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Denver, Colorado

Mareh 25, 1949

Memorandum i
To: E. W. lane
From: R. E. Glover

M |

Subject: The stable channel problem for ccarse material.

References

1. Reference is made to your memorandum of. January 21, 1949, on
the above subject and to the referencea quoted therein. Reference is
also made to my memorandum of February 1, 1949, on the above subject
and to Mr, Swain's memorandum of Fobr\mry 15, l9k9, to Mr, E, W, lLane
on “"Check of mathematical work."

Summary

2. In the writer's memorandum of February 1, 1949, the shape of
a stable channel is derived on the basis that the tendency to motion of
a particle in the direction transverse to the flow is proportional to
the alope of the streambed, as measured by the tangent of the angle with
the horizontal, and in the direction of flow is proportional to the depth
of the stream, The shape found in this way is a cosine function. 1In
Mr, Svain's work the tangent was replaced by the sine of the angle to
give a closer representation of the forces acting on the particle as
described in your January 21, 1949, memorandum. The channel found by
Mr, Swain is wider than that found in the writer's original memorandum,
and its shaps is expressed in terms of an elliptic integral, In the
work to be described herein the formulation ia carried one step further
to account for the variation of the normal force component which holds
the particle against the bed of the stream, It will be noted, however,
that the channel shape obtained in this case is identical uith that
obtained by NMr. Swain. This appears to be due to the cempensating
nature of the small differences in the basic formulations. The mathe~
matical work is developsd further in this memorandum to provide formulas
for cumputing the cross-sectional area and the wetted perimeter of the
stable cross-section.

Assumptions - ".1:"'_.";

3. The problem of rinding a stable channel ehapo is here based
upon the following assumptions:




. a, The particle is held against the bed by the component of
the submerged weight of the particle acting normal to the bed,

i{ K b. At the edge of ths stream the particles are at the angle
e of repose under the action of gravity. :

- ¢, The drag force acting on a particle by the flowing stream
is proportional to the depth of water above the particle,

. d. The forces tending to cause motion along the streambed are
N the drag force of the flowing water acting in the direction of flow
and the component of the gravity force acting on the submerged
particle in a direction transverse to the direction of flow,

e, The ratio of the resultant of the forces acting on the
particle along the streambed to the component of tha gravity force
normal to the bed is equal to the tangent of the angle of repose
for the material.

f. The particles are everywhers in a state of incipient
instability,

Formulation

4. The cross-sectiorn of a channel is shown in Figure 1.




If W represents the submerged weight of a particle, then the force
acting along the bed transverse to the channel on a particle at x ls

W ein P. The particle at x = O is acted on by a drag force W sin @
which, by assumption, is required to bring it to the polnt of inciplent

instability. At x it is W sin G(g—), The resultant of the forces
acting along the bed at x im °
»

2 .
\//W2 sin” @ + W2 ain? G(%;)

Then the requirement that the particles'evérywhere are on the verge of
motion is o

V W et g W et o)
. o)

W cos @

= tan @

If tan @ = S
and also

tan @ = -‘§§
sin ff = - g%
V1. (&

1

1@

Then after substitution and roarrangemént

\/ @ s @HE - s

After squaring both sides this becomss

2, 2r?, 2enie? . g2
@ &) - SE ) 8




This can be put in the form

[V ARy
\/ 1+5 '(Yo)

: 2
. ”\/1 - (_y_)

o

From which, by intigration
5 .

2,5 2
S ~(yo)

J1-@?
o VIL (’o)

o

-1t 1s now necessary to .evaluate the .‘mtegra]. appearing in this eqmtiona
As a prelininary step let ,
. e

L du = = dy = y, du

i;-
2 Yo . Yo

Then the integral beccmes

(* V1 82

=Y : du
1 y/1-?

To reduce this to one of the ‘standard elliptic inte_grala‘, let

u = cos(C du = - singdoc

V1 - u? = sinoc




Then by substitution

u N : ¢
V1+ 522 > ( 2 S
I v du = Yo V 1+35 ) - : sin X dC
1 °

l-u2 1+ 32

This 1s an elliptic intogra.l o! t.he second kind and the - aolution of the
differential equation can be put in the form

(3,;) - K E (x,cx.) A &)

y

arc cos = -
yO
B (K, %) - S\/l -k o1eP K A eereianns (W)
(2}

The functiocn E (K,0L) has been tabulated.*

To obtain the perimeter, let

dp = 1*(&;) dy ...

wheres p represents the length of curve from o to x.

#See, for example, "4 Short Table .of Integralas" by Peirce or
1Tables of Functions" by Jahnke and Emde.




Then, from (//.

dy

2
2 y
§ (1,)_,(;;) )

As before, let u = ¥y— ;
o

dp =-¥,

By integration

JoTl [ 1+ 5% | .
p-' - Co.ltll...l.lc..o‘.t'llv"‘ 6
2 v 82 j( ‘

The area of half the crosa-section is:

e Sy e (D
[+

~




Or with u = L.
DY,

To evaluate this integral, let

72 a1 = w2 we 1.-72

Which, on substitution, transforms the above integral to

'(1
2 ~ 2
as= (1 + 8%) 2

2
if }_‘;:L ‘- mz, the required mtegru,in

8',1'02 [% m2 _2___ ; J.J ,o.....‘(e')

5. Summary of formulas. The stable i‘lhape ie giviéniby'

1. o | o
7 TR E (K) S ITIETRRN ¢ )]




where
‘S
K o eee—eeom———
\/1+ 82
and

arc ‘cos '(;—o-)

E (K,C) = ( vV o= K‘z“;“mz'ot QO enernnranenns (B) /
o o :

The perimeter of the whole:section is 2p = P. Then

P .yon m -o.-co-noaooouotlamncn-co--ooo-oouc‘(’?)

) m.Vl*S—é
S

where

The arsa of the whole croas-section is :ﬁa=-= A. Then

_ ) | i .
A-,yoz [\/mz-l + m? are sin (%);I eeede...(20)

The top width of the stream is given by

To2E () v ()
The elliptic inte;ral

| T

EA(K,g'-) . \/ 1-K2 10  dOC ......... (12)

¢ (]

is lmov;n as the complete elliptic integral of the second kind., Tabular
velues may bs found in the references given previously.




6. A brief tabulntion of valuea is given below with fhe hyﬂflulic
radius R « %‘- ' :

| Table 3
P/y, Afy 2 R/, /3,
b hl29 2.5708
5.6636 3.4110
7.0248 4.3180
9.9346 6.2280°




