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Proc. : A.  C .  Cartcr 

Sub j e z t :  Angle of repose n f  noncohce ; vs materLal  

Suxr-asry 

Previous s t u d i e s  of t h e  s t a b l e  channel problem have 
eottih1isht.d a need for  :nformatlon pe r t a in ing  to  angles  of repose , of g ranu la r  mater ta lc .  

A review vaa m d e  of all ni~b l  I =had r l = + m  I 1-ri - -- 
internal f r !c t icn  for dry  and submerged s i l t ,  

a ,La ----.I L ~mpared graphically i n  an  
iemlne cne rac te r f  s t i c  vajues. The published data d i d  

no t  f a l l  Intcn:!:~ con~!stent pattern, b u t  Instead were s c a t t e r e d  
ave r  a k - l d e  range. An mule of renose of ?k3 nnnnrr-a +n 

U Z J  P = ~ ~ ,  VIAL I ~ U  ewer speclrl;: values could be determined. 

Angle of repose t e a t s  were performed fn the Sureau 
laboratories on granular  mter!als. R a s u l t ~  of theee rneasurem~nts 
shoved a reduct ion in  angle of reposr for sand irhen submerged, b u t  
prac::cally no change fer g r a v e l .  Anguiar grave l s  had angles of 

I .  reposr 5 t o  10' g r e a t e r  than rounded samples. 

St.uAies of one phase of t h e  s t a b l e  channel problcrn have 
been made of al lowable trnct.Zve f o r c e s  f o r  t rapezoidal  channels 
h ~ v  lng various side slopes. Th t s  investigat ?on de temined  the 
relat ! ~ n ~ h  ip  bqtueen tract l vs and grnvi  t y  forces ac t  !nq on p a r t i c l e s  
res t ing  on channel e!de slopes. To evalua te  tractfvr f o r c e s  dtich 
voulb n s t  2011~e BCOUr, it 1.6 found necessary tc knov the angle  of 
repose or t h e  granular  mater ia l  compos:ne the bankc. 

I 
A review vaa made of a l l  a v a i l a b l e  date on a n g l e s  o f  

repose of noncoheeive m t c r ! a l  irhich Included published va lues   fro^ 
v a r l o u ~  cmrces and a d d i t i o n a l  information obtained by tests performed 
i n  the  Hydraulic Laboratory. 

Published values of angle of  repooae for different types of 
t grnnular  material ehowed cansirierable v a r i a t l u n ,  and 8ome authors 

gave extreaely wide ranges of values for a glvcn type of ma te r i a l .  
Soils were uausl ly  deocr:bed as e a r t h ,  sand ,  gravel, ete., instead 
of bet= cluesitled by rartlcle size. Since the term "earth" is  
general and m y  r e f e r  t o  boulbcre, gravel, mad, silt, o r  clay, I t  I 



c ~ h s t  i t u t  ion  was niade . 
No~xohesivc m a t e r i h l s  testefl in t h e  l a b o r a t o r y  ranged 

!.r, R ! Z C  crcrg i1 .15  t~r 38 m .  i a g l r s  PP repose were nessured f o r  
f c lu r  eonI',t,ions: (1) s tacked  In alr, ( 2 )  ~ t , a cked  i n  a i r  nnd t h en  
r;:;?ir,ergt:d, ( 3 )  ~t.a:ked under wtter, ~ n j .  ( 4 )  etacked !n air whtle 
Canp. Noun2e3 ~ J I J  angular grevels were tes te2 separately. 

Angle :>f repose h&o teen ilef!aed as " t h c  aaximun angle 
of slcpe wC!ch the  E lde of t-i heap or s n b d ~ ~ ~ e n t  af sand, ear th ,  
e t c ,  can have witahout w lid :rig.'* Fcr  cahesion?ess soils the arAgle 
of repwzc :s usce l ly  mcasured i u  the  *aoo3pf~cted  s ta te  and has a 
corc: t e n t  vclce. 

