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INTRODUCTI ON 

The phenomena o f  pressure rises for varied regime "in conduits ii=,. 

have appeared to.be mysterious for a long time. For the most:simple and ~' 

frequently occurri=g form, that of water hammer, :it seemed to ~be 'impos- 

sible to give a theoretical explanation in accord,with the facts unti'l 

Allievi inhls classical work in 1805 discovered a:method of !£ntegration"~'. 

for makln~ an analysis. 

It is necessary for that which •follows to olariTy,the mature .of. 

%he problem as resolved~hy Allievl. 

In a conduit of constant cross section with uniform~'u haracter~ 

Istloa over its entire length, the movement of the water is established 

by the followin~ equ ations-I ~ 

R 

Ip- density, P" pressure, u - velocity at a~point on~thelab~eissa x 

measured alon~ the conduit. 

Fir st, the hydrodynamic equation of motl on: 

(1) 
~u _~ p ~ ÷  pu-~+ , -  O. 

Second, the equatlonof oontinulty: 

The first simplification introduced by Allie~i for studying the ~phenomenon 

of propagation consisted of negleotlng the term P, ~ • : :...:=. ~ . 

For propagation of-a dlsturbanoe, ~ velocity .u •~°fthe•:'water•at•••each:. :ii:./! 

point is effectlvely a ~notlo~ of (.t_~-~) where o eq~m, ~.~..~e- 

Iccity of sound in watero It is clear, '%hen, that~ i:!: 

5u I 5u 

and %ha% 

!: 

-{ 
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,Since o i s  0 f ' t h e  o r d e r  of~'.l,4OO~m./sec..;and-.,u Is"of"ilthe ~ 

o r d e r  o f  s e v e r a l  meters ; 'per  : s e c o n d ,  , then~*by:*neglect ing  
• ' ~ -" .  ' "  O : ' i i ~ F ,  

the e f f e c t  i s  an e r r o r  ~ o f o n l y  s e v e r a l  p a r t s  per '~ thousand  iin~.thb .terms: - 

..~---. Besides. tMs 18 rt~,olassleal :Simplifiaatlon:~In~:&oous~ios .where- 
o n l y  s m a l l  movements  are - s t u d i e d ,  sO ~;~e : e q u a t i o n s  ,,.of A I l i e v i ' s  

( l ' )  .~u  -~P 
p T , +  T -  o 

(2') 1 ,:ap :a~ --6- --~-T-,, + - ~  - 0 

are  n o n e  o t h e r  than  ;~l~s~ f u n d a m e n t a l  .e q u a t i o n s  o f  ~: a c o u s t i  os  . !~  ,'~These e .qua-  

- / / .  

L ' / :  L 

:'2 . 

2" ' 

t i o n s  s h o u l d  be Oomple~ed . .wl th  t e ~ m s  e x p r e s s i n g ! ~ t b o ,  e f f e e t s . ~ : o f ' . . v t s c o s i 4 ~ r ,  :.~:!::}! 

but  t h e s e  w i l l  i-be o o n s i d e r e d  , l a t e r o  ~'~ " 
• , , . ~ , ~ - : . ,  • . , ~  

E q u a t i o n s  ( I '  )::and ~ i ( l t )  o e n ' b e  s o l v e d  'only ;-If ~one ~.k:~ows ~th~ . , re '  i ~'!! 
lation between P ;and ~.p".whi, oh,::oharaeterises::the compresslb£llty of :the 

medium. I f  one oonsi.ders~an,adiaba~ic.,.pheno~enon.and.~ass~mesS " " ::ii'ii~i.i: 

, e l !  .dP 

t h e  g e n e r a l  s o l u t i o n  of .  t h e  e q u a t i o n  l s  . , ,. . 

( ,1  : u  ( t , -  ÷ r t + 

f a r e  m r b i t r a r T f u n o t i o n e  ~nd o ; i s  ~ h e . e p e e d  o f  sound F and 

I n  t h e  p r o b l e m ~  of  a o o u s t i o s . - t h e  1%me, i o n s  F ~and s£  : a r e - d e t e r o  

mlned ,  b y - t h e  b o u n d a r y  c o n d l t l o ~ s  wh1.ch, o o ~ I s t  i n  . g e n e r a l ,  o f  i m p o s i n g  on 
j~  ;-J. 

one .of the-variables P ,or. u. a~14~w o£-ivariationwl~th ~ime::at:~two limit6- 

2 q Z 

, J  

-7_ 
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x - O, x = ~ of the conduit, :' 

If, for example, one.,:imagines a:;pipe where for x -;0 'one im- ~' 

poses on a piston a given ~dlsplaoement . -  

5 x  " a : s i n m - t  . . . .  

am8 where a t  x -." one 'ets up a.solid wall, the result~wouldbe !!;';i 

.~•8 x. ::? 
u - - t'~"--" a ~  cos = t  f o r  . t - ~ O  

u - 0 f o r  x - . ~ .  

