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TRANSLATOR'S PREFACE 

This paper is of special interest due to the fact that Vitols 

has introduced a term for the effect of the centrifugal force on the 

overfalling nappe. 

A discussion of the integration of the differential equation 

by A. Fischer and the rebuttal to this discussion b1 A. Vitols appeared 

in Wasserkraft und Wasserwirtschaft 1 vol. 32, 1937, p. 71. ltdid not 

appear worthwhile to add a translation of this argument to the transla­
tion of the original paper. 

Edward F. Wilsey 

Denver, 
June 1, 1937. 
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The unfavorable action of nega.tive pressures on spi llways 
creates the following three conditions: 

1. A negative pressure reduces the back pressure on the 

spillway so that the resultant pressure is correspondingly increased. 

2o A negative pressure causes, as a result of the vibra­

tions accompanying it, a localized disintegration of the surface ma­

terial of the dam, for the na.ppe first adheres then springs free from 

the wetted surface of the spillwa10 

3. The entire dam can acquire a state of considerable 

vibration; the displacements of a single point on the dam are inde ed 
n ot large; the suceed ing impulses, however, by increasing the acceler-

ation and by,: inaugura.ting fo rces within the body of the dam can give 

rise to important secondary forces of vary ing significance. This 

phenomenon oft en increases to such an extent that it resembles an 

earthquake in the vicinity of the power plant. One can well" imagine 

bow destructive such a play of force can be on the whole structure. 

In this connection, there are plenty of examples of projects of faulty 
cons true ti on. 

The vacuum problem has aroused great interest in recent times 

particularly in countries where an active demand for water power has 
arisen as, for example, in the Soviet Union, where an attempt to solve 

this problem has resulted in a report of the Hydrotechnical Institute 

of Leningrad1 • 
The most popular solution of the problem appears to be that 

of the American engineer, Creager2 • It, as well as other investigations, 
is based on the weir experiments of Bazin3 concerning the shape of an 

l
11Bulletin de 1 1 Ins t i  tut liydrologique", edited by L. s. Berg; Leningrad, 

1927; paper in Russian by Madame L. V. Kaaanskaya, pages 80 to 120. 
211Engineering f or Masonry Dams", New York, 1917, p. 105. 

3Annales des Ponte et Cbaussees, vol. 6, no. 19, 1890, let semester, 
P o 56; Also a German translation by Ko Keller, Zeits, des V. D. I ., 
vol. 34, 1890, P• 883. 



aerated free na.ppe at the upper portion of its trajectory. Briefly, 

Creager 1 s procedure is as follows: A particle of water at a distance 

of about one-third of the thickness of the nap�e measured from its 

under surface (figure 2) is conceived as a free solid particle which 

moves in a vacuum, that is, without friction. The initial location of 

this particle corresponds to the point of maximum pressure in the nappe 

(figure 1) and the initial velocity of the particle is the average over 

the whole section. The trajectory of the particle is ·the parabola: 

x2 = 2V2oxy 

g 

where V0x is the horizontal component of the initial velocity. 

If this curve is plotted on Creater coordinate paper and if 

the origin is shifted, the following Creager equation results: 

;, 2v2 

(x-a.)- = ox (y+b) = ·2.732 (y+b) 
g 

The constants a, b, and V
0x are determined by experiment for a unit 

head. This e�uation represents the kern between the upper and lower 

nappe profiles. The thickness of the nappe at any point along its 

trajectory is determined as follows: The vertical component of the 

velocity is: 
Vy= 

the horizontal component, 

V
0
x = const. 

and the resultant velocity is, 

The thickness of the jet is found from. 

D = 
g, 
V 

The kern lies at a. distance of D/3 measured orthogonally from the 

under surface of the M.ppe • .Proceeding in this fashion, both the 

upper and lower profiles may be plotted. The Cre�ger table of 
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coordinates is calculated for h = l; for other heads, the coordinates 

are increased in pro�ortion to the head. 

