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INTRODUCTIOh

‘The phenomena of presaure rises for vnried regima 1n oonduits
have sppeared to: be mvatericus ‘for a long time. For the most simple and _Ff]‘
fregquently occurring form, that of water hammar, At aaemnd ta be impos-',f;
sibtle to glve & theoretical explanation in: aecord with the . faots until .
Allievi in his classicﬁl:work in 1905 dichVered 8. mgthod of 1ntugration # ;fu
for making an enalysis. ‘ L

It is necessary for that which follows to. clariﬂy thé}pnfﬁfe:dfff

the problem &s resolved by ‘Allievie:

Ip a- conduit of oonatant-cfoaa section with uniform chnractor
1at1ca over its entire length, tha mcvement of the water 13 eetabliuhed
by the following equationa.l' o RN

1p = density, ¥ = pressure, u -‘yglocity:aﬁ;a?pgiﬁtfqnltﬁé?;ﬁsciaaaLVx
meesured -&long the conduit, O I A N

First, the hydrqdynamic 5qﬂatidn of}mbtioh;.

oL

Smcond, -the equation of eontinuity:

R W R SN

@ = = B
The first aimplificntion intraduceﬁ by Allievi for studying tha phgnomgnon g
of propagatian consisted of negleoting the tbrm pzr—s;— An: aqultion 1o
For propagation of & disturbanue, tha velacitj u 'of tha wutef atﬁeach
‘point is effectively a function of - (t ¢-———) ‘where. 0 eQu&ls tha ve-,”;ff‘
locity of aoqnd in water. It ia clear, “then, that.'k,u” ‘

au - sl ou
ox o .ot




Since o 'is of the order- or 1 400 m./seo. ‘and u 13 or tla
order of aover‘al mtars per second, thon by naglooting tho tarli " 2-—%—
the effect iz an srror of unly uaveral parts per thouaand :ln tha tern e

%. Besides. this is- tha olassicnl simplifioa.tion 1n aoouatios whoro

-:only amall movements nre atudied, L t.ha equationa of Alliaviz
an e "aT ""a;"
(20 _g_e._ =

are none other tha.n the i‘undmentn.l oqmtions of noouatius. ~iThe

"l'tho propagation - of ‘sound ; hns for othor reasons been cn.pa.hle oi' lunlysia
by equations (1) and (2). See, for example, "Propagation ‘st absorption
du son®” fascloule 222 .de: ).n oolleotion ;‘d"'AotualitJa soienti Lques, -
Hermann éditeur. S ' e e

tions should be oompleted with temu oxpr“sing tha et!’oots or ﬂsooaity. B

‘-but thege Will be: oonsiderod latoro

“‘quutians 1') a.ud (2') oan ho solvod only 11‘ one lmowa tho re-
lation between P a.nd p which characteri.:os the compresaibﬂity oi‘ the
;mdium. If one oonaidera an: ndiabatic phenomnon andmsaumu: '

6 ‘f" -'—d—p—-—)illdilb.

ths general solution of tho equltion 1s -

(3) P= F(t--—) -f(t+----) +1=

@ u ;

F nnd f AYS: nrb:ltrary funetiona and ‘o is tha apeod of aound.

In the probxem of aooustics, the mncticm F nnd o urc dnhr-;_f‘f‘y.”
~mined by -the bourndary conditionu which co!uiat in. geneul of impoaing on N
. one-of ‘the" variables ‘P or u & hw or nriation with tiua nt t:lro linita




x= O, x= f of the condui‘t._

1r, for exantple, one imagin«as s pipa whare for‘ :

poses on & piston a given dispiucem&nt

Hx = a sin mt

and where 2t x~-,.'$ ane : :sets up ‘8 solid wal.;, the rasult vrauld be e

i 8% _ o L
u W— aw c_os mt for t 0-‘: .

~u-0 for x-£

For these condi*ions the physical proble' of;;_lmovring tha ata.te
of the-alr at every point:is: perfeotly determined as ia alm the':;mﬂ.tha-
maticel problem, since the: ﬁmcticns F rerd f a.re easily determined. :

At One CUI 580,

- In the problem of water hmmar. although hmdled by the lm
aquations the situatton is vastly diff'erent. At one’ of the limits of the :
conduit there is-'a condition oi‘ an: acoustic naturu, i‘or oxa.mple, the sur--\_}

fece of o reservoir at constant pressure. P - 0 for 5:

_other limit of the conduit: one ‘exerts an a.ction upon the dischnrga by «vary-

ing a geomatric parumter (valva being: olosod “c m‘wing 'y certain la:__
‘or turbine pleced in a motion whose. effec’t on’ the proasure P u.nd the ve- L

looity u comstitute & new problem for sol'.tt..on).

Lst a be this paramter..for example, the degree o!‘ opening‘.v »rA G

e valve, then one. has the ﬁmction g, a(t). Ona must Iirat find the
‘astion of a wupon the diacharge of water; that ia, one m‘crt_ etermine a
relation; o o | EECRER E

(5}‘ $ (P, u, t, a(t)) =0 ,_for_' X o o gt
and then integrate the equntions (3), (4) with thj.e rolation (5) ts the
condition 8t the 1imit Tor xr- Qs

The enormous progress attrinuted to Allievi aonsisted first of
a8 bold almplification of the ralntion (5) for cases- alraady wi.doly extendud‘jij_, ;




Of ‘4‘ v .
end then & msthod iteration wbichuwas particularly elegantrfor obtaining

the corrasponding solution.