Ani;l? cf 1n:ernaI f rl  c t  i c n  has  been dcf ined as "the angle 
whose tangent is thc cacff icier.: of frlction" o,C a m t c r i a l .  The 
coefficient of frlcti~n :E the ratio of normal force t o  ahearln 

gg/ force st t h e  p9?~2t 3f :'a!1ure in shear. According to Terzaqhi - 
"***la5,?rac,ury ex3er;lnents have shozn tha t  the angle of Internal 
fr!.ct!on of can3 3epends t o  a l a r g e  e x t e n t  on the initial density. 
The d :fference bctdceri the  angle of hntcrnal f r i c t i o n  of a given 
fiend !n the densest an3 in fhe  loosest s t a t e  nay be cs hi& a8 

1 5 O . "  ae also states that ''in e n ~ i n e c r l n g  problems t h e  angle of 
int.crnal irlctioc of sand con us!rally Fe c m s ~ d e r e d  c3ns tant  f o r  
p r ac t i c a l  purposes. The angle of rep..se *** is al.rays approximately 
egual to t,he rlnqlc ot' tntr j rr la l  friction of send ;n the fooaest state." 
Since channei s ide  o;.o?es have svm? CLegrce of cc,naol ?dat ion,  
t h e  ang3 T 7f tnterna? f r Let- c\n vou13 prd-ably appl:; rather +,ban the 
ang le  of yepoer. kczles uf r e p x e  and l c t e r n a l  Yrict5cn vere consldored 
i3terchtingeabl.e f a r  prt;ct,!ctrI ptrpusc~s in t h i s  mem~tandum. 

Procedure 

Lrir,le~ of repose and inferr.&\l friction Car s i l t ,  sand, 
and g r ~ v e l  ..-ere w?lecteC f o r  study from 21 refarencen. I n  gene ra l ,  
angle: of repcsc ;iere fcund :n enginrterS!ng handbooks sad angles of 
Sfiternel friction ir! -c:l mechanics tcxte.  The data are presented 
in Tables 1 t h r c ~ g h  15. Sources of i n f o . m t  lon are ! ndicated by 
numerical references t o  :hc bibiioqraphy. jmenevcr given, c ~ i ~ t i o n s  
sf soil ccndjt ims arc. 'ncluded u'th the criginel ciata. a l e s  of 
repose Lire plot tea  for dry mater:al~ i n  FLtwe 1 end fo r  submerged 
mterilh18 in F i p r  2. All t y p e s  ;f grsnulier  soils are grouped wider 
three main claas i ,Qicat ions  : ~:lt., sand, on3 gravel. Individual angle 



nwer i cn l  bibliographic references. Ranges of v ~ l u e o  are ind!cated 
b y  firrows .lrb..rn bctveen tvc lines ih:ch represent the Limlts. 
Explanatory natcrz f a r  ecrtaln 3atn are included ' n  FLgurco 1 and 2 
correnpond !:la t o  31r l o r o r  case l c ?  ters ncmr t h e  rcfcrance nuzbers. 

To 111~; t:-utc the ezfec t of c u r . ~ p c  t :c;r. of uoncohcs!ve 
matcr!als cn the l r  acqles of ~nter : :a l  fr : c t l o n c  quts from the 
U.S.W.E.S. Sol1  Mechaniss Fact F l n d i n ~  Survey Zi sre shown in 
?iwre 3 b:; plotting nngle of i n t e r n a l  irlction ogainst h i t i e l  
votd ratio. V9id rof lo  18 the volume uf voids divided by the 
v:>luac of s:;liGs. A key t o  the c~yn'~;,ls use5 f o r  J i f f c r c n t  s;inde is 

n ? n c l u L \ ~ d  Lr1 t?ie l ' le; '~r-e. ,he nns les  cf :I: tcrlzaf fr ict ictn v e x  clctermined 
b: t r :axlal  ohcnr t c s t s .  