Madame Kasanskaya. a Russian Hydraulic Engineer, has criti­

cized Creager 8 s procedure; she questions the possibility of finding the 

c,onstants a and b by experiment, and objects to the point chosen by 
Creager as the free point. 

In her analysis, she has chosen the center of mass of the 

nappe as the free pointo 

The geometrical interpretation of this proposal is that the 

free point is the centroid of the velocity surface as calculated from 

its first moment. She has calculated this free point and has found it 
to be at 0.444 of the thickness of the nappe from the under surface. 

Considered as a free solid particle, the free point describes the 

trajectory: 
y = n + mx + kx2 

The constants n, m, and k are determined from Bazin 1 s experiments by 

applying the theory of least squares to the observed coordinates. 

The coordinates of the nappe profiles are computed in the 

same way as by Creager, that is, from the thickness of the jet and the 

path of the free particle. 
The proposal of the Russian, Pusirevsky, should also be 

mentioned, and again is concerned with the motion of a free particle. 

He also introduces a pressure force which influences the motion of the 

free particle. 
It is to be noted that in this case the ordinary parabola 

deacri bed by a free fall is di etorted. He gives no fixed metho!i,,-for 

determining this force, a.nd 0 therefore, there is danger of distorting 

the parabola either too much or too little o The details o f  this pro­

cedure cannot be reproduced here; the reader is referred to the original 

papero 
It must be said that the above methods all proceed from the 

concept of a "free particle, " with which hydraulics has 11 t tle or nothing 

3 
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to do. Apparently, e. solution can be achieved on the basis of ordinary 

hydraulics; otherwise. all pro�ositions of this kind cannot rise above 

the level of rank empiricalism and thus can render reliable results onl7 

in certain cases where they accurately fit ·experiments • • 
The unreliability of an empirical procedure 1a increased when-

ever one departs from the conditions of the experiments. In the follow­

ing, an attempt is made to solve the vacuum problem on the basis of the 

everyday hydraulics assisted by :Sazin's experiments. 

The Analzd e 

The problem is reduced to the special case of a dam with a 
vertical upstream face, (figa.re 3), which, however, is found frequentl7 

in 12..ractice. Naturally this analysis can be extended to other cases. 

The well-known Bernoulli equation is expanded to include an 

additional term for the purpose of introducing into the discussion the 

centrifugal f orce which accompanies curvilinear motion and which reduce, 

the pressure between the nappe and the surface of the spillway. 

in which 

The expanded equation is as follows: 

V •the average velocity of the nappe; 

VO •its initial value; 

(,,) =the coefficient of Coriolis;• 

00 •the initial value of this coefficient; 

*Translator's note: (,,) is usually denoted by American writers as a, and 

is defined by the following equation: 
·A A 

w ,!: = (l.)(Q./A)2 = e o/ (v o )3da. = ...,p/ ___ (v_o ..... )3_da_ 
2g 2g 2g a /v' da 2gQ, 

This coefficient might well be called Coriolis' coefficient, as in this 

paper. 
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�=the velocity coefficient; 
a' 111 the angle between the vertical and the tangent at a point 

on the curve s, which is drawn orthogonally to the stream 

lines, 
v a III the local velocity of a ,:>article of water tangent at any 

instant to a stream line; and 

r O • the radius or curvature or a stream line at the position 

of the particle. 

The coefficient� comes from the expression for the energy loss 

in the following manner: The sum of the velocity head at a..ey point in the 
nappe and the loss of head is1 