_ Let us take. for example, the case of a valve which is olosed at
the end of a conduit- “the section for flow at” the end is reduced 4n tha .y
ratic a, o being an arbitrary functior of time - between zero and infinity..a.
If the condult is: complately Open, ‘the velocity u is rulated to P for &
steady flow by the ralation SRR N

(6) P+ -%—- pua LR

1 2 o
!‘-——"2 P n'PD\-LPI'
h = height of water oorrasponding to tha differanoe 1n prasaure P P;lrﬂf
that is, vertical differenne ‘in level of the oonduitv Allievi aasumed
simply that tle nution of ‘the vaive raduoas the #elocity ) based on the

ftotal aection of the conduit in the ratio e aJ follows..

or in-e form sven more familisr to engineers,

e
AR

Lk er P -cease baing constant but vnry according to equntions (1') and (2')..,;

Expressed encther way, . 1! ons. draws 8 graph,with velocity u lt
the outleta as absoissu and- the., pressure 'md - P &S ordinnte ‘the hypothn-"'
sis of Alliavi is: that. at- eaoh instan uHha point reprasenting tha regim'n ‘
at the outlet is located on:a’ knonn»surve dorivod from:a: f&milypof curvéa
rfor the parametor @ and fixed’ by the vnlue that one givea r'iha purmtor ,
.a at tine t.. In the purticular -oase of ‘8- vulva at the outlet of_; oanduit,-
£ the family of - characteristic eurvea oomprises the parabolaa with tha oquu-
tiom. R - e :




‘We wil] not stress the ienff-élegan‘c"”'sd]._uti'on; o
of equations (1') and {(2'). Pumiqhed‘by

Alljevi for such canditions at- the limits. ‘

1\ -
'The works of Allievi, slready im-‘;_ R
' Flg.ul

portant and numercus in themselves, have . SO y |

given plage to.a multitude of davelopments md upplications uonaisting 1!1
gensTol of complicating the charucteristics of - the conduit in aucordunae
with necessity and practice. Nated unong, others i the work af GADE'N on'
.gurge tanks apd-of JAEGER on’ mu..tiple conduita.s. .One could not do’ bottor :
then to refsr to the works of these three s.utho*rs for gaining an appresiu- o
tion of the dogree to which prautical developments have beem pushedo S

As for the thacreticnl value oi' theae works, it must be sodd that
they are strictly limiteds None of the mcdern authors writing nbaut the ‘
subject have brought this out. 7¢e think, on our parb, that’ it is muh
better to say frankly that we are atumped nnd tha‘ it is: bad to prescnt ato
students and future’ ‘emgineers rasulta ncquired to: date under an . erroneous

form which deprives them of sny. possih‘ lity of a.tt-empting to perfect tha

theory in view of the. importtmt and mal problems posed by practice and wh:loh . '?;f -

are entirely moompressible if one is bounded by M.lievi's upproaeh.

Alllevite solution dopends, as we have sa.id, prinolpahy on the
hypothesis that nt each instant tha figuutiva point (in tha cua.gram -of i‘ig..;f,,
1) of the regimen at: the ou‘tlet is found ona ]movm ourve (nrying hesidaa v
with time in a known: mnnner). In tha particular oase af a valve which ‘48" -
closed &t the end of a conduit, the. angwer cen be. obtainod only by using for-f,'
.8 osse of ¢learly variable ﬂow tho equa.tien 6. Bemouilli's theoram, whioh ’J:_"“:
4s valid only for the ‘stesdy: sta.te and 4n a form whiol'\ assums 'the fluid to A

be 1noompresaible. an approximation which is admisaible hara I‘or o‘cher ran- o

BONSa

Strictly apoakmg. 1t would be ‘necessary 4o ‘take from- quu’cion \,_(1)’7
“the complete 1ntusgral with respeot to .x bo'bfeen the limita ot‘ tho condui.t?'




which glves:

(s) »p af —g%— dx + ...1... p 2(” 0 i =B, =P,

It is evident then that in vnried flaw the rell.tion bst\nen tho
velocity and the pressure at. the outlet of the conduit oan. not bo ex— .
pressed by the restriction: of A figurative point on a curvo in tha dlagrm |
Po = P,u but the value of disc‘nrge at e&ch inutmt depanda upon the pres-yr '
sure at ths outlet and also: ujon the scoelorntion T— of tho m nt ‘
each point of the eonduit, ‘In addition. in: the’ valve 1tsel£‘. during ths

process of decraasing tha uection we will find valuoa of -F of oonsidor-".‘

able magnitude at eech point, and 1t 48 olear thurL tha velooity u . rofarrod‘:‘ '
to the total section of the conduit can. not follov a la.w us simplo as (8) ‘

and can no 1onger be. expresssd for & given value of clowro @ bgr 'y aimp*o v

‘relation batween u and P. ‘ It is only by pusing ovor all’ thase difﬂouloil

ties that one oan sinplify. twdrodynmics surficiently to make 1t into hy- S
draulios, and particularly 1nto the theory of: wa.‘cer he.mmer. From this pointﬁ_ L
on 1t seems to ue to be & matter of- entirely oonvantional wcrk. It muld e

necessary each tims -bo sxamine cnmfully the oharaoter more or lesa cm‘b&n‘b-

with reality, of ths characteriatio curves adoptod for- tho outlat davioa .

(such as the parabolas T pu - (P - P) a for closure of 8 ve.lve) bafore.«;' .

" adopting any conclusions.

Let us. hasten to sey that in. t:he mjor!.ty of caaos thie dinausaio‘n'A-v'

shows that for transition. now« which are quickly provoked and. allowad o HERCES

evolve by themselves, Allievi's ccnneption is largely aufﬁcient to nocount

for the facts in-a: nearly quantitttiw unner.