For these conditions .the physical,problem~/6f knowin~:-the :,~sta.te 

of the air at every point is perfe0tly determ/ned ~as~is'also the~s~Athe - 

~tical problem, since the functions ~F . and .... f ~areeesily:determined. 

• S o n e  ol~rl s e e •  

In the problem of.water'.hammer although h~dledby~the~',Im 

equations the situa.tionis ~ vastly ~different- ~.At.one~of the':~limits 0f;.the • 

conduit there is -a. condition of an aooustio~nature, for~ example, ~the isur- 

face of e reservoir at constant .pressure. P,- 0 _for x-.:~J;~and at ,the 

other limit of the conduit one exerts an action upon the .diScharse~by'_~var~. - 

ing a ~eom~trio parameter (valve being closed following a Certain.flaw, ~,pump~ 

or turbine placed in a motion..whose~,effect on-the pressure P and:the ~ve- 

loolty u constitutea newproblem for so.l.ution).. - . 

Let u be this parameter, for example, the degree.of ~openingiof ~ .- 

a v a l v e ,  t h e n  one has t h e  f u n c t i o n  ~8  - ~ Q ( t l .  One must  f i r a t ~ f i n d : t h e ' ~ i  !!~;j:i 

u upon the discharge of water! that;is, one .m,~st~.ide.termine :a acti on~ o f 

relation: 

(5) ¢ CP, u, t .  = ( ~ ) ) - o  ~or = t o  - 

5 :as  . the • and  . then  i n t e g r a t e  t h e  e q u a t i o n s  . ( 3 ) ,  i ( 4 ) ,  i . i ~ h . - t h i s  r e l a t i o n  ,(  ). . . . :  . ~,~.... 

condit ion. . !at  t h e  limit f o r  x.~ O. 

The enormous progress at.tributedlto Alllevi Qonsiste'd;~flrst~of ' 

a bo ld  s i m p l i f i c a t i o n  o f  the r e l a t i o n  ( 5 ) - f o r  oases,--alrea~y-widely:extended~ 
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,,/, . 

o f  
and then a ,~sthod^iteratl on v,hich was particularly elegant for obtelning -~: 

the corresponding s o l u t i o n ,  ~" 

Let us t a k e ,  for example, the~case of a valve.:whichis closed at 

the end of a conduit: the section for flow at r~the end is reduced in:the 

ratio a, a bein~ an arbitrary functior,:of:.time between.zero andinfinityo 

If the conduit is completely open,-the velocity ~u is related~to :P .'for 

steady flow by the relation . - . . . 

I Pu2 =!Pc (s) P + .:- 

1 u ~ or -~ p " Pc "~PI' or  in a formeven more familiar to engineers, 

h - height of water corresponding to:the differenoeiin pressure Pc ...... PI 

that is, vertical difference in level of:the ~onduit. Allievi assumed 

si~@ly that the action ~of'the valve reduces the.: velocity u,. based on the.. 

total section of t h e  coudult, i n  the ratio a as follows: 

o r  

(s) 

2 

I Pl[ I p u 2 ,. .. 

o '~i! :! 

!•,i 

h or P ceasebeir~ constant but vary acoordin~ to ~e~uations ~I~) and ~(2~). 

.Expressed another way, if~one draws~a graph wlth:-velocity ,u.. ~at ~.ii::ii:~ 

t h e  o u t l e t a  a s  a b s c i s s a  .and~ t h e .  p r e s s u r e  i p o  - - P  a s  - o r d i n a t e ,  : t h e  ~hypo.the - " .~ 
sis of Allievi is that at each:instantS%he point representing~:t he " r e g i m e n :  ?:~ ! 

at the outlet ~is located on-a~kncwn~urve +derived from~a,~fam~!y Of iourvea :~/! 

f o r  t h e  p a r , ~ e t ,  r , ,  ~ d  ~ f i x e d  ~ bY,~:the~ v a l u e  ~t~t o~ give, ~thei~r~mter :~i:: - 

~: %he family of characteristic curves oon~rises:the l~trabolas~with the:e ,qua'~ ,/ 

"4 • • :~ • •':', .• •~!~, ,,: 
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We will not stress the very elegant ~soluticn 

of equations (I')and (2') furnished by :: 

A!lievi for such conditions at the limits. 

The works of Allievi, slrea~ :in- Fi'~. 1 

portant and ~umerous in themselves, ,have 

given place to a multitude of developments and applications consisting in 

general of complicating the characteristics of%)~ conduit in ascordan0e ~: 
i 

with necessity and practice. Noted among cthers~is the wo1~k~of GADEN ~on 

surge tanks and of JAEGER on multiple conduits. Onecouldnot do ~better • 

than to refer to %~he works of these three authocs for gainir~ an apprecia- 

tion of the degree to which practical developments ~ have ;been pushed. 
/~ 

As for the theoretical value of these works, it must be lssLid that 

they are strictly limited. None of the moder,~authors writin~ about ~the 

subject h~ve brought this out. We think, on ourlpart, th~t!~it is~mUoh 

better to say frankly that we are stumped and~thst it is bad,to present,to i ~ 

students and future enEineers results~.a.oguired to date under am ~errome0us 

form which deprives them o f  any possibility:of attempting to ~perfeot-the 

theory in view of the important and real :problems posed :by,prattles and ~!oh 

are entirely incompressible if one is bounded by Allievi~'s~approaoh- 

Alllevi's solution depends, as we have said, ~prinoipally~on~:th • 

hypothesis that ~t each instant the figurative point (in the~d/a~am~of ~fig, ~ 

I) of the regimen at the outlet is found on a known curve (varylsK:besides " 