(J)v 2 (J)v 2 v 2 (J)v 2 1 - + �- = (\)(l+,;) - • - .-
2g 2g 2g 2g +2 

The geometrical symbols are shown in
8
figure J� 

The meaning of the term / co·s a 8 ds is as follows (see figure 4)a 
0 

The increment or hydrostatic pressure is given by, 

where e = the specific weigh.to 

dp = � ds = io as (scalar product) ds 

This expression may be written as follows a 

I e �ds I • �ds cos (i di) Ill eds cos 8. Q • eds I 

and s s s' 
/ dp • p • e / cos a' ds • e / ds 1 • es• 

0 0 0 

• eph 0 
• �eh cos a 

It follows from these equations that: 
s 

where p • a constant o 

We now put: 

in whichi 

5 

/ cos a' ds • ph oos a • .E. 
o e 

/
s 2 

v2 v2 
0 (v') d o •-µh 

r' s•-;-µs r 

µ•a constantJ 
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r = the radius of curvature of the spillway profile wetted by 

the ne.ppe; and 

v = the average velocity of the jet, as defined by the follow-

ing relation, 

AV = Q = /V I dA = b / v 1 ds 0 

where A =  the orthogonal cross section of the nappe. 

where; 

Bernoulli's equation now hns the following form: 

fl h "'h r: uv 2\ 
� cos a - �=he 

he is the piezometric height at the boundary between the nappe and the 

spillway. We now assume the limiting condition that the mppe is always 

in contact (the under side of the na.ppe is identical with the spillway 

profile) when the piezometer height is zero or; 

n � e •�cos a - µV2 
a 0 rg 

We now have the parametric equations: 

and 

w v2 
Ho + y,. 'l"2' 't' 2g 

� cos a - µv2 
= 0 

2rg 

These equations determine the limitin� profile of a vaouumless spillway 

for the above condition. The variables in these equations are y, v, a, 

and r and the constants �, w, ¢, and µ rne.y be replaced by a single new 

constant or: 

6 



., 

We now proceed to eliminate v from equations ( ;:·) and ( 3), thus 1 

From (2), 
� .. 2 (H0 + y) � 
g w 

substituting for .:!! in (3), we obtainJ 
g 

jJ cos a • .l:!! Ho + l. = O 
1.., r 

or 1 - e�2 • Hg + l • l - K (Hg.+ y) 
w� r cosa r cos a 

where IC a£ 
(l)f3 

• 0 

Our next task is to write this equation in terms of y and its derha-

tives, thusi 

and 

or 

or 

Therefore a 

and 

(1 + y•2) r • yil 

tan a • 1 = y 8 .. sin a =vi-cos�:� 
cos a cos a 

y 12 cos2 a• l-cos2 a 

2 .. 1/2 
cos a• (l ·+ y' ) 

r cos a Ill 
(1 + y 12 )3/2 (1 + y' 2rl/2 1 + y'2 

Y" 
.. 

yr 

1 - K (Ro -t1 y) • 1 + K (Ho, °': z) y 1t = 0 
r cos a 1 • y '� ( 4) 

Equation (4) is the difrerential equation of the vaouumless spillway 

profile for the limiting case (im- reserve for positive pressure). 

Equation (4) admits e. simplification which throws light on the phenom­

enon as observed by Bazin. This is aooomplished by introducing di­

mensionless coordinates by means of which the phenomenon may be better 

investigatedo These coordinates ares 

� = t and L .. T) Ho Ho 

7 



We now haves 

and 

Thens 

dx = H
0 

(d �), c1x2 • H
0
2 (d t)2 

dy • Il0 
(d 'I')), d2y = H0 (d2T)) 

y' • EI, • !..!] • T)o 
dx d� 

Translators note• The reader, like the translator, may be more 
familiar with the following method of obtaining the seoond 

derivatives 

henoe 

but since 

then 

and 

l .. K {Ho + y) Y" • l - K (Hg i- Ba !]) .!l! 
. 1 + y2 l + Tl' 2 . Ho 

• l - K (1 + n) TI" 
1 + '1')'2 

g 

• 0 (5) 



This is the final differential equation of the ve.cuumlass 

spillway profile expressed in dimensionless coordinates. The coef­

ficient K is not a true constant; for the time being it will be con­

sidered as an unknown function of 11• Consequently equation (5) oan 

be written as follmvs: 
1 - K(T])(l+TJ) TJ" = 0 

1 + 11'2 

In this form there is small hope of inteEre.tine the equation. Pro­

visionally K will be assumed constant. It will be shmm later that 

this assumption does not invalidate the final results, for by givine 

K various values, a whole family of curves will be found which will be 

intersected by the profile of the spillway. 