Sia!lltir ten% were perfumed on a m 4  ;rum Zone 2 o f  Trenton 
?I& 3nir. by t h e  Bureau E a r t h  Mat~rrals Laborat~ry, ,l an2 t b e  results are 

pre:rcnteil ? ~ i  Tabic lh-A. The change :n angle of infermi f r i c t  Lon 
v i t h  d ~ n s :  ty :G sth..:n b:+ plottin8 .lnte:.nnl friction ongie against 
rclat've ri223s : ty in L?crccnt, Pi-rc 3 -A .  3ciat ive dent; ! ty !.s clef lned 
'u) tnc ?c  ll;v!ng eq?rat ' an: 

'=m.x - 
Dr = - 'x:n 

e where emx is the vs!d r a t i o  of the sol1 :n tbc ;ncsast Etatet min 
?s t he  void rntic of :he eo!l In  the densest state ,  and e iu the void 
r e t l o  i n  the state for vhich the re la t ive  dens!ty is  desired. 

A n u ~ b e r  of sand and i;raveI samples v?re chtained .l.ocally, 
an2 their E L ~ ~ I C O  of rcpcsc vere ncnsurec! by prrrs.mnel of the fi;draulic 
Lfihfsra? r;r:;. The rcrr.ilts of th! o in..-cst ? gat ion werr presented by 
*:. S. Banson ?n n nenurondum t o  E. W .  Lone dated ?!arch 27, 1959. The 
plr?t ,  of :hesc. :aensur.cmnts v r c  rcported by E .  J. Carlson i r ,  a menlorandurn 
t c :  E. W. Lmc datcd J u l y  19, 1949. Pheto~;repbn of the satnples tested 
were !nc tuded In the or iginn! n ~ m o r a n d ~ s .  

Seven different aizcd samples ueighFnq approximately 80 pound8 
were obtained by acrcen!ng. Thcoe sat?plts were s h c k e d  In alr ,  stacked 
?n atr and t h e n  tmSnerged, atncked under s'atcr, anc! stackcd ? n  hir nhl l e  
damp: the angles o f  reposc were then detcnntnod hy cocrrc2'nate mcasure- 
!nents of seven point; on the  slope. The orleinal data are presentee! In 
Table 15 end Figures 4 an& 5 .  Bar graph8 are used in theee figures to 
represent aensurcd andies ci' reposc for  barr?plec of e l f fe ran t  s 'ze  
ranges. Dot :cd, broken, r~qd soI'd llncs in2 iertterl  he ther the stuuple 
was e tacked in e l r ,  ntncked i n  air and thnn subnerged, or stacked under 
dater. Value3 for roun3ed mterial ore shovn In Figure k and for 
anwlar naturl~i l a  Pihwrc 5 .  



Lr, 3hckvn b : ~  Figare 1, nn;gZc of repcsc? values suggested by  
d i f  Perent uu '.hot- i t i ea  f.:r ,3ry c c h r s  :cnlees IIP. t;~r ,el do not agree 
vcr:: c lcsc:;r. Frcl;u~?n t I ; ,  -i: (212 rarlgcfi of vnlu--.s ;rere ~ L v c n ;  such 
dtr.ta hnvc 1, t i l e  pract!cai a ignlf icwc?. &in a n ~ l e  of rcporx of 34' 
appl:u:*cd t c r  51: fe : r Z - rt:i)r~:sen:~t ' v* f c j ~  i l ry sr~nd, but; :ir; single 
.;a;ue~ :'(,r a lit  or ,;rn-,..: srcrt! d t n c l ; : s v i l  l ~ j i  the:ic dt t ta .  