with time in a known manner). In :the particular case ofa.valv~ iwhloh~Is i 

c l o s e d  a t  the  end o f  a c o n d u i t ,  t ~ r . ~ W e r  ~o8~ be o b t a i n e d  only  by .using"~for 

a ease of clearly variable flow the equation 6, Ber~ouillits !%heon era' wk~eh 

i s  v a l i d  on ly  fo r  t h e . s t e a d y l ,  s t a t e  and , in  a form wh ioh~asau~s~ .%he_f lu i~  ~ o  

be incompressible, an approxhaaticn which is admissible here f o r  '/other rea- 

sons • 

Strictly s p e a k i n g ,  it would be n e c e s s a r y  to,~t~.ke fro~ s q u a t l o n  (-!~)~ i~,~ 

~the comple te  i n t e g r a l  ~wtth r e s p e c t  t o  ~x , b e ~ e e n  t h e  l im~t~  ,~of the,~condu~t~ii'~! ~i 'iii 
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whi oh give s: 

,p , , , / p .  f --~-- dx + , ~ p . U  (X. O) -o 
o 

It is evident then that in,varied flow-the:relation between ,the 

velocity and the pressure at the outlet of . the  .conduit cert.:not:be ex- 

pressed by the restriction of a figurative point on:~a,curve ~in .the dlagla~ 

P - P, u ; but the value of disc,~arge,at each:instant depends'..upon':the~pres- 
0 

sure at the outlet --and also, u~.?~ the ~aeeelerati°n-. . ,~: .=of:the~ater ~ •  --,--. ~..-at •:/. 

each ~ of the conduit. :Xn addition, in:thevalve :itself,~ring the : 

process of decreasing the section we~will find values of : ~  ,o£::oonslder- 

able magnitude at each point, and it is:clear .that. the~,~veloclty~., u referred 

to the t o t a l  sec t ion  of the conduit  c a n n o t : f o l l o w ~ a  law .as s i m p l e a s :  (8) 

and can no longer be expressed [or a glven value of-closure = ]~r:a s~.e 

relation between .u and P. It ,is .only by passin~ overall ~hese::diffleUl°,: 

ties that one can simplify ~drodynz~nics sufficiently to make it int~:b~- '~ 

d r a u l i o s ,  and p a r t i c u l a r l y  in to  the theory of :water~ hammer. ,From~this';poin% :,i 

on it seems to us to be a matter of,entirely conventional :works-It~:~uld be: "~ 

necessary each tams t o  examine carefully the character,more :orless :cc~as%ant 

with reality, of the characteristic curves~ adopted:for %he outlet, device : :ii~ 

÷ (such as the parabolas  P u 2 "  (Pc " P ) a 2  i for . :c losure  o f a ' ~ v a l v e )  before,  .!~:!:~:~.,<~~~.~ 

adopting any conclusions. ~ 

Let us: hasten to say that in ithe ~Jorlty of oases ,!~hi~s;discuasion 

shows t~t for transition flows which:are quickly~proVoked:"and:all  cwed~,%0 :' ilii; 

evolve by themselves, •Alllevi's conception i s  largely suf /~clen% %o .account ..• ...i;i!: j 

for the facts in  a nearly quantitative manner. :,~ 

'The theory developed on'the preceding basis has found .its :mOSt . .~ 

Bet g e r e n ,  who has developed.a-complete  g raph ica l  i n t e r p r e t a t i o n  of.?the so lu -  ! II/:: 

fleas of equations (I ' ) and- (2 ' ) with, boundary conditions of-~the:~Allievi ~!:~ 

,type. :The most recent .form is i n  La Technique ~oderne, :January 15.and :Feb- ~,-"i: I 

rus ty  I ,  1956, opp..3~ and 75 r e s p e c t i v e l y .  The =. g raph lea l  mS~hod..o£~.M. L,  , . 

:! 