This first integration of equation (5) is effected in the 

following manner, 

Hence, 

But 

or 

and the integral is: 

d -ri sin a .. 2-J da 
TJ' = "c1t cs tan a = 

cos a. da cit 

TJ" .,. � = � ( te.n a) .. 1 da tan a da 
de; a"' cos 2a � = cos2a 'dii 

K(l+11)te.n a da 

l _ K(l+·q)T] 
11 

= l _______ d_.TJ 

1 + 11 1 2 (l+tan2a.)cos2a 

= 1 - K (l+ri) tan da a. - "'0 
d'r) 

tan a da = -d (log cos a)=�= K(l+TJ) 

1 i a log (1+11) 

d log IT1+11) cos a�= 0 a log 1 
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But when a •  OJ TJ • OJ therefore 

and the integral beoomes 

or 

which may be written& 

Henoea 

and 

whereJ 

log 1 a C1 a O 

log li 1 +TJ) oos a �  • O • log 1 

(1+11) oos aK • l 

(l+T)) 
-K 

• 008 0. 

1 + ,.,•2= (l+T})a'K 

,ie • � = Vc1+T)) ij7 
• VC1+'f))n - 1 

n • 2/r. 

(6) 

For two values of n the integration is performed direotlyo 

These cases area 

(a) K • 2 or n = l 

which reduces the equation tos 

or 

the integral or whioh is 

But when 

Therefore 

� • v 1 +T) - 1 = vii • 'fl1� 

di;; • � 
71�i,2 

t • 2 TJl/2 + C2 

TJ • OJ t • OJ and C2 • 0 

TJ • 't (Parabola) 

10 
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and 

(b) K • 1 or n • 2 ; then 

and 

But when 

Finally: 

d!] = d �oc (1+T)) + V(i+-ri)2-1] 
V 2 'o/T)2 

c; .. log [1+11) + V(l +Tj)2-�+ C 3 

'rJ = O; c; = 0; and C 3 = 0 

I;= log �1+ri) + · V(1+-ri)2-Jj 

If we wish to consider thf:! path of a solid particle, we proceed in the 

following manners The horizontal acceleration is: 

d2x dvx Jx = x = - = - = ·O . 
dt2 dt 

and the initial acceleration in they-direction is that of gravity or; 

The initial velocity isi 

The initial coordinates are: 

Then 

alsoa 

d2 dv 
Jy =y-2=::.:..Z=g 

dt2 dt 

v0x = V2gH0 J and v0y "" 0 

dvx 

.
� 

= O; Vx .. oonsto = v2gHo dt 

11 

= dt 

(g) 



but when 

Then: 

and 

but when t = o; y = OJ 

and 

Likewise 

Then 

But when 

Therefore 

or 

and 

ElL11ine.ting t: 

and therefore 

t • O; v0y a O; and hence C2 = 0 

Vy • gt• � • V "' gt 
'dt y 

therefore c3 
• o, 

y -� 

dx 
vox • V2gHo vx 

.. _. 
dt 

X ""� t + 04 

t = o; x � x0 = o; and C4 = o 

t2 :a� .. El 
2 gll0 · g 

x2 2 
= 4 YJ Ff""2 = � 

0 

Therefore equation (7) indicates that the profile of the 

spillway with no negative pressures is a parabola whioh is true 

providing the water partioles in the nappe move as a system of free 

.l2 



solid particles in a vacuum. But since this is not the oase, it 

indicates that the parabola, which many engineers use, has too 

muoh reserve against the formation of a vacuum, and suoh a profile 

is therefore uneconomical. Thus the parabola may be conceived as 

the outer limit of all vacuumless profiles. 