‘The theory devaloped on-the preeoding buis has fmmd its mnat
slegant expression end most: uaa.ble form in praatice :1n ‘the’ vrcrk of Mo L. o
 Ber garen, who hes deve),oped e oomplute graphioal intarpreta.tion oi‘ i:tl-:e' solu— E
tions of -quationa (1) and (2} with boundary oonditionu of - tha Alliavi -
type. Tha o8t reoent form is in La “Technigue ﬁoderne. Jamuary 15 aml Fob-
-ruary 1, 1938, ;?pp. 33 snd 75, rupactiveiy. “The . graphical mthod of H. L




Bergeron constitutes nort only a, grnphioal 1nterproution of the oomputt- s
tions but also a truo mthod of : integntion whiuh auppliu preoiae un& ox-
act solutions of -quutions (11) ‘and (2') uvnn in the oua vhero tho systsa '
of chlrncteristio nurvea of -Allievi have m analytioal form which A tco L
complioatad ‘for's oomputed solutign. S

In other: tords, the graph:loul nethod ei‘ ll. Bergeron ghu tho uxi-j
mum results which oan ‘be obtaimd in dopend!.ng on the rramork of tho lw-
pothesis of Allisvi: and 1t constitutes the happiul‘b ma most oomploto ox- -
pression of whn.t night be oalled the’ theory of Alliev’l. ‘ Iﬁu nlidity i
always striotly limited to that of. Alliavi's hypotbasis ‘and it"' roquires. as -
-we have aseen,’ thl.t a chnrnqteristio rehtion be'aman prnuura‘-nnd;di-ohtrge ;
be known for- the outlet at. onch 1nutant. P ‘ B

IDRA OF HYDRAULIG IHPEBANCE - ELECTRIC AHALOGY

To insert at gome point in s. conduit B doﬂ.ee whi.ch imposea B.Te-:

lation between pressure and di.schnrge a.mounts to h:poeing an hydrtulio 1m- o
‘,Bad o® &’ L
' The pressure at each. point 1s: in effect tho malogue oi‘ voltage and tha RRENR
disoharge the .analogue of" eleatrical current. 'I?he oontrollod opening ;t tho
‘outlet of acondult sets up-&- velocity u. whioh is mla.ted to the dr:lving

pressure Po by the relntion

oy
Po‘- 2 .pu:'
which has for amall changes in u tha ohnruoteristion of & ruista.noo. If

Q is the diaoharge ruS. -whare 5 ia ‘the seotion one hu, in effaet. S
(10) AP pu&u-(p—g-) ) (Su)- PT5Qo

This 1s the analogy of E e Ri, the rocht&noe R being in: th:l.a onuo
r--g-—u. The closure of & valve at- the end.of 8. oonduit muntu to nrylng
-%the resistence R .at the end of a long line fad by a’ battory E, ‘and ‘the

problem resolved by Allfevi as for 1ta oounterpart ‘the . problom of the- vnr:ll- -




tion of ‘an electric flow innn line supposedly enddwxd with' nduatauno'and
G&p&oit&nn& per unit of length."fhu eqnationsfaf. ropugation /inisuch :

slectric line‘ara'obtninpdua;

of'laﬁgth;
-:of inductance givus

and- time, then we aan-writo

bE '.31f";¥ g
(11) _”; ]ﬁut,f~r°“

voltage dE at: tha boundarles of thefelement thus

(13) “ gi pe l?ﬂ'_‘iﬁﬁ‘i- (anllegoua_to“hu equation'of
_ _‘”J N --'__; -,"ontinuity.) S




BoFle) meleem)

ocapacitance .

To simplify the . otso lat us imagine a. aingle nve
“in the positive aanse; 1’ 1: oqual to zero, and we ho.ve the ;

Coming. hn.ok to one conduit o.nd
(4), lst us, consider also the case of - ¥ uingle WAVe ’in 'y pot

Pmpou
' orﬂ‘infcrudm‘in‘g the ,diicha:é;é Q
.v‘-‘P,- —-5--“':p° Q B

-%"— will be the: iterativu s.mpedmoa of tho uonduit and has . m' uhurmtar
of p_nra msiutunco which ' ans thnt o.t o&ch poi.nt 1i‘ the oonduit i.s ,tra

s place, for: example, nt tho to,; or 8. condui’c e piaton weightod 'by"afm.ss o
@, If wu ia tho velocity of the wa.ter at ths-"i—level oi‘ tha phtcn 'tho :




e
The forno F‘ - m-—T 1a set :

“up dua to thu 1nteria oi thc mua.
" whioh ‘comes. baok to 1:..posing 8 pru-"‘p‘;

. sure —g—- ' equal to F o.nd given by

o du
P '??' o

Sor. introducing the dischnrge

bow m dQ

Fige 3 T

mz is then an impedance whioh mkus the prasaure propurtionll to nte

of _change of the diacharge. By analogy with E - L di : this 15 an _’; w g

hydraulic inductence.