• _ !i 
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Ber~ero~  c o n s t i t u t e s  not  o n l y . a  g r a p h i c a l  : i n t e r p r e ~ a t i o n o f ' ~ t h e  :~eo,~puta- . :. ~. 

t i o n s  but a l s o  a t r u e  ~ t h o d  of~integration-whioh~supplies~P t s e t s e ' a n t i - i x ' ,  !~ 
act solutions of equations (l * ) and : (2 !) i ev~ .r in %l~:::oase, Where the : system: ', :: 

of o~aracteri~tio: curves i c~ ~Allievl have an::analytloal :~orm:w~oh~is ~oo 

c o m p l i c a t e d  f o r  a compute'd s o l u t i o n .  :~ ~ 

In  o t h e r  w o r d s . . t h e ~ g r a p h ~ o a l  ~ method ~ o f  iM. ~ Bergeron.  g ~ . t h e - m ~ x i -  

mum r e s u l t s  w h i c h  can be o b t a i x ~ d  in(dependAn~ o n ~ % ~ e ~ f r a ~ e w o r k : o f ~ t h e i ~ Y .  

pothesis of Allievi ~ and ifconstitutes t~ happlest~a~d ~st,co~plete.ex- 

pression of what ~ight be called .the theory of Alllevi~. ~. ./l~.,s...~.~mlidity:As. . 

always strictly limited to that.of Allievi~s ~othssls ~-and ~:It ~re,qu~res, a~ 

we have seen, that.a characteristic relatlon'.bet~een:pressure ~and~di,-~har~e 

be known for the o~tlet at each~instant. . . : 

k 

IDEA OF BYDRA~LIC:I~PEg~NCE .,-ELECTRIC ANA.LO(}Y 

To i n s e r t  a t  some po in t~ in .~a  c o n d u i t  a device~whioh::: lmposes\  'a~re" 

l a t i o n  be tween  p r e s s u r e  .and di  scb~rge  amounts  i%o : i m p o s i n ~  an hydraulio!i i~m- 

.edance at".~his  p o i n t  by a n a l o g y  w i t h  the  notion:.of/eleotrical:.~imPeda~ee'-~: ~ 

The p r e s s u r e  a t  each  p o i n t  i s  i n  e f f e c t  the  .analogue  o f  voltage' . -and "~the 

d i s c h a r g e  t h e  ana logue  o f  e l e c t r i c a l  c u r r e n t .  :The ~ .  c o n t r o l l e d  o p e n i n g  at:~,~the 

o u t l e t  Of  a o o n d u l t  sets up a veloolty u ,  whichls relatod~,~ %hedrlvi~g 

p r e s s u r e  Pc by t h e . r e l a t i o n  

p . i pU 2 
o 

which has for ~nall che~e~ in u the~oharacteristios of a.resistanoe.o Xf ~ ~: i 

Q is the discharKe uS, where S Is ,the.. seotlon one has, i~i.e£fee~,. - i~i I 

(lo) puSu-(p- -) 8 (Su)- pTSQ, 

T h i s  i s  t h e  a n a l o g ~  ..of g . -  R i ,  the  r e e i s t a m c e  ~R. ~ b e i n g . i n ~ , t h i s : o a s e  ./~ii 
• . , v -  

- ~ - - u .  The c l o s u r e  o f  a v a l v e  a t  t h e  end:,Of ~a condul% amounts ~to ,var~m~:  .~ - :/!i.~:~ii 

~he r e s i s t a n c e  R a t  the  e n d - o f  a l o n g  l i n e  f e d  b y  a:b&%tery " r E ~ ~ d '  ~ e  "~:~ 
prob lem r e s o l v e d  by A l l f e v l  , h a s  for -~I t s  o o ~ t e r p a r t , . t h e  prob lem o f  ,the ~var ia-  "~ 

. .~ '~i I 



-] • 

!',: ;.,. 

,.,.• 

?: :.! 

i :  " 

" /  

, .  - . . : , .  , . ; . .  

- . " . • - ,  - , : : ,  , 

. * , ) - - ,  : 

t i o n  of.e~n:electrio flowin';a.llne::su~ 

~apacit~oe .per unit of"len~h. '~Th~.!e 

eleotrlc line are obtained as~,follows: 

_L 
m 

E o  

<:. 

• " t 

• , , . : , -  :]1~ 

• _ ._ . ,:< .- - ,: :..- .... :- 

:Fig. "2 :" " 

, v 

: i  

, : , 2 1 : : n . , :  • 

_ %-) 

o f  l e n ~ h .  , F o r  the l e n g t h  d x  o n e  h a s  ~ h e  : i = d u o t ~ o e / t ~ , ) d x  , i ~ i  i i . ~ . l a w  /:/i:<i 

o~f i n d u c t a n o e  g i v e s  : j  : -  ~ . :  . :.. i; : 

If .one considers ,the (~voltage 111 .and-:the :current .i : :,as :,functionsi(of ,,x..: .:: ,., 

• arid, time, .then we c~n-~wrlta 

.BE . .  8 i  = . , ,  (n) ~ , + , =  - ~ - ' -  , , -  ~- 

. , ~:,.::.... :~.11.i-. ~: " 

. .  :: : O L )  .",.::-:.. ...... _ :~ . . . ,  :-" ? ' - . . ~ 0 : i i : :  

( t h i s  i t s  ~ a a l o g o u s  _ to  : . ,, . 

a v a r i a t t o n i : o f  ?i  suoh~tha4 ( x + d x )  :) iiii':"i.i:>(?i::~ 
i n  t h e  e l e ~ n t  )durin ~ t!ime • . . . .  . .... - ~ T . ~  ~ w h e n : ~ l t ~ p l i q  

voltage ~E a t ' t h e  boundaries of-:the::e!ement":thus 

" .... :C.7 L ..... 