The observed data of Bazin on which investigators usually 

base their design of vacuumless spillway profiles do not fit either 

equation (7) or equation (8). The Bazin curve is steeper than these 

curves, which indicates that differential equation (5) must be inte­

grated with n > 2. This operation oannot be accomplished directly. 

We therefore expand the function 

as an infinite series, thus: 

• [ 1 + .!!.!} + n (n- 1) 
112 + • ••• -i] 1/2 

1 1.2 

[ 
' n (n- 1) 2 n(n-l) (n- 2) 3 J 

1/
2 

,. llTJ + 1.2 TJ + 1.2. 3 TJ • • •  

,. (nri)1/2 [ 1 + n
2
-l 

11 + (n-1 )(n- 2) 
T'J

2 
·2.3 

+ 
••• J 

1/2 

This series converges rapidly for the upper portion of the 

trajectory investigated by Bazin, for an inspection of Bazi.n. 1 s data 

shows that the minimum 11 < 1 (see table 1, Bazin's data) and, further­

more, the coefficient of them - th term of the series isa 

13 



(n-l) (n- 2) • • • • •  (n-m) 8-m a 
l o 2• 3  o • • • m (m+l ) 

• • 

m + 1 

• • • 

and in the limit s lim (am)m _. ca .  o 

The terms of the serie s  beginning with the third , which is pos itive s 

alternate in sign,  so that the omi ssion of the terms beginning with : 

(n-1 ) (n- 2) 2 
6 . T) 

will not introduce a large error when only the sum of the first two 

terms , namely a  

is  taken as  the approximate val�e of the function s (l+�)n - 1 . With 

this approximate value the differential equation becomes : 

of which the integral i s J  

Since ( 11 ) t•o • O, the constant of integration,  i s  determined froms 

14 



·-

V 2
1 

log 1/2 + C ' • 0 
n• 

or 

and 

C 9 • -v 2 log 1/ 2 n-1 

• \In t ; or 

' � log Vn{n-1) 

It oan easily be shown that equations ( 7) and (8) repre sent special 

oases of this general equation e  Thus , for n = 2, equation (9) beoomes s 

(�)n_m 2 • log �l+T)) + V (l+T) 2) -0 
For n • 1 , ( K m 2) , we have the indeterminate value s  

� B · r.f log 1 • 2. 
f o o 

The true value or this expres sion i s a  

. lim ( t)n + 1 • � _:n_
1
_
og __ G=1 __ +_(

n
_-_1,...h_1

+ 
_V'n=f_-_1_lf:_2,r_(_n-_1_)Tl __ � 

! Vn{n-1 ) 

V2 
(:+1,k (n-1 i-

1
/

2
V2YJ+ (n-l)tf + 1/2 v,;:I ( T)+ (n-l h1 2f

1/.! T)� 

Cl -----------------------------

� + (n - l)T)  • Vn - l V2 TJ + (n - l) T) 2J 1/.! G (n-1] ·
l
/2 (2n-l) 

from which it follows that a 
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lim (t)n _,. 1 • V2 1/2 Vzii". Thus 1i'. • Tl (7) 

Calculation or the Coordinates of 
the Vaouumless Dam Profile 

The use of formula (9 ) for calculating the coordinates of 

the curve for comparison with- Bazin ° s data is tedious . An essential 
simplification is  aooomplished by introducing an infinite converging 

series for the function t according to the well-known expansion: 
l+x tc. x3 x5 ' log T-i • 2