Let us now close the uppar
snd of the conduit and mintlin the
piston with a spring K which sould"
be an sir reservoir, The replaoeunt
of the piston [/ u dt :sets up'n B

~ foroe whioh' is N

F-Kfuaa@'

where K = stiffness of spring.
or B .
Pe— e
s .
By anelogy with the law E = -—-j'i dt whioh g#vos the
"teneion" at the limits of & condmnaer being c}nrged. we. onn aay t.hnt
.-—-2—- is an hydraulio onploitanoo.

aut in & pumber of praotical VTR aa, £or umple, ono cloaes 7 ‘ 
8 haanry wvane with 1ntorposition of alutic meohuxiums, there is i.r.tro-
- duced upon the conduits: these. mohnnima which have the chuaoter of: hw-
‘draulio inducto.noe ‘or captoitanco. ‘ ' ’




~In the water-hanmmer theory ‘ag: known. whethar 1t conoerna Alliovi 'e
computations or their graphiotl expraui on: by W, Berseron, thele oaus lro -
completely put aside ‘begause thay cumot be trettod. - ‘ ‘ :

‘Allievi'a. thaory reducu itsolf then to the oase where nll 'che

hydraulic impedanoea are pure raaista.noos which sen be &’ mnntion oi‘ dis-

charge as the emplo of ‘the valve previously troated hu shown it 'to bﬂd’l

1In slectricity there:are’ also nonlinalr reai:tmoan whose - vnlue dapenda
upon the ourrent which is passing, But there is no electrical means to
represent sxactly hydraunc ruistanuos proportiunul to dischnrgo.- vy

In a form more fnmiliar to engineers, we: oould n;v thn.t Alliovi'u
theory is limited to the onge ‘where' the mohines at’ the end of a uunduit
have a funetion which oan be defined. by ehnracteriatio ourves oi‘ pressuro f
vs, diecharge, but any tim thet: thaue mohines preaent inertia &nd alnti-:
-oity this oe.nnot be done and, it is not lagitlmate to ndmit without dis- '

gussion, as everyone. hu dom up till now. that for a- moh:l.ne as compliulted

a5 A pump or. & turbine, the - funeti oning in: variabla rogimon does not dapart
from the statio oharncteristics of preasura dischargso '

AIM OF 'TI{E"'PRESﬁNT wonxr ﬂ

This: work is designed to lsnd up to even: more oomplax phenomnl, R

-such a8 When & conduit is oaupled to & mohmionl uystom auucoptible to o
movemsnt and whose displacemnts provoke in roturn e rention upon the riow
of fluid., Such a aystem under oertain conditionu om sta.rt oscillntion _x
_:ltself, &5 ias well knows, and the alausical tmory of water hanner onnnot
in any manner explain the birth of su.ch oseillntions nor- predi.-l;.ﬂnt 'lill :
heppen to them, Ve propose to find: tno:u omdit.i ons: of. oaelllltionl md 60- o
_soribe the ocacillatory ragimn whioh ruulta. An oxnmpln oi‘ suoh' 3

‘is furnished by an or gan pipe provided with 8 boating rood Ay _: _
Anfluence of a: permnant Jet of .atir the raud is made to vibrate in roaonunoo,
-uaually not well known, with the period of thu plpe. B o

In the firlt pnrt we will davolop tha study - of osotl].ationa for V

11




a simple condult; in the seoond purt
“we will extend the resilts: “to. tha oaae‘A-”
of ocomplex condults by rogularly using

the notion of hydraulic 1mped&nce. ‘

In addltion,‘we'wili,preééntv3

importsnt encugh r°5“1£8-t9¢ph1§5;°ngv

8 rsaervoir. the - absorption of ouuillaofi
‘tory energy due to loss of head in‘a ' 5
oonduit. the deterzination of tho Qynamio aharacteriatics of maehine

such as oentrifugal pumps, oharaeteristios valid uven in var‘ed regimen.

-8tae




PART 1
AUTO=0SCILLATION OF WATER IN A~ CONDUIT TERMINATED BY A HACHIYE OF

ENCI'N CHARACTERISTICS WHICH CONTAINS A MECHANISM CAPABLB
OF VIBRATING. AND: MODULATING THE DISCHARGE

We will disousa CY particular praotical onse in arder to uhow

the relation betweun the water in the oonduit nnd the movable mechanisn ?fvl

&t the end., Model of figure 8- reproaents a known cnntringal pump in

_which the 4ischerge Ls reguleted by moving the fronmt part A..of the di-,

recting vanes., In other words,’ there is: a ring of movable uirecting
vanes in front of a .ring of fixed directing vanes, Thsse movabla bladesff
cent be orianted by the action of & meohanism'which maves eaoh of them o

about 1ts axis and more or less closes the discharge sectiano

Figo S

Lat a be the dagroo of tho opening of tha vanes. ra - 1

give the meximum discharge, and a =0 represent alosure of: the pnmp.
The static charactaristics of suoh « pump are known for . ench dogroa of
olosure, ¢. They take the fallowing form- (fig. Ih '

13




Pressure

Dlscharge
ﬂig. T

: It oun be: seen that in- tm rogian af- oparation .°. whan a inorouas at
- congtant discharge, ths proasure inoreues“ ‘nnd, whern the dischnrge in
.oreases with constant opening. fl:ha pressure deoreues., ‘ For amall o}nnse _
in .o and in the veloelity of the vn.tor u m the. conduit. tha ohnrac- e
teristio of’ the pump reducas to : ' ‘ ' S

6P w Ya [+ 3 ‘ 'qlu ’..""’.'“‘.";'“.-.'.‘.‘:.;'-‘..‘"‘"?.”“"‘"”“.”.”(13)

making the. assumptian »[Alliovi typu] thnt in variabla rogim the stat.‘r.o

uhnrncteriltios of the pump’ are: vali E and t}ntmltormto mria‘cions in

~and'in .u produoe variations of P in phl.ae 7 f ,

‘This aiwlifying n.uump’cion o.n be mda horo without P8
‘the principlo for oxplainlng the priming oi‘ osoillationu. S

The hypothe sis is now. in’croduoed thnt the oontrol the
direoting venes is: not- rigid and- thnt tha latter ‘arc‘ smooptihlq to, wo-
ment - under the inﬂuence of oh-ngoa in the prommroa oxortad cn thcl.

