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Hemorandum 

To: E • W. Lane 

From : A • C • Ca rte r 

Denver, Colorado 

May 11, 1950 

Subject: Critical tractive forces on channel side slopes 

Reference 

l. Reference is n-,.ade to "Principles of Design of Stable 
Channels in Erodible 1''.aterial, 11 by E. W. Lane, February 10, 1950. 

Sunnnary 

2. A study of ch�nnels in e�uilibrium has been proposed to 
deternJ.ne the tractive force necessary for ·initial movement of 
sediment resting on the level bottom of a channel. Most canals are 
designed with a trapezoidal cross section, and material composing 
the sloping sides is acted upon by both tractive and gravity forces. 
1his niemorancill'l discusses the nature of the two forces and expresses 
their relationship for different side slopes and angles of repose of 
the u.aterial. 

Introduction 

J. In the design of a stable channel through erodible material, 
scour of the banks and bed must not occur. For simplicity, conditions 
of clear water, straihht cha1mel, trapezoidal cross section, and non­
cohesive material are asswned, A particle resting on a canal side 
slope is acted upo:1 b:· two forces: one due to the velocity of the 
moving water which tends to move the particle in the direction of flow 
and the other �ue to the component of particle weic:ht which tends to 
move the particle down the slope. The resultant of these two forces 
n:ust be less than that re½uired to move the particle. 

Forces Causing Scour 

4. The effect of gravity on a particle is well understood, but 
tnat of velocity is not easily determined, Velocities are difficult 
to measure because of rupid fluctuations due to turbulence and steep 
velocity gradient near the perimeter. For this reason, the longi tu­
dinal force on a particle has been studled using the tractive force 
principle c•i ocovered by du £.oys. Tractive force has been defined as 



the component of weitJ1t of a volume of 1r,ater acting in the direction 
of flow, or the force causing the volume of water to flow. With 
steady flov.- conditions, the tractivE:: force is just balanced by the 
frictional resistance of the bed and banks. 'The tractive force equals 
the 1tieight of the volume of water above a unit area multiplied by the 
slope of the c�nal: 

To = wDS 

"' "' tractive force lb/ft2 
lo 

w = unit wt of water lb/rt3 

D = depth ft 

s = energy gradient 

Critical Tn,1.cti ve Force Study 

5. A study is to be made of the critical tractive forces 
·which ,,;ill start movement of sediment of vo.rious sizes on a level 
canal Lottom. lt is anticipated that a relation between critical 
tractive force and particle size will be found from the proposed 
investightion of eJ�sti�g canals which have reached a state of 
equilibrium. 

Gravity Forces 

6. Consider a trapezoidal cross section such as shown in 
Fip1re 1. The tangential compor1ent of 1,,ieight of a particle resting 
on a side slope is: 

W =- wei6ht of particle lb 

WT = tant,ential component of wt lb 

¢ : side slope in degrees 

This gravity force tends to roll the particle down the slope. 

Tractive Forces 

7. A particle restin6 on the level bottom of a channel will 
just start to move when acted upon by the critical tractive force. 
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. However, tractive force has the dimensions of force per unit area 

and must be multiplied by an area to have the snme dimensions as 
rravi.ty forces. Assitming that critic al tractive force conditions 
correspond to impendinc motion of material in the bed at the angle 
o::' repose, th8 critical tractive force on a particle in terms of 
friction force is: 

a Tc .: ,,r ,, tang 

a = effective area of particle ft2 

Tc = critical tractive force lb/ft2 

w -; weight of particle lb 

g "' angle of repose in degrees 

tan G coefficient of friction 

8. Allowatle tractive forces (less than critical) on the bed 
of channels wi t:1 given sloe slopes r1ay also be expressed in terms of 
friction forces by direct pro:·1orti.on: 

a T0 = K ; tan � 

T0 = allowable tractive force on bed for a given 
side slope lb/ft2 

K = '1'0/Tc = ratio of allowable tractive force to 
critical tractive force 

Tractive force per unit width of channel is less on side slopes than 
on ltvel tottoms because the sloping area on which it acts is greater 
th&rt the horizontal projected area: 

--- T = K \\I tan 9 or cos ¢ O 

a T0 = K W tan g cos ¢ 

¢ side slope angle in degrees 

Etesc1.ltanl, of Grr...vity anc '.i:'rc1ctive F'orces 

9. A particle restin� on a side slope a short distance from 
the intersection with the bottom is acted upon by maximum tractive and 
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r,n. , .:_ t, fc t·c t s .  Tl <;; refnn. , i n ; t : .t,.:.l :. l. ·  of  t::e n,i. t. L rivl o n  Vw 
i)e r L1: d,t.r c f  t l! ·, v ·,0id1t 1 c 1·c, ·, :' sec tior. wil::.. fi r �, t  c,c�m a t  thi s 
1 •u .i r.t . �.i. r . ce  t r-.·.c l i. ve  ,_r,d '- r:.v it ," force s r,re now .i.n c ori:..; i 3 te nt 
un.l t.,:, , t:1e ir rt � , llU .. r::, 1;.1.;.;1• be- i'c-.m,! vec toric.ll;r :  

R = re sul tun t fore e ac ting o n  a particle 

10 . for c ri tlc 1:,.J conc4 i tior. s ,  i t  is  as sumed that the r atio of 
the re sultant fore{; to the r:o nnt�l force on a parti c le is ec:ual to 
the coeffic ient of  fric tion of  the material : 

tan Q = V K 2 · . ..;2 tan2G cos2 ¢ + H2 sin2 0 
;·l cos  ¢ 

;-i cos  t/: = ! 1orrrJ:il c omponent of rarticle wei ght lb 

:..:ic.uarinh both :.,ic es  oi' the  equG.tiou c:.r.d !Siwplif:, i. ,g : 

t 2 � v_ ?. t 2 · t 2 d an t1 " L a::1 'd +  an y., 

11 . The K V1;J.lue s  t'or G -= J0° , J 5° , r->r ·d L.0° were c onpute d c1,nd 
plottef af<-lnst side slope , ¢, in Fi 0tre 2 .  In  ad dition diffe rent 
K value curve s L.re s t-m,Ti. 0lotte c' aruinst sire slope and ar 1gle of 
re�)o se in  Fi..-ure '3 .  r r,oi.i • .6 ti c K vc:.hies  f0r :: c c rtr.in anr.;l e of 
repo se , th� i;,.axim:1ci, &l1 ov;,,l,le tra c t ive force o"  U,e l ottom of a 
tr'-pe zoia'"'l c! w. 1w l  ·. ·it � .  V' rio- ::; :.;i de slopes in tenns of the c ri. tic al 
tr&ctive force i s : 

'1'0 = naxLm 1 1!i 1 allowable trc'.,c ti ve force 

'i.·c = c ri ti cul  lrac li ve for ce 

12 . For 01�r;o st- s of illu str ·c ,tiou,  a c ri tical trc· c tive: force-­
partic le :;.L �e rel,1tion wv s asswn1:,o : 
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Tc O .JO?  d 

Tc = c ri. tic al trac tive .fo rce in lb/ft2 

d mean di e.meter of parti cle in mm 

Curve s showin1".: allowable bottom tra c tive force plotted against 
particle si ze for siae slopes of  1-1/2 : 1 ,  2 : 1 , and J r l  and angles 
of re ro se of  30° , 3 5° , and 40° are shown in Fip1re I� . 
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