R*:.lativcly l i t t l e  1nfurnat;;on wtis fc~rnd on angles of 
rrlponc of ci.:bu;c~.ged nntcrial . Sclcctior. of e. typical value f o r  
silt,,  sand, o r  gra\re:l cocl?  n i ~ t  Lt? 17adt: Trc~:. t h e  fee'-: dhta shovn 
in F lg i r c  Z .  

Refcrcnce to Figure 3 will show cleer ly  how degree of 
l:c:~ipei::ic':: O ~ ~ C C ~ C  *.r .~le  u g g j n t c r n u i  C r i c t l r n  of i r e  naterlhls 
a';udied by %hr V . S . W . E . : ' ,  . - A 3  the v~ . i t3  ra';icv i l ~ c r e a r ~ c s ,  the 
fl-'ct!c,n ang1.v C?CCTCASL'F. The f i v ~ r a ~ ~  V U I U ~  fcr thrcc sands 
tcs tce  xaE 34 .qO nnd f(.r kzravc: 32.7". 

F c ~ u . 1 : ~  .;f ;nL:,ratcry meeaurenec',il rcpcr ted  by 2. S. 
Ecrnson 231 shoved a reduction i n  t h e  ar;gle sf re_nr,se f o r  sand when 
~ u t i ~ e r ~ e d ,  b u t  nc c b u n p  for gruvt::. Angular @-evelo had onglen of 
r t r . ~ 5 0 + 5  t t 3  ~ C I O  greater thac rcunJe3 sar,pieo of t h e  same o ize .  

The rsae:stnn~re rece?ve;i fro:: Yx. W. S. IIoltz and Nr. R .  J. 
C L b b s  aP the E a r z h  Natcrials L8bcratory was very helpful in the 
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Table 13--Contirnied 
bb tcr : 61 Angle of repcse 

front n. a b k ~ r  
car t h  

f r c~n  Steel 
ccjrth 

from U l l n c n  
b ad4 sand 

Table 14 

MR terihl Initial vg ld  rat io kiglc uf Interrial friction 
Franklin F a l l s  sand 