Lot ue fomula'be from thou candltiona athe equutian q!.' pouible
o .-;movemnt of tin vanes,




Let @ be the- unble betwnen the actual positzon of the vnnas
‘and the position of- ropose (uoerSpunding to an equilibrium condition of

,the eontrol . maohaniam). The vanel aﬁn vibrate around this poeition with

a movement accordlng to the luw

o a?

da“e

‘is the in»rtia coefficient tnking into=acoount all o
that anters lnto vibrutinn movement in ‘the-vane: systam”ﬁ"

1 the coeffioient of rigidity, taking aooounthf &11
,the elastic. forcas whioh oppose the fle:ure af the

fis the area of vanas.

is‘the. differenca in preaaure oxerted on ths two racaa
of the .vane,

'1s the lever arm of the ccrresponding force rafarred“to
‘the axig of" rotation of: ths vansse . -

Fig.

'Inatead'of~tha va£iab1o 9 we 1ntroduoe the degroe of openlng ‘a or

thefdistributdr (a variee inversely as @). Ghanging tha oquution to

n‘-vériabiﬁ“aa

from a, wa have




'l 'da“b a

R 1 5

: +kbam- ‘S\x'-‘(P 1’”--'3'11:
oAt o

2) =

To evaluate the: pressurea and the vari a.tiona of pressure. let us’ take ’,

the complete hydrodynamio eque.ticn, 1hioh s usa.ble even 1n vuriable flow. '
P "5" *Pu "r-g'";’:*"..'gx‘e‘“"f’ j

Integrating along 8. fluid filament in 'tha pump. ov'er a length x.

‘P + -—2—- pu + ~px‘~—$‘-€j- oonatant. o

: 4 baing a oertain mean ° ts.ken along the: chosen length x., o

in carrying out this oparation mox'e prauisaly a.long B movable

wvene, .one aeas.t}n'_c ‘P, -being. at ‘the | point of‘ the w.ne, ‘ 1! nlso 'thn_‘

. ;2
pressure at the articula.tion .:o_f :.the .sa_m vang_ i"‘rom__‘whqx_mq:‘

SO S Xt

—-z—- p(u 2) is.then the ‘measure of P1~- P in pemnent regimu L
Ia oacillating, regime it is nooeasary to* take into o.ocourrb that: whloh ~ '

superimposes on P, -'P, in addition to the variations uf - oy

1y 2_ . 2y e Em
z p(ul‘,a -y "), the new term —-qpx -?—.

Because the distributor, if i‘t funotions well, passes at con-
stant pressure a discharge proportionalitc .a, and sinoe khe seation is
constricted in proportion to .a, the velooity in tho conetricted uo‘bion

can.be considered conatan‘b. -~ On the aide PZ" —3— 15 negligiblc. wh:l.lo o

op By i 2l

on tha side where P1 is exertad one haa o u dba Lett:lns
Em 1 = 2 , the equa'tion;bepoma_ ’
62‘6,,4

i
at®

sKbas (=ESx) 8P B0 ) e




Sy k R “_**”1(5-'43‘:‘:3;1G-EP,:'?'" 0 e

But ws have admitted that- at: the pump the -mriations of‘ prussure are are- _
1ated to the variations of velooity and of opening by GP- Rk a_"" ""8 u.:
‘Substituting this value of 8P 1n 't:he preoeding eqmtion sml ohnnging -
the signifieance of the comtmt k md set‘hing (-er)'q- -o-p, o SR

The coaffi oient T with a minus aign 1ndioatu a negu.t:l.vo dmping in: tha .
movemant of aj it is’ this «which wi_ll, 1n gcnoral. bo reapomible for '
the beginning of oscillations, PR | '

Let us 1mgine oW that our pump'-:iisahargos through .. oonduit o
of length & under a constant water . lovel. Ono has the follawing reh—f'
tions in the conduit: . i Lo -

Pep +Flemgr)etlte o)

ey e [Plee—gm) e 260500 |
vith the following conditions P -_??-‘,f'>_f‘°i" x =

't (-_t;) & F “ - "%L)

£er ) BE(L -5 |
‘In particular we will have at ‘the end of the cmnduit for x = 0, where

a7




the pump is situated:

w-yaa-nuz-ﬂﬂ-F&-z‘

_J........;........{..;..(15)

1 | 23 N
Sum= —BT F(t) +F(t.

aunw sve -,"“u sows l oo _6 o d::...,_o .o .n.;(l‘r)

gaf
ad. 4

Equations (16) and - (17) express. the rel&tiun betwaen tha pressure and the
velooity which the preuenoe of the conduit imposes an the pump; oquation ' "
(18) expresses the dynamic rela‘cion according to which the velooity uf the —
‘water reacts on the vanage . system of tho pump. ; R '

One oan see here- tha dirferenoa bebreen tirw problem 8ot dcnrn and ;
that of Alliﬂﬁo ‘Inetead’ ot‘ a heing an. arbitrary ﬁmotion of time, T

‘4s 2 new variable. aub;]snt to- osoillations and: a.ccounted for. by a differ- S

ential QQuaticm with the terms of . ooupling to tha other’ nriablu. ,valod ty, |

or preaaum of- vater. Yat in the derivutx ons of our equutions we hu-e used o

the assumption that ‘the dyuamio phenonana in tha p\mp sra ropresentable by o
the syetem of atatio oharacteristics. But. the unembluge of equntions (16).' ”
(17), and (18) present, in & simplified form, ‘the pmpertiee requ:lrod ror :

rendering account of ‘the phnnomana ot‘ n.uto-oscilla'aion whioh 1ntereat ua.