- i ~  ~ l o g o u s : - ~ t o . e , q u a . ~ o ~  i.{2 ! ~ ) . ; : a n d .  t~  

. • . : ° 

: .~:~ • . :  ' i ~,/~/ . /  

- . :  - :, 
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t 

if one supposes o - ~  ,. ~he.,:,~quantity:,tl~t;was-~,fc~m 

the speed of light in a vaouum when~:oomputing the:induo~s .... 

o a ~ a c i t a n e e  ~ ' .  . -  " " " • " i " 

To simplify the :ease .let us:ires[ins P 

in the positive sense: f :is~.e~ual~.to~zero, 

(4-x.)o "'• ~ ' ~ F  ~ 

• , .,. 

i,. "~.-." 

~C :-~ 

The term ( ~ )  is e~lle~ .the~i~ra%ive._.~~. i .. Of .the. ,:llne,...:: ." . ~-~" ;" ' -~i 

Comin~.baok to o~e:. c 

(4), let us conslder, also the 

We have 

p m  peu 

or introducin~ the discharge ~Q 

e ~ wave ~u: a ' posit ire i~eense • . 

. . . .  . 5 ".~ 

. . - . 

i. .! 

3 

"" m ~ p O  n " - - ! 

pO i. ii!ii ,in be t h e  it°rati, e ~of~the.o0nd~t"-a~:h's.. . ~.~o~,a~r-:'._ .~ :~ : ~:~ . ~!:~.i~, 
, .i,.S ~ i of ~ real ut~oe ,.whieh.D~s :.that ..at-each~polnt i f".the .~ndui4 ~ " " ~~r~ .~' 

ii"!~ v e r s e d  b y  o n e  :or  more  '..wave s : ! n  i a  u n i q u e  . ser~:e ,  t h e  . v a r i a t i o n s l i O f ~ : P ~ e a s U m S i .  

:i'i : :However, all hyd~ull¢ im~ed~ees .are-not, pure reslstanoe O ,laDt.. ? ~ii:::.!i 

r"~''~: cue place, for example, ~.at t~ .,.-top..of :~a,:conduit. a: pi.Ston~we~gh~ed " .  .. by..-a.., m~ss.....::~- .~..-~.~-.. ~'~i! 

"~' m. If u is the. velocity of :%~:water. at!tP~ ~,leve_l. of ~.the .~,pi~to~, ~,%~ ~. :~ !i~ 

pi .:is . - :. • ~::'! .... ::~ ~i.i . " ..displaeem~nt. o f  the . • . .. 

.... :=~,~ .f. • u at 



Fig, 3 

J 

2X 
The 'force ~Fw~m ~ Is>~set- 

up due~to the interia O~ ~the ~SS} 

which oon~s back to lhposing '~a,:p res- 

P F ~ and given~ by sure  - - ~ - -  e q u a l - t o  

-S '~.dt 

orl  i n t r o d u c i n ~  the , d i scharge  

m dQ 
P- -V-- ~ 

m is then an impedance which makes the pressure proportional~to"rate 
S2 di 

of ohan~e o£ the discharge. By analogywitb E -L --~, this is, an .... 

h y d r a u l i c  inductance • r ~ . . .  K 

Le t  us now c l o s e  t h e  upper  

end o f  the  c o n d u i t  and m a i n t a i n  t h e  

piston with a sprin~ K which could 

be an air reservoir. The replacement 

of the piston f u dt sets up a 

f o r c e  which" is 

J 

!Fig. ;4 

where K - stiffues s~ of spring, 

o r  

P" S2 

By analogy ?Jith the,law E - +:/~ i dt which glves~the 

" t e n s i o n "  at the l i m i t s  of  a c o n d e n s e r  be ing  c ~ r g e d , w e  can  say  that 

K i s  an h y d r a u l i c  c a p a c i t a n c e .  

:But i n  a number of  p r a c t i c a l  o a s e s a S ,  ~for, example ,  one c l o s e s  

s heavy vane with interposi, tion:of elastic meohanlsms,~therei s intro- 

_,duced upon the oonduits ~tl~ me mohanls ms:~whl°h Mve the ~ character :of .hy- 

draulic i n d u c t a n c e  or c a p a c i t a n c e •  

I0 



; /  

+ ,  . • 

+!!i 
2" 

..... • :++ ++++:++ + + . . . . . . . . . .  . +~,~++ +~ ++ . . . . .  + p ~ + + +  +•!+~i:/~+ ~ ++ ~ ;•+ 
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I n  t h e .  w a t e r - h a m m e r  t h e o r y  a s : k n o w n ,  w h e t h e  r ~ i t  : c o n o e r n s  A i l t e v i  , s  • ~:!i: 

computations or their graphical expressl on +by M, Ber~eron, ~ these eases ~~e ! 