Kcystonc Dan sand 

- 
Chen sand 

Sardis Dm1 s h e l l  

P i t  Run grovel  

Table 14-A 

A13GLE G? IXl'E3NA.L Fl t lCTION 
Data rror, 1 ~ 1 f  2&/ 

Naterial 1 Internal  frtction angle,  
S a d  placed n 

Zone 2, Trentcn 



Stacked in 
S l z e  Shape Stacked ?n a i r  end StackcG Stacked in 

LT a i r  subnerqerl ~ i n d e r  1103 - a i r  -iamp 

9.5 - 19 rcunded 2h 2 5 29 27 
35*/ 

angular 37 35 34 38 
33* 

1.7 - 9.5 rounded 25 2 5 26 3 3 
angular 3 1 3 0 32. 32 

Y Q *  

1:1:3 nixt .  
of above 

* data from roelwran.3.u of 7-18-49 
{ sample unwashed and contained some sand 



T Y P E  OF MATERIAL - D R Y  

ANGLE OF REPOSE DATA FROM 
TABLES 1-13 

Numbers  r e f e r  to  

bi b l i o g r o p n y  

o B a k e r  
b f i r m  e a r t h  

c S t e e l  

d s o f t  e a r t h  
e banksond 

f quicksand 100 
g bonksond  -Wilson, 

qutcksond 50-100  

h coorse,  loose sand 

i f i n e ,  
18 II 

j dense sond  

k sond  50-100 
I banksond  
m qurcksond  

n sond  30-50 

0 " 20 -30  

p loose g r a v e l  

q dense 
b* 

r 1/2" 
I\ 

s 1/4" 
11 



Numbers refer t o  

TYPE  OF MATERIAL  - S U B M E R G E D  

ANGLE OF REPOSE DATA FROM 
TABLES I -  IS 

a  s t i f f  ear th ,  

cur rent  - India 

b loose e a r t h ,  

current - Indio 



Q Franklin Fal ls  sand 

A Keystone Dam send 
v Chen  sand 
o S a r d ~ s  Dam shell m o t e r ~ o l  

0 PI! run gravel 

1 I I I J 
.2 .4 .6 .8 1 .O 

INITIAL VOlD RATIO e p  

I 

RELATIDONS OF ANGLE OF 
INTERNAL FRICTION TQ VOlD R A T I O  

DATA FROM TABLE 14 





. . . . . . . . S t o c k e d  i n  

o i r  
- --- S t a c k e d  i n  

a ir  o n d  

subrner  g e d  - S t a c k e d ,  In 
w a t e r  

* Memo o f  

# U n w a s h e d  - -  
c o n t a i n e d  

s o m e  s a n d  

RANGE OF SIZE mrn 

ANGLES OF REPOSE FOR ROUNDED MATERIAL 
FRQM TABLE 15 



N O T E S  

. . . . . . . . S t o c k e d  In a i r  

---- S t a c k e d  In a l r  

ond submerged 

- S t o c k e d  In  w a t e r  

* Memo o f  7-18-49 

RANGE OF S I Z E  mm .w 

ANGLES OF REPOSE FQR ANGULAR MATERIAL 

9 FROM TABLE 15 



TO : j:, h'. ~ S I O  

From : 0. .;. Itanson 

Subjec t :  Angle of repose of grnve l  and snnd simplea 

1. In connection s i t h  t h e  p r c l i n i n n r y  work on s t n b l e  channel invc9tigations 
t h e  angle of rcpoPe of vnricir:c: ~r;rvc:l nrld nand cxnple!: *:;is measured under o 
va r i e t ;  of  concl.itionr~. i.hn f i r r t  of t h a r c  rnonsurcmerlt5 were nmc:a by 3. J. Carlrton 
=id r e ~ ~ r t e d  i n  2 menor.?nc:uni t o  j'nc rii.ted J u l y  16, 1943. The:!o o r i g i n a l  measurements 
were 311 rnade on dry  ravel. m x ~ l e ?  rtnckcd in h i r .  

5 .  The FroCrrur. w2.e continutx! :it a l i i t e r  do t e  by m s u r i n p  these 2nd a d d i t i o n a l  
1 stackeu i ? r ,  riacked i n  e i r  nncl then ~ubnarged, :=&tricked under water ,  and 
F tacked i n  ;:ir w h i l e  d ~ ~ i p .  '!'hece rne::%renie:lt!. wcrs r.nde 11s iny; lip1 roxirkc?tely E0 
p m d r  of ciicii :.m~ l e  and r t . i c k i ~ i ~  t h e  ~ r q v c l  ne?,lnrt the wall of o tin l i n e d  box. 
The angle or rcpoze 1x5 deteraineo fro>; n::turcl 'LC-npenL: c a l c ~ ~ l i t e d  by mokinp hor i -  
zonta l  and vertical ne2suscr;;ents a t  seercn p o i n t s  on t h e  slope.  

3. The followin(. table  shows t h c  result,: of  t h e s e  xicar urcnellic fncludir~,g those 
covcred by ttc ncmol-mdm or J u l l .  12, 1y43.  P h o t o ~ r n p h : :  o f  sznples mcncured are 
ntt::ciled. 

A n ~ l e  i n  degreee f r o m  t h e  ho r i zon ta l  
s i z e  Ghape At:.ckcd : j t t i . ~ k ~ d  . :it,iicked .:>incked Photo~rr .ph islo. 

ir i  a i r  i n  air- u: ~ d e  r I n  a i r  
anci water d a ~ p  

5ubrr:erpad 

(3/F to ?/1,  in.) tj+$ 
angular I! 7 

1:1:1 m.ix ture  of above ?? 2F 39 

2.L m. t o  4.7 nn, rounded 2 4 12 . . 14 2 7 14-5676 

doth f1ron ncctor:tnd~ic, of J u l y  16, 13LP 
4 sun-,le \-.ar unk~.-::?hud a:~d c m t r  ined sorce sml(! 