‘1f we _consider the ooofﬁ.oien‘ba T: 'fl: 3. 1‘, and k to bo oon-."-.‘f"'
‘stant, slthough inm- roality ‘they : dapend on -, cquationa (16) (17),_ d.
| (18) are linear and we cbtain. oanily the 1nformtion abaut the - different
‘regims which ..hay represent, ‘ o ‘ '

Let us try to find the condition for which thoy havo linuaoido.].
 solutiona. The most simple .are:




= -]

.whataver the .éa‘aoharga), 'n-'O. 1' - 0

‘This. rehtion cen be utiaﬂad only in tha following u&aaau

1o li ‘:‘ - O, the oonduit vibratu ‘on half wa.vaa or-onhthe :
28 ¥ 28 : . S

hnrnnnios E - —1-- —2—- ‘.—3-. ato.
f.= 0, and‘in addition, W -L‘-. This 'mans thl.t the 'm;
nwohmiem 1ntroduoos neitharipositin nor nogativs dupingf,and

fthat ,-the »nter i.n tho conduit osoillatan in tha i‘raquoncy prnpor-
B I




“These ceses ofrur ‘B0 | prsotioal lwcrut bco-.um.”o. puw uln
never have n flat o!uracteristio maep-ndont of disohtr;o. onn
in varieble flom, and ¢ bosidu. thora s noymm ot umunug ths
uoofﬁoiont f. ' ‘ S F

In tho generﬂ o880 om h-.s. in dovoloptng qmtion (ZIO), ‘
‘gendition for ’che rroquonoy ‘-’Y oquating to gor f?tha ooo!‘ﬁoiont"" f .

cos at, “thus

(k -‘iu ) nin (----—)

‘and a oonditien 'dr'_mintennnoo by equlting to uro the coofﬂniont}p’_f'. ”
‘sin ot, thus ’ : : T

2 1. -
‘1_'1(15- 16°) = BY | cos (____.) - r., .m (.._‘..) > 0 aeseas (zz)

PO

In this last equattan tha sign oqu-h nro s.c tho uondition rnuud ror
pormanence of purely sinu-oidal oaailhﬂm, but tho:ni >0 et _
condition which. uprolus negutiw dupinglnd, ‘ __.7 ht pouibﬂi.t: : ~'of o
"the sutcmmtic birth of aad.uuuons e 2 T8 1'_"-.:.2 nny nmu_ stur
vhatevor are infinttely emlls LR

In -ulity th- quntion of the birth of tuoilhti
8 moTe uarohing enntmﬂon. Int us i.mgina t}nt at tm t
-systonba in oqulnbrim: GP- Bu- bn- 0 -.nd thlt at ti‘

the system of squations . e, (1’?): and (18) baoomn uuddonw.nlihd. one’

can imgim that ths uno syutan 15 bloohad hy un uocanary gs ‘whio ,

provmts ita vibrntion prov!.oun

w0 te - ...2.5.‘-— whon P (g ) uquuh F'( :‘), for A

38
':phcmg F(t - ----—) = 0, l"(t) » BP whiah givus

to sero is . till nothing.. Dna cnninos “he ; systomo’btnined in = .



One sess that the equation in. da —is mn of ths ouoillatory typa,. thut -
it contains & nagative damping torn (- —— nnd thnt -.n‘a i’ouult
£ >0 is the only condition for the birth of oaonntiona. I

Goins ‘ba.ak to smeral oqmtions (21). (22): aquation (21). mra ER

‘@ -is the unlkmown, dotorminoa a disornto soriaa of froquenoiea. 5 1, @2’ R
Wy and so forth, which.are the fruqucncias propar of tho oonduit sylton
PUmD YIS oscilla.ting. ‘ Fur thou fr-quaneiea whioh giva lpolitiveji@ -
to the f:u-at term of (21), osnillations are. possible. Aa Aw wedn) knm.
1t is never possible o usta‘bliuh cimultaneously novarul oaoillatiom nt :
different froquonoiu. Iu reality the uoefﬁ.cianta nnd no'mbly p, ,'r. -:n.

and f are not conetnnts. 'rhoy dopond on tha purtion of thn ahunaﬂr_ RN

dstics used and. °°nl°qmnt1y they ﬂry 'lith tho mplitude nf the os‘cirlla-  ?'_ :
“tions, Thia in turn. utablinhes M:solf .'m -uch a mner thn.t a lr.ind or
meen value -of dmpinz is sero, ‘All thue phanomnn 08D : ba dumonatratnd 1n
& perfeatly . olear fmhion dn thn osaillo.ﬁ.on problam of triodo hnps wit‘.h

- oharacteristic curves. Here it 1s the same ‘thing, with the sma

~.ence. thut the problom of propagation i.n n oonduit booous oompucntod.

Tcld.ng 1nto aooount oquaticn (21), tha :moqunlity fzz ) booom.e




‘but __ia_n__é__ ie ?equa“l.‘to <£2

Wu can go no further with tha discuuion withnut uuullng nnnri- ‘-

oal values. We will tuke. for oxumple , nlues which rufar %o sn muna- ‘

tion of very grout. onpuuity which we lmva investigatod for awta-on’.lhtton.ffﬁ E

‘The . ﬁomnt of l.nertin of - tha unlgo nyatan. roforrad to 'I'.h-
verisble a, 1; 101 c.g.a. “The fr-quenoy proper of the vunage lycton,
-aooc@ting Lor - the elnstio proportiu or l.ll tha uontrol mohnnism antl
' linhgo. is . of the ordor of Be 5 per uo., This oondui‘ he.s k = 1.35 : 1018 .
"J.'ho velocity of nound in wator il 1000 q/s a.pproadmtely; llsuldng po-_z i
10 Sefelo ‘_E‘Fina.lly, £ :Ln talcan as b x . 10 o.g.u., md. 1n udditlun, ﬂu N
pm;pohn&aotmr’int;u ' TR - S -
' Bow 3,2 .5&:7169_—-—-5_, L
L1287

A 5 ;'.-“_'
R L
n _—_a
It ie not pouuble to ahow in thia »work how numrioal dttomimtion or
theae oonstants wes mde.' We - uk tho reader t.o tako than ae an. annplo tcr 2

' the diasuuian.

