent of porneabi lity as deterr.:.ir:ed experimentally at 

o.n nccepted sto.ndo.rd tenperature 

K, K1, K2 = experimental con.ctants 

Z = length of a s idc of o. s quo.re of tho instantaneous flow net 

i t 0 = length of a side of a sou::..re ci.t the crest of a. desce:o.ding or 

at the toe of o.n n.dv:,ncinc flow not 

m percent loss of Ym.tor o.n drai11i�16 expressed as a fraction of 

the volur.1e occupied by the :,Cctv.ratod soil; a 11 draL10.ge 11 

constant 

n = scale ratio 

/t = absolute viscosity (dir:1011s:i.ons, lb. soc./ft
2

) 
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q = vo h.11:1.e of wate r  di s charged p e r  unit tii:10 ; o r  f l ow 

qa = f l ow thr ough a.n area hn:ving the dimons i ons b and unity 

(/'J 
= dens ity of vvate r  ( di:;10ns i ons , nas s/ft 3 ) 

t = t ir.1e lap s e  f ro:;ri the b e ginning of the pe ri od during whi ch 

tho res e rvo i r  l eve l des cends or ri s e s  

T = Temperatur e ,  degrees  Fahrenhe it 

v = ve l o c ity with wh i ch any point on the s aturati on curve 

t rans lates  

vh = ve loc ity with whi ch tho r e s e rvoi r s urfa ce des cend s or 

V ve l o c ity of perco lati on 
0 

ri s e s 

Vr 
= ve l o c ity with wh i ch the t o e  of the s aturat ion curve advn.nces 

vs 
= ve l o c i ty with 'h • , W.iJ_ cn the crest  of the s aturn.ti on curve 

de s cend s 

--i) = ki neLlD. ti c vi s co s i ty ( dimens i ons , ft 2/s e c . ) 

If we a s s ume that a f l ow ne t cons t ructed of s qun.re s  c ould 

exi st , then,  a s  Terz aghi has poil:ted out ( 3 ) the quantity , q ,  whi ch 

co.n f l ow through a re ctangular  a.rec. pe rpend i cular t o  the dire ction 

of f l ovr and having the dimens ions 

q = k x l x  l 
... 0 

l and tu1ity mus t  be 
0 

-, 2 
But i f  m ( 

0 
x 1 i s  the vo lume of wette r whi ch mus t  f l ow out of the 

vo lume C 2 x 1 at the cre st as th e s o n  pas s e s  fro::n the s aturat ed 
0 

( 1 )  
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X 1 
t o  the drained state then 

: 2 
m '-' o ------ is tho time requi red for 

tho sc..turn.ti on b oundary to descend through t he distance 

tho velocity with whi ch the crest descends is 

V = 

s 

m 

k 

m 

., . 
L o 

z
2 

q 

Z a 
l a 

X 1 

X 'l 

X 1 

= 
q ' 

m l X "o 

/.1 H k A H  
= 

·, m Z o D o 

or 

l. ' D.l'.1.d 
0 

( 2) 

From our hypothesis th:::.t in tho two structures tho flow nots shall 

bo simj_lar 

Hs -r 
i ru- s ' 

from whj_ch 

dHS 
- n 1H (,_ s ( 4 ) 

But since 

,.,.:t 
I 

H
S 

l V dt , ,I ( 5 )  
____ , 

dHs = VS dt ( 6 )  

From ( 4 )  and ( 6 )  

dHs VS . clt 
n ( 7) 

dH 1 ' dt 1 

s s 
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Als o ,  cons idorL1g tho o rigino.1 hypothe sis , 

and 

s o  that 

H = n il H  
I 

7 ' 
= 

n 
{,.o 

L:t. H  t:::,. H ' 
:::; 

Ref e rring to equo:tions ( 2 )  and ( 10 )  wo s oc  theref ore thcd:; 

1 
V 

k 
m 

Substituting ( 1 1 )  in ( 7 )  we obtain 

k 
dt 

:=: 

k! d� 
m' 

which upon intop;rCt.ti on yi e lds  

k 
' m nt = t + 

k'  
mT 

C 

But if  t = o when t 1 = o ,  tho constant di sa.ppoa.rs , leo.ving 

t 

t '  

k 
-"-,-

:::; 11 -1!L-
k 
m 
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This is a fundamental relationshj ;) whi ch mus't be satisfied i f  j n  

two geometrically similar dams wi th descending reservoir level s ,  the 

instantaneous flow nets arc falso to be simila.r. 