completely put asldebecause they cannot be treatede 

Allievi ' s theory reduoes~ itself then- to 'the '. ease where all ~.the 

hydraulic impedances are pure resistances which can- be ~.a ~+~netlon ofrile- 
. i,l c 

charge as the example of the valve prevlouslytreated haslhown ~ it~o+be~ +~+ 

l l n  e l e c t r i c i t y  t h e r e  a r e  a l s o  n o n l i n e a r  r e s i s t a n c e s  w h o s e  v a l u e  d e p e n d  s + % r~" 
u p o n  t h e  c u r r e n t  w h i c h  i s  p a s s i n g ,  B u t  t h e r e  i s  n o  e l e o t r i o a l ' . . m e a n e  t o  
represent exactly hydraulic resistances proportional+to• . .discharge, +<~ 

Ins form more familiar to engineers, 'co oould~lay @hat Allievi,s 

theory is limited to the case where+tbe machines at+the end ofa~oc~duit 

have a function which can be deflned/by characteristlo curves of pressure 

re. dlsoharge, but any ti~ that+these machines present inertia and+~elastl- ~ 

c i t y  t h i s  c a n n o t  b e  done  a n d , + i t + . i s  n o t ~ l e g i t i m a t e  t o . a d m i t  w i t h o u t  d i s -  

c u s s i o n ,  a s  e v e r y o n e  has  done~up  t i l l  now,  t h a t ~ f o r ,  a~+~machins . a s+  c o m p l i c a t e d  

as a puup .or a turbine, the f~ctloning In - variable +. re~imen d o e s  not +depa r t  ~:~ +~ ~+ 

from the static +oharaoterlstics of pressure discharge. 
. + . . . .  ;i 

AIM OF THR PRESENT WORK 

Thi+ ,ork i. de.i ned to l.,d up to .yon ,or.  +lex pbe=o-. , ili 

such as when a+oonduit is coupled .to a~mechanioal sys%em:.susaoptlble-i.%o ["~ !I 

movement  and  ~whose d i s p l a c e m e n t s  p r o v o k e  i n  r e t u r n s  r e a c t i o n  u p o D  ~the +.£1ow /"~~ii 

o f  f l u i d ,  S u c h  a s y s t m n  u n d e r  c e r t a i n  c o n d i t i o n s  c a n + s t a r t ~ o s c i l l a t i o n ; b Y  + 

i t s e l f ,  a s  i s  w e l l  k n o w n ,  and t h e  c l a s s i c a l  t h e o r y  o f ~ . . w a t e r h a m m s r  c a n n o t  :i+.~ 

in any manner explain the birth of such osoillatlons.nor,:predle%+~at.-will~%r. . '~ 

h a p p e n  to t h e m e  We p r o p o s e  t o  + find-+ t h e  me..:+ounditi ons+- o f  c s o l  l l a t i ~ s  + ~ d . + d e -  + 

s c r i b e  t b e  o s c i l l a t o r y  r e g i m e n  w h i c h  r e s u l t s +  +/,An example+of .auo+hi '~a  + s y s t e m  +.i 

i s  f U r n i s h e d  b y  an  o r g a n  p i p e  p r o w l d e d , ~ t h  ~_a?beat in~ r e e d  : A ,  L!Under+~the+ : ~++~i 

i n f l u e n c e  o f + a p e n ~ a n e n t  J e t .  o f - a i r  t h e  r e e d  i s  made t o  v i b r a t e i : l n  r e s o n a n o e r  +:~i~i '~:I. .+ 

u s u a l l y ,  n o t  • w e l l  known , w i t h  t h e  period o f  +the +-pipe, !~+ • .~. id. i~ill 

• I n  t h e  • f i r  s t  .-part+ we +wil 1 d e v e l o p  t h e  s t u d y  ++o£ ++o sol l l a t i  ons  +/+for +++~+~i 



a simple-conduit! in the seoondIpart 

we will extend the results :to .the.~oaae ::J " 

o f  c o m p l e x  c o n d u i t s  by r e ~ u l a r l y ~ . u s i n g  . . 

the notion of-hydrauli~ impedance. 

.In ad.dition, we will present / 

important enough results touching on ~ ~--~'A 

the resistance to radiation~offered by .... >-----------~" J 
a r e s e r v o i r ,  t h e  a b s o r p t i o n o f  o s e i l l a °  " 

tory energy due to loss of headin'a Fig~ S 

conduit, the deter~-. "t ion of the ~y~amio characteristic s iof'!:machines, 
such a s oentri fugal pump s, characterl stl os ~vali d even in ~ varied '~regimen, 

• tOe 

. ~ i ~ 

"=r, 

k k 
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PART 1 

AUTO-OSCILLATION OF WATER IN A CONDUIT TERMINATED.I, BY ~A MACHINE OF. 
KN(3~N CHARACTERISTICS ~HICH~ICONTJLINS A ,MECIIANISM!~'OAPABLE 

OF VIBRATING AND MODULATING THE DISCHARGE 

We will discuss a-partloular praoti-oal,oase in-order to show 

t h e  r e l a t i o n  b e t w e e n  t h e  w a t e r  i n  the  c o n d u i t  and t h e  m o v a b l e  mechan i sm 