Por theu oonditions. tho ohnraoteristic rrequonuias lro g:lwn by :




fe

Cexfe
‘9;53@1651455¥5&it‘ff*

"

‘Lot us - gtudy more particulurly whnt huppons t‘nr smll vnluu foI“ ivm opon-

ing and pa.rtiou].nrly a= —%—-.’

LY "2;5¢u
o 105 X 10

tan. '3

If we rcpruent grnphiully. for n. oertain 'nluo o:r l qhnsnn for lill-
plieity as 1000 ‘Be OF lﬁ 0.5.5., on cno hnnd ttn --%!- u u ﬁmotion

of ®, on the other: h!.nd 2‘5- ‘ n.s a fmntlon of u, the h:torsoo-
1800 = &® -
tion of thase. ourvu ghu us tha poui.blo vlluoa of n.
We ses that for nun valuu oi‘ u. rroqusnoin distinotly lou

thln B4E6 per noand, tha valus of “ romi.n
2n, 5% ..... with tan  —— “ in- tho neighhor




On the contrary, for . o approaching Bs 55 x: 21\. tha vuluo of ®

'ant-.bliahou 1tu1f around 10.51! or 11 W61 with tan -—--—- lppronohlns ‘h:- | AR

finity. There. are othar aolutiona with: vnluua nf w diatinctly h.‘l.ghnr,

such -that tean t’ appronches uro again. j‘v_" e

Now, then, in tha syutem deucribud, vrith thn ohosen mmoriotl
values, the oscillations o8én be of wo typaa; fira‘c, with a. ohnrtoturil-

tic frequency giving tan ——-‘— nrcnmd zero, that 13 1'9 sny. causing the

conduit to vibrate on & half Wave -Or On tho hnrmonica E - 2!. —-g-zf-. %‘-—,
and so forth; gecond, with a. characteristio frequency near ruonme of
the vanage, making tha oonduit vibrate very: ncar to & oerta.in Mmonic 1n Bt

the series E = 42, T éﬂ-—, and 8o forth.,

The state of pressures o.nd velocities b my pnin‘c on’ tha con-:
duit, in the utltiomry regimen, and 1n particulor at the pump, rosult
from the relations of Allievi ‘and, in partioular, i‘rom formuha (19)

The pressure P &t kthe pump, - set.ting F (t) - F(t - ---—)
= 2 cos wt ein —%—L, takes & small altemating mlue for caoillutiona :
of the first type' (tan 'a:}'l ~ 0) ‘and ‘one - i'inda !.n the conduit plncea
where the preasurs 16 venf muoh highnr. ' ‘ S

On the contrery, for occilhtions of the aecond typo vith the
conduit vibrating on a I‘requenoy olou <o rescnance of the vom.ge. the in-: 3
verse takes place, and one. finds the mximum 11tarmt.ing mplituda of tha
pressures at the end of the conduit, the t is. t.t the lavel o:l‘ t-he pump. :

It remains to be ueen, by ma.ns of & dieouaaion of equntion

(28'), what froquency oan most effaotivaly aatnblish itaelf. . In 4his equa-~

tion end ip the case whioh oonoerns us, -ETY— is . a roximtely -1—925—-3
l 1.‘ ) pp aw

£ ie e faotor of the order of 1/6 to 1/2; ‘@ _of the -order of: 1/5 in- thn

example whioh has: ‘been - .geleated, from which we got an - order of - wlgnituda

of -?‘—09- For the basic chcraoteristio frequencies, go ~~ 2T . Eo_; the

oharlotariatie frequencies in the: naighborhood of maanunoe of the ‘?Oﬁdnj.-t,"
w 2R 2‘505. 36, : : ‘ RS




Por Erequenciss of the first typs; tan -SL ~ 0,28 reduces .

008 2L >0

The fraguenoy whic'h muat oatn.bliah itselr oan be doterminod rigorously. u.i‘
we have sald, only by B atudy of the nonlinen.r equations vrhioh e::&otly |
‘govern the system; but it s evident tha.t it .’a.s whutavor will have the
property of giving the graateat absolute value to the preeeding expraasicm

whioh will impose iteelf. Examinatlon of :t‘igure 9. whioh sho’«s the detor-.

mination of the roots for & provea thlt it is t.ho 1mut i‘requanoy.
¥ = 24, which mast ostnbnsh itulf, nmong thoso ol‘ the ﬁrut group, but
we do not yet know whethor or not:one of tho seoand group will impnu '
1tself. We see ‘that a1l the poiutl, 6, 8, 7 .....'ara prohibitod booaune‘