If k , whi ch is an indi cation of the ro.ta o.t vrhj_ ch o. 
m 

mc1.torial can pa.ss from tho saturated to the drained sto.to under unit 

potential gro.diont (see equation 2 ), be described as the 11 dra.in::;.go 

iEdex 11 of tho.t mo..torio.l, we sec that, given the dro.ino.go indices of 

tho mn.terials to be used in prototype n.nd model  and gi von the s c:1.lo 

ratio, tho rati o between tho t ime l apse s at whi ch similar flow co:::i-

di tions will obtain in model and p:r-o -totype is f ixed. Comrorsoly, if 

it is desired to reproduc e in a r:1.odol  Vii thin a spe cified time the 

conditions which oxistod in a. pi·ototype at the ond of another known 

tir,,o , the model ma to rials must be so chosen that their drainage 

ind ices satisfy equation ( 14 ) .  

Tho values of certain ether useful ratios m.'J.y bo obt,;inod 

dir e ctly. S ince 

t 

Rh 
-- ri..Hh 

( 15 )  

dHh 
= :0. 

d.Hh (16 ) 

But 
,..,_t 

:=: f h dt ( 17 )  J v
h 

from which 

dHh 
-- vh dt ( 18 ) 
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and 
dI:� dt ( 19 )  
vh 

F rom (12 )  
dt m' 
dt ' 

::: n ( 2 0 )  k , 
--

m 

s o  that c ombining 16 , 19 , and 20,  we have 

k' 
vh m' n ::: --,- n 
vh 

k 
m 

( 2 1 )  

therefo re 
k 

vh 

k' vh 

( 2 2 )  

m' 

o r ,  in words , the draw-dovr.o. vel oc ities are dj_ re ctly proportional to 

the d rainage indice s . 

The di s charge , qa , through any area perpendicular to  the 

directi on of :f lov-r a:rcd having the dimens ions , b ,  and unity, vri ll  of 

cours e be  the p roduct of that area by the c oefficient of permeabi l ity 

and the potential c;rad :i.ent, or  

But by  hypothes i s , 

f 
b = 11 b 

-8-
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and as s hmrn for equation ( 10 )  

�. H 

so that obviously 

11 
k 

kl 

( 2 5 )  

( ?  C \ ..., u / 

If b is conceived as the lenr.sth of any potential line in 

the f low net and .6 H i s  a vre ighted effective gradient e.pp lica.ble 

to the full len[.th of that Une, then qa repres e:::,.ts the total flow 

throu;,:;h a unit length of dam when -rve consider the cas e  of cm:s tant 

reservoir level. Thus the ro.tes of percolat ion through two s imilar 

dams are in  proportion to the product of the scale ratio and the 

ratio of their coeff ici ents of permeQ.biJ.i ty. 

Consider the cas e  oP a i·i sing; reservoir l evel a:·1d an ad-

vru1cii1g saturation boundary. ;:_t the i,npervious foundation line 

the saturation boundary 1,nll be :)erpendicula.r to the f low lLies so 

that the s mne argumeEt ,m ed for the des ccDcling reservoir mo..y be 

a:9plied : viz. , the quan:tity, a, which can flow through a recta:.'.lgular 

area perpendicular to the d ire etion of f lo,ir i s  

q = 1 X ·z L::,. H . x k ----
., 0 7 

C··o 

( 1 )  

If 
7 2  

j (,, 0 x 1 is  the volu.710 o:i· -,m:t.er  which must  flov, into the 

volu..rn.e 7 2  
(. X 1 at tho t oe of the advancing saturation line in order 

for that volume to pas s fr0;1, its initial to the saturated state, then, 
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foll o-v:ing the s nmo rc,:;.s oni:1g; -r:::th whi ch equation ( 2 )  vms devel oped, 

k 1(\ H 
V

r 
----

1 
(. 0 

( 2  7 )  

S ir�ilc..rly all o f  thG equo:t ions determined for the descendi:rig 

reservoir level c�n be dupli cated for the ris ing level us in� j 

L:1.stead of m. 

Ilocupitulating, the s iG�if icant equations are thorof o re , f or 

d e s cending reservoir, 

t 
4-- l  ,., 

V h 

V s 
l 

V 
s 

f or rising reservoir, 

t 

L, 

vh 

= n 

= 

= n 

k 

k 
m 

k 
m 
kl 

k' 

:0 

rn. I 

1c' 

j '  

k 

j 

k 

k' 
j ' 

- 1 0-

( 14 ) 

( 2 2 ) 

( 11 )  

( 28 ) 

( 2 9 )  
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v '  k' 

j I 

and for constant reservoir l evel, 

No.turally 

dh ) 
cl ) t 

) 
d ,  ) 

k = n --

k, 

must also 
= 

( 30 )  

( 26) 

d. 
( h 

( cl I 
n ( t 

' 
( d .  

l 

( 3 1 )  