" - -  -- - ---r-- - 
the re  is p r ~ c t i c a l l y  no chcngc in  the  angle of r e p s @  in a i r  o r  under 
winter. The sand s~mpler ,  however, do show 8 redu:tior~ i n  mglo  of repose 
when submerged. The mci@.tcde of t h i s  reduct ion  increases  as t h e  diameter 
decreccer.. The smaller s n r l d ~  ale0 showed an a p ~ r e c i s b l e  increase  i n  angle 

pilod whi le  d,mp ~ i t h  t h e  0.15 mm t o  O.L? mm stud standing v e r t i c a l .  
The e f f ec t  o f  s h q e  1:. shown by tile migplar  grovols hav i rg  a greater nngle 
of r e p 3 9  than  t h e  roundod s m ~ l e s  by 5 t o  10 degroes. 

/s/ Odin 3.  Hanson 



ROUNDED 

ANGULAR 

19 m m T O  38 rnm 
3 / 4  in. TO 112 in. 



ROUNDED 

ANGULAR 

9.5 mm TO 19 mm 
3 / 8  i n .  TO 314 i n .  



ROUNDED 

ANGULAR 

4 . 7  mm TO 9.5 mm 
0.185 i n .  TO 318 in. 



ENLARGED PHOTOGRAPHS OF S A N D  SAMPLES 



0. 15 rrim TO 0 .42  mm 

ENLARGED PHOTOGRAPH OF SAND SAMPLE 



7'0 : E. > J .  Lone  
b 

I From : ti. J.  Cnrlsor~ 

Subject  : Angle of repose of gravel  samples 

3. On July 5, t h e  ntlgle of repse was meazured of several   ravel samples 
t h a t  wure on the 2ureciu L a b o r a t o r i e ~  u n l o ~ d i n g  docks. To determine t h i s  m g l e  
an a d J c s t a t l e  aquarc with u p ro t r ac to r  head, t oce the r  with a 5-foot ~ e t a l  s t r a i g h t -  
edge wts used i n  t h e  manner st~ow~.m i x  enclooea Photogrripn 11-845-1. 

2. Tab~.lr.tcd belo\; i s  a l i s t  of t h e  s m p l c s  giving t h e  angie of repose 
( I n  a i r ) ,  size c l a s s i f i c a t i o n ,  and t h e  number o f  t he  enclosed pho togra~h  which  
i~ a ~ i c t u r e  of the mater ie l .  

3. A l l  the  samples were obtained from t h e  J. R. Eiertrttnd S v l d  a d  Gravel 

I Cor;!pnny, 4295 York S t r e e t ,  0x1 C1c;r Creek. Smples Eio. 1 and 2 were in t h f  
conditio:l as delivered.  Smples  !19. 3 to 5,  i n c l u ~ i v e ,  were rewashed and graded 
i n  t h e  Eiuren1:'s li!ateridls Liborntory. ;ample ?lo. 2 had some sand remaining i n  
t h e  grclvel. 

0 

LIST OF iAfi:?m 

I Angle of repose 
averiige of S l  ze 

bmple lie. mnmts c l n ~ s i f  i c a t i o ~  Photw~raph Xo . 
1 35.0~ :/L in to 1 4 2  in ii4?&5-2 

a 
d 32.2' :lo 4 mesh t o  3/8 in 5-815-6 

Enclosure (1) . 



ROUNDED 
ANGLE OF REPOSE 34.0" 

ANGULAR 
ANGLE OF REPOSE 37 .  O0 

3 / 4  in. TO 1-112 in. GRAVEL 



318 in. TO 3 / 4  in. GRAVEL 
ANGLE OF REPOSE 33 .3*  

114 in. TO 314 in. GRAVEL 
ANGLE OF REPOSE 34. 