1l - 3 tan wJ for those points booomea 1aas tha.n zero.,' e

For froquenoioa of tho aecond type the inoqunlity (23') buccmsf

numer ically

If ona referas to I‘igure 9, one sees that for:a. freauenay of the : leoond
group just below resopance of tha va.nage, tan --;-!- hes ‘a positive valuo
as weoll a3 ©o8 ‘:‘ " On the contrary, for a frequenoy juat before -

resonance (point 9}, tan ---—- has a high: lnd positive. val ue, but - _
cos "';‘ becomes . nagative. ‘For frotmenciaa o.bova and beyond. poin'c 11

is- re*eoted for the inverse reason: tl'mt point 9 was rejsoted o

25




I,(t&n—by- A 0- but 008 ——mem ) O). ‘

' Bumning up, with the n\msrionl nluu ulooted,*only the t:o- o
quenoiu oorrospondlng to- pointn (10) .tor tho uocnd group lnd (1) for ‘
‘the first group ‘are to be omaiderad. - ‘_ j: ‘

As’ tor knauing whother froqucnoy (1) _o;-’;f’(m) 'ai ’

parlmtarl.

vanage (5. 5. hero) ran- mry nnr a hnmniquo ot tho urhu.
X ‘g’ A8 ... ‘it ls the frequency of the second group thet Wil -'
maintain, The: vmgo 1-poua Hu frequanoy on thn oondult, whi-.. thm
tranami ts to: all 'pointl o rn.pid 11bution of . the vltur.- But -the h‘noru “,_ £
‘oan take plnoe, in whioh oue the oondui.t hnposn ey rrequenoy on: thn :
venage which takes ths mnont roquirod for ullowing the oom!uit to vi-

brnte near 8 half" wnvc. -

wﬁ Pmo-m T o T
Orger pope? IRV I FIE FERC D A S
Organ pivus ‘are: auppliod n.t th-ir buu with a vibrnting rood

~ whose meovembnt oan nodultte the: air: being: bloun 1n tt tho base of tho _
pipe. The system: anupriaed by tha hlonr-r«d—pipo is widently gmrnad

‘by equations of- icho ‘sams sort. as-those we hn-e developed for puupn so eur

work will furnish: l thnory for tha mncticning of orgln pipea if m up- ¥
‘plies himself to the nevessary trmpouition. An: 1uportent differmo 1- g
contained’ in the faot th\t one nokl to plloe tho orgm pipe 1n vibrltion : '
Ny roal:lzing an Aooord ‘between tho rcod end tho pipe. This. tooord 1- o
NE0esSAry bucauna the: 11:-. med as’ the tluid imtend of vmt-or. aupplies
" .a remction which is much. more teoblo (700 tta" a8 rooblo bcoa.ulo of the”
ratic of densities). S0, in tha onze af an orgen pipo, o alvaen hu '
‘vibrations -of ‘the. uoond typo. ' ) . '

Note ‘oonoern fig the possible
-yasonence with sn mpoud rojuon oy

) There ias to be. oonsidorod the osse 'horo an thoud !‘roq\uaey
md.sta in some pert of the sy-tem uuaocptihle to osoillations In ehs prob-"
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len: sat up there might bo, ‘Tor example, o slight unbala.noe of ‘one. of th-fjv-
pumps or of ome of the driving: mtora. For anmple. :l:he pumps of tho ‘ -
instellation that we - have in mind turnad at 4 58 r.p.:. Th.is !‘raquonoy :
is quite close to .the frequanoy 5.8 5 found for the oscilluting _of tho |

vanage system, But this ohnrnoteristic frequenoy oi‘ the va.nag:"iwna ul-

it has sn added mass due to tho entrninment of water. by tha part.s thﬁt i
vibrate, inertia inoreaus. and the oturncterhtio f‘requanoy diminishu.

Thus fer & certain- atretohed membrane one oulcull.tos - ohnraotoriltio e
frequency of 800 per seoond then, in the praaenoe of waten i.t fnlla to
160 per second, The added mass ia axpreued aa tho 1nort1a multipliod by
( %0 )2 u 25, In the case at hend where the- momont of ‘dnertis . jof -the
‘movnbla vanss 18 one-tuntieth, npproximtely, of tha total 1mrtin of the
system with the controlling xmohunlsm. . tha inoreaua due to the nter af- -
fecte only this ono—twentioth part. Thus, the fagt that, 1;hlei vuguung f _
vanes do not extend into :an undeﬁnod ﬂuid but - only 1n1:o tho jet ‘Whioh
traverses tho pump ‘forces us ‘bo truat problem in two dimnaions whoro i
one finds T— to be the inomua of inertia. The relative :Lnoroaue ‘

in our problem. will be ‘1 +: (—-2-— -—2--) or- approximatoly 1 + 'Tﬁ—

and .the decremse. of frequency will- vary ‘B8 the inverse of tha aqmre root L
whieh 1s -.pprmdmtoly 1 - "Z?F" ‘which glves a ohn.raoteristio froquanoy
‘of b5bb [1 - 20 ] - 5, 0 in the- preaonoo of ntor, Undor thono oondi-
~tions, emtching up on tho I‘raquency 4,68 heooms Quit;e ponaiblo. ‘ 'l‘hi.l
frequenay '4.58 oan introduce 1tself into the systom 11‘. Lor: emple,
pump has 8 alisht unbalmoa or & slight eooentriolty olusing a moduhﬂon
sorresponding ‘to the diaoharge. "It 4s then’ praotioally oortain that in
| the numeriosal - example which we have ehosen, a mohanioal r:lbration of
‘pumps , turning at their normal - apeed, eorvas to attaoh itsolf to 4the
coupled vibrations of vantge and comduit nt . fraquency of tha ordor of
4.5 per seoond, the effects of whioh may ba oonsidorablo .onithe pnrts o

which have no-means cf uupport.

On the - oontrary, if somthing huppens whieh increases tho elo.:- ;
ticity of :the vanage, for emplo, & rupturo of the gears, then :the ooe!'-'