I n  the :oreced ing di ,, cussior:i. no etllowo.nce has been rw.de for 

the effects of tenperature upon l:, Tn., and j ;  that is to so.y, the 

e quations apply only to the co.se of constant and identical temperatures 

in model o.nd prototype . 2u.rthermorc, various investigo.to1·s ( 5 )  ( 6) ( 7) 

do not agree as to  the rD.nge withiE Yr}1i ch Darcy ' s  law·, upon which 

oqu�ti on ( 1 )  is based, IT�y be valid . Poiseu.ille ' s formula of which 

Dar:r;y' s may be said to he e. spe cial cafle, is 

If Darcy ' s law, 

V = k 
0 

2 gd 

32 1) 

l'l H 

is to bo accopt:)(l ,  tho coefficient of permeab ility co;:-rospo:nd s to 

-11-
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k = ( 34 ) 

but according to Lindquis t ( 5 )  thi3 \ s  not the case, his oxpcrj_ncnts 

indicating ratehe:c that 

k = ( 35 ) 

It IT18.y nevertheles s  be desirable to introduce a correction 

for the effect of temperature upon the permeab:i.li ty' accepting; 

tontativoly tho validity of Darcy' s law. Since 1.} is def i ned 

as and Poisouillo ( 8 ) hns givon 

A =  ..... 
O. OG0037 J. 6  --------

0. 47 l 2 + 0. 01435 T + 0 . 000068 2 T 2 

for water, we may write 

2 o. ,:1:n2 + 0.01435 T2 + 0. 0000682 T
2 

0. 4712 + 0 . 01435 T
l

+ 0. 000068 2 Ti 

(3 6 )  

(3 7 )  

where 
) 

1/ 1 
( ) .... 2 

i s  the ro..tio Dot-ween the kinematic viscosities of any 

two bodies of wat er at tom;:ioraturos  T1 and T2 , the va riation of 

density ·with temperature 1)Cin�; cons j_dored nog;ligiblo. l1'or a..YJ.y two 

identical soils, tho , tho ratio of their pormoabilities  at different 

temperatures is, from ( 34 )  

k1 v 2  r::: (38 ) 
k2 

:, ) "' l 
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Tho pormoab :Uity of o. givon soi l  at any t emperature may there.fore 

be expressed in terms ol' i ts pormcab :Ui ty ::it some standard temperature 

a,1d the ra ti o of tho kinematic viscos ities ,  so that 

. ) 

ks s 
( 3 9 ) t.i T 

in which t ho subscripts, s, donate a standard te!· 1poratur·o (o. '.; • ,  75 ° F )  

ai1d the subscripts, T ,  signify aYiy temperature. 

Tho ratio botwoon ��ho pe rmeo.biL.tics of  any two rrntc rials 

at any tcmporaturo can roadi.ly be seen from e quation ( 3 9 ) ; 

.. r 

( 40)  

f-' s . ks i 

_Js_ 
� J '  ::_. T (1 

;:: 

k
l -· ) t -. :> 

I/ s s 
-} l :. T 

Tho previousl:r summarized oq .w.t �. ons vr�-ii ch contain tho ratio  
k 

could thus bo rewritten to :i.:nc J.udo tho ef fects of temperature on the 

pormoability as follows :  

-5a. !n z.,, 

t '  ks m' ·' J l ,., 
( H,a )  

vh ks m' ? ) ' 
/, 

--,- ;:: 

V k' m C j 
fJ 

( 220. ) 

-Li-



• J--

. .  

. . 

• • 

• f 

• •  

vs 
\ 

= -�:L m' , .. / ! ( l la ) 
v '  1{ 1 m z .. ) s " s 

k t j ·  7.) 
= n ___.§_ ( 2 8a ) 

t i k' j l 
\ I 

s 7.: " 

vh = � _j_'__ , . ! , /  
( 2 9a )  

v '  k '  j 
h s 

vr k ' I  r,) l 
= s _,l __ ( 30a )  

v '  k l i t> r s v 

qa �. ,J , (2Ga ) = n 
q '  

,�, v .:,)..(""" 

a ,., 

S ti l l  J.ackil1g i s  any corre ction f or tho in.fluo:nco of 

tomporA.turo on tho drain8.ge and f:i.l l :�:rig coilstants,  m and j. It i s  

roo.sonab lo  to s upposo that both may b e  considerrcbly o.ffectod by changes  

in  the viscosity, and t'..1at thoy c.re related in s ome s :i.mplo wo.y to 

tho capi llary hoi ght . Addi·bonal o;cporimontal work i s  nccdod, however, 

to  further clarify th:i.s re lat i ons:-:�. ;:) . 

Throughout the pre ceding dis cus s ion, the pres ence and 

effect; of tho capil lary z one o.bo-.rc tho saturatj_ on lino have �)oen 

nor;locted. That this z one exe rt s n. sip;,1if :Lcant influe:,_1co on tho 

flow which cannot practj_eally bo mo.do t o  conform to tho other s imi litude 

1 1 
rolrd;i ens · is clearly demonst rated by B .  Korne r (2 ) .  The srnr,o wr:i. ter 
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