.at the end. Model of figure ,6 represents a known cantrlfugal pu!np-in 

which the discharge is regulated by moving the front part .A. ,:of the di-::~ 

retting vanesD In other words, there is,a ring-of movable ~dlrectlng 

vanes in front of a ring of fixed directing ,vAnes. These .movable blades 

can be oriented by the action of a ~n~ohanism which moves each of ~them 

about its axis and more or less closes the dlsoharge seotione 

/ 

/ -., ~ 
/ 

I I \ 

/ i \ 

\ ! 
, / 

/ 

\ , / / 

' " 2 

Figo ~ 5 

L e t  a be t h e  d e g r e e  o f . t h e  o p e n i n g  off ,  t h e . v a n e s ,  ?.a.-~1 

give the maximum discharge, and a;=O .represent olosure~of..the ~.pu~e ~ ' 

The static characteristics of such a pub.are known for each.degree of 

closure, a. They take the follswing form (fig. t!7): - ~ ~-'~ 
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/i  

Vi 

Discharge 

• ~Igo ';7 ' 
• ° 

It san be seen .that.In the ,.regon .of. opera.on ,A -,when ..a -:Inoreaees ;at ' :: ::~ 

c o n s t a n t  d i s c h a r g e  .the p r e s s u r e  ! i n o r e a s e s ;  rand, .when t h e  d i s o h a r g e  : i n ,  :ii} . i!:. 

c r e a s e s  w i t h  c o n s t a n t  o p e n i n g ,  , t h e  ;~ .pressure . .deoreases°  :-For-..small ,ohanges - 

i n  a and i n  t h e  v e l o c i t y  o f  t h e  w a t e r  u in:~the  c o n d u i t ,  'the-oharao- 

t e r l s t l o  o f  t h e  .pump r e d u c e s  to 

-Ci ) ~ p m  " ~  fT am ~ . 1 ~  ~ _@ . . . . . . . . . . .  • e OO0"Oe e t O  o o e o o e o  • o , - o o o . o e ,  e o , o ' e o ' i ,  ' ": ' / '  

. j y  ,: 
. . . .  

making  t h e  a s s u ~ t i o n  l i e v i  t Y P  . t h a t  i n ~ a r i a b l e  , r e g i m e : t  he ~!8tat io  " 

e h a r a o t e r i s t i o s  of t h e  p u n ~  are  .valt~d .: and tha~ .~a l . ternat~ . i ,wLriat i ,  o n s ! i n  .:a : i 

and .in u produoe  v a r l , a t l o n 8  1 0 f : P : in  phase  ,::wlth , : .1~hm'e lves .  .... . ...... ~-. :" 

• . .(.!4 

F l • Thi  s s t n q ~ l ~ : f ~ l n g  as  eumpti  on ,.oan .-be .male  ::•here : , . r l t h o u t .  

~the p r t n o t p l e  ~ f o r - e x p l a t n l n g .  --the prl~mlng -of . o 8 o i l l a t i o n s e  ...... ~: ::,,.~:~ ~..~ 

T h e - h y p o t h e  s i  s i 8 now introduoed tha:t ' the - o o n t r O l i ' o f  i!~he;~/~vab~e(::~: -':':. ., , ."..:".,~i 

d i r e o t t n g  v a n e s  t s n o t - r t  g i d  and t h a t  the  ~ l a t t e r  ,,are ,8us  o e p t i b l e  ~to ::move- :i :~, .-. . :!i.ii: 

~ n t  under  the i n f l u e n c e  o f  o l ~ n g e s : t n  t h e ! p r e s s u r e s  e x e r t e l : : ° n t h e . m "  " : i":;:i::i 

-Let  us f o r m u l a t e  f r o m  t h e s e  o ~ t t t o n s  "the . e q u a t i o n . o f , , p o s s l b l e ,  ,, . - .  . . . . .  

. movement of the vanes. :....~,;~ 

ii! 

~14 



C, 

• #D 

• [, .; 

. k 

Let @ be the-..,angle between :the .actual positionof ithe vanes 

and the position of repose (oorrespondlng!:to an equilibrium,conditiom "of " " 

the control mechanism). The va~es.oan'.vibrate around this ;,position With 

a movement according to the Is~ 

dZ~ ! f 
i - -  • k ~= sx,(~1.-,pz ) ..... ... ..... .... ...... • ..I'14) - 

dt  2 ............... 
t, 

who re 
! 

i - :is .the .inertia coefficient, ~takingInto .account' al~l 
that enters 'Into",vibratlon!movement :in:the ,vane:;system,; -.~~ 

f 

k -.is the coeffioient.of--ri'sidity, ':taklngxaceo~ 
• the el astl c ' f c r e e s  which~.:oppose ~,.the .~flexure 

vax~e 8 # . . - 

::S - .is .the area of vanes, 

P1 " P2 - is the, difference in pressure .exerted on,the two .faces 
of the vane, 

x - is the lever..arm..of the corresponding force referred.:~to 
the axis of r o t a t i o n  of the vanes.o 

iP2 
it,'": 4 

~L 

F i g ,  8 

I n s t e a d  o f  t h e - v a r i a b l e  :.@ we i n t r o d u c e  the d e g r e e : - o f  o p e n i n g  :.a ~of 

v a r i a b l e  8 a  from a ,  we have 

15 
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7" 

O 

' :d28~-÷-m,8 a - . -  Sx (Pl.-iP2) 
i .-- d t  2 

To evaluate the pressures and the variations .of'pressure, let us ~take <:, 

the complete hydrodynamlc :equation,-which is usable ..even i n  .'variable :flow. 