\
x + 

T 
+ 

5 
+ • • •  'l for -l < X < IA 

For small values of x ,  this series converges rapidly . By putting 

we ha.ve g 

Now plaoe a 

then 

and 

t = log (1 + A) 
-� 
vn:c�1r 

l + A = l + x 
l • X 

l + X • l + A • x • X A 
A x ( 2 + A) • A; x = 2 _.. A 

� • 2 J n(�+ 1 ) (1 • ¥-) x (approximately) ( 9) 

providi�g the series converges sufficiently rapidly so that the first 

two terms can be used in place of the entire series .  Before making 

use of Basin ' s  table for calculating the coordinates , it is necessary 
to observe the following. The coordinate axes used by the author do 

not correspond to those of Bazin . Bear in mind that Baz in 's dimen­
sionless coordinates indicated by the subscript, B ,  and in addition to , 

his coordinate axes are different from those used by the author who 

employs the . head ,  H, on the crest of the spillway rather than Bazin 8s h, 

1 6  



•. 
measured at the upstream edge of the orest (see sketc h in table 1 ) .  
Only by converting both set s of coordinates to the same set of axes 

m».y they be compared .. 
The p�rpose of such a oaloulation is to find n as  a func­

tion of �J or in mathematical terms , n • n ( �) o  It is reasonable 
to asstUne that the law for n starts at that section where the individ­

ual stream lines deviate appreciably from a parallel state .. Therefore 

n has been oaloulated for the four points in Bazin 1s table previous to 

the last point whioh has been excluded because apparently n is in error 

in the table as gi venJ o11 the original souroe (Annalee des Ponts et 

Chaussee s ,  ( 6) 1 9  ( 1 89()) page 56 ) was not at the disposal of the author . 

The la st column in table I gives the calculated values of n .  
After the values of n have been .found the problem of the 

author i s  to extend the n-law outside of that range of the ne.ppe 
studie.d by Bazin , in oonsequenoe of whioh a hypothesis becomes neoes­
sacy. Here lies the crux of the problem. 

It the four computed values of n are plotted as a function 
of �, an approximate straight-line relation is obtained . However, the 

n-law cannot be thus repre sented in this oase, sinoe at the lower limit 
of n, (n • l ), is finite , which is  not possible . Thi s oan be the case 

only when � -00 • This  suggests that the n-law is hyperbolic e.nd can be 

expressed by s 

(10) 

Observe that thi s series converges to n0 when (n)� ..+c::P. 

We know that the limiting value of n0 is l (free nappe with horiz ontal 

initial velooity V0x = i,'2g H0 ). Actually n cannot attain this value , 
since some frictional resistance is  pre sent . The derived equation is  

• Translator I s note a An examination of the translation by Arthur 'Mariohal 
and John c .  Trautwine, Jr . ,  of Baz in ' s  paper shows that for � •  0 . 70, 
� • -0 . 009 rather than +0 . 009  as appearing in table 1 or this paper . 
See a Mariohal , A .  and Trautwine , J .C .Jr . 1  Recent Experiments on th, 
Flow of Water over V<eirS J  Proceedings Engineer I s Club or Philadelphia; 
Vol .  9, 1 892, p o  236. 
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2 valid only in a certain region 11 for as the expression n = h (� oos a- 1-� ) 
uv2 

(piezometrio head)  shows , as h decreases, � oos a and .i;;.:_ also decrease, 
rg 

the nappe disintegrate s and moves as a system of free particles . It 

appears that a study of the phenomenon at spillways oan yield in.formation. 
Such s tudie s  have been made by Dr .  Ehrenberger, the director of the State 

Research Stationo 

The use of equation (10 ) is very detailed and the result s are not 
worth the trouble ,  s ince,  as already stated , the n-values vary approximately 

a s  a straight line o 
It is simpler to conceive of the n-line as a tangent to the hyper­

bola at the end point of the Bazin range (t • 0 . 450 11 T) • 0 .'l.115 ; see table 1). 
We shall assume n0 = 1 ,  which is equivalent to  a reserve against 

a negative pressure along the lower part of the spillway . With these two 
condit ions the calculation can be carried out by means of the equation: 

a b n - 1  = - + -:;;"2 T) T) 

To find the value s  of a and b ,  we have the following conditions a 

( l )  (n-1 ) a l . 12 a(! + � \ m a + b 
TJ""2 . 12 � Tl y TJ""o . 1115  0 . 111 5  0 . 111 5 2  

( 2) (�) Tj"O ,lll5 • � (� + � Tj"O,lll5 • - (� + � �-0 , 1115  

(n ) (n) = YJ""O olll5 -
i•0o 0 462 a -2 • 32 + 2. \% 111 _ Oo22 = _ 2200 

0 . 1115 - o . o 62 0 . 1115-0 . 0  2 0 .6653 053 

The further oaloulat ion will be dispensed with here and the final 
result stated g thus s  

(n-1 ) "' o. 2l. 2  
T) 

(n) 

Translator 's  note : Using the proper values appearing in table 1 ,  equation 

(11 ) i s  found to be (n-1 ) = 0 • 202 • o . oos 9s (111) 
ri T) 2 
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We are now ready to dieouss the re serve aga.�at negative 
pressures o It ia  interesting to learn just what the ana.lytio factor 
i s .  To do this  we shall derive the equation of the reserve-ourve 
indioated by subscript 1 and consider T) as the independent variable . 
Thus we may write : 

or 

Thens 

111 
a. where a (. l 

l+"l]. 2 K(l� )  

l • K(l�1)11"1 - • O  
a ( l+T) '1 2, 

The first integral of' this equation is &  

Therefore , any o urve determined from differential equation · ( 6) with n1 ( n 

is a reserve-curveJ the limiting ou:rve rises steeper than the reserve-curve . 
After the n ... law baa been found, the coordinates are calculated. as 

far as 11< 0. 50 by equation ( 9 ) .  For � .2! 0050 a new formula must be 
em.ployed o To do this we write equation ( 6) in the f'oni, 

Expanding by an infinite series  we have a 
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in whioh 

Then 

+ l, l, 5, + 

2.  2. 2 { l+tj)2n 

2 .2 . 2. 1 . 2.3 (l+TJ)Jn 
• • 

This series i s  convergent because the ooeffioient 1 

tr.I 1 
l-n/2 

+ • • 

1.3 .5  • " • 0 (2m-3){2m-l ) < 1 iii l ( ) 2 • 2. 3 • • • • m-1 m 

lim 

T) + l ·1 ( + )l• 'Jn/2 
2(i-3n/2) 1 TJ 

0.50 

(l+11)1-2r1 n TJ 

0.50 
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0 

.+ • • •  

r 2- (2m+l )n 
�l+T)) 2 

( 12) 

The ooordi:cates tor T) =;; 0 . 50 are oomputed from formula (12) . 
It 1s now appropriate to say a few words about how the diffi­

culties are overcome when we calculate T) by assuming n to b'e constant , 
instead of by using equation (11 ) . This i s  profitable only insofar as 

one point on a curve computed with n • constant , has an T) belonging to 
the va.ouumless profile which satisfies equation ( 11); all of the remain­
ing points on the curve are not points on the profile curve .  Following 

this procedure we obtain a whole family of curves which intersect the 

profile ourve e 
The ooordi:cates oalculated aooording to the author ' s  equations 

are given in table 2 .  In this  table coordinates with and with.out sub­
scripts  are encounteredJ the coordinates without a subscript are calou­
lated for H J  those with a subscript , for h ,  as indicated in the sketch 
aocompanying the table .  The values for h are necessary in order to 
compare the coordinates with those of other authors .  

The ooordinates for the parabolic equation are also included 

in the table in order to show directly and indirectly that such a ourve 

is  uneconomical ; directly, by increasing the dimensions of the dam • and 

indirectly,  by the unfavorable influence on the discharge coefficient , µ 4• 
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The profiles advooatad by various writers are given in 

figure 5, among them the author ' s  ourve , of which i"t may be said that 

it is truly a. safe profile , sinoe e.t first it a.grees with Bazin 's pro­

file and farbher along it gradually deviates from the limiting ourve 

in suoh a way as to increase the reserve against the formation of 

negative pressure • 
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