~u ~u + ~ .  0 

Integrating along a .fluid filament in the pump. ' , overa:le~h :.x, 

p + I pU 2 ,÷ px ~ .constant, " 

being a certain mean taken, along:the .chosen ,.length : ~xo 

In carrying out this~operation more precisely along a:movable 

vane, one sees that P, being atthe .point~ofLthe vane, P2 Is-also!~the 

pressure at the articulation of the sams vane fromwhence| 

..I . ~2 2 ,  + , ~ . 
PI " P2 + T P(Ul "u2 ~) px ~ o 

:, ." 

C 

i 

l (u22 i 2) is then the m~&sure o£ PI " P2 in..perm~nent reglme'o -y-p -u 

In oscillating regime it is necessary to~.%ake.:Into-aooount ,that~whieh , :'~. 

superimposes on P1 - P2 in addition ~.to the variations :of " .... . ..~ 

T p (u22 " u12)' the new:term -p.x -~.. :-~: 

Because the distributor, if it ~funotions.~,-~l!, passes:.at-oo~- ~ ".r ~ 

stant pressure a discharge proportional!:to a, an~:aln0e the.sectionals ~.';:.iiiii 

constricted in proportion-to a, the velocity in:the oonetri.oted !:seo%i.on_.... ~ 

can be considered constant On :the side '~ :~'2"" '~. ~iis"ineglIglble.. . ,~wh~le :--!:~ ~ii~ 

on the side where PI is exerted:one-has ~u u !~8::a ':" L e . ~ t i n g  

Pz " e2 ~ ' ~ ~ "  . . . .  . ' i 
. -, the e q u a % i o n : b e o o m e s  " . .i~. 

P 

i - d2s:a + ksa- (-.~Sx)~8~e~ (Sx ~p ,a)~,.Sa ,,,;~ 
dt 2 : ,l: 

Let 

2 u_~,f Spx : _ 
~Q 

16 



L~j 

t h e n  

But we have admitted that at the ;:pump the varlations of •:pressure ,are:re- ' 
- : ~ :  

l a t e d  t o  the v a r i a t i o n s  o f  , ~ e l o o i t ~ : a n d  of  opening b y  ~:'6"P~:m . ~ : 8 : a : - ' : ~ S u '  .:!/:_ 

Substituting this value of 8P :in the:preceding equation-Ind:ohRnsi~ i '"::iii 

the slgnifieanoe of the constant k and setting (¥SX)~- +~ ~i 

d z . . . . .  . " i..(15 : "  
" r + 8 ~ ' "  r ' ~  8 U ' " 0 " . . . .  " " " " " " " " " " " 

. | 

The c o e f f i c i e n t  f w i t h  a minus s i g n  i n d i o a t e s ~ a ~ n e g a t i v e  :daaping ' i n ' ~ h e  

movement o f  a I i t  i s  t h i s  .which  wi l l , : , i n  ~ e r a l ~  ~,be r e s p o n s i b l e  :~;~for: 

the beEinning of osoillationse , .  ~: r L ~ ' " . t~ ~ 

Let  us imagine  •now t h a t  our pump/~'] i sohar~es"~hroug h :a,,OOnduit :; 

of length ~ under: a constant water ~level. One has "the ~follcwing :~rela- ~,:~ 

t i o n s  i n  the o~nduits : " r 

P - P +F ( t  - 
0 ~ 

U I ,U  O -  ÷ ~ . . p c  

"L 

.~ith 1~w followlng , c c n d i t i  onl P ":Pc  for x - J.. 

Then 

.and 2a• -  = , )  
:~(,t + ~ . )  :-- F ( t  - o 

In  p a r t i c u l a r  we w i l l  have a t  the  end o f  t h e  ocDduit  f or  x -  Oj where 

- 1 7  



the pump is situated: 

s r - ¥ ~  a - n s u - F(.t) -.r,(t - 2~ . )  . . . . . . . . . . . . . . . . . . ~ . .  .... .(,le) 
O 

8Ul E , eND, . e  ~o e e ,t, e , ~  ~ , O  e O . O  ~ • O q~ @ • 4P q$ qlO" • @ • " : • ,'~ 

pC 

.. d - ~ S u -  0 
d t  2 f + k 6 a 

. . . . . . . . . . .  . . . . . . .  . . . .  . . . . . .  . C l s )  

Equations (16) and (17) express the relation between the pressure and \the 

v e l o c i t y  w h i c h  t h e  p r e s e n c e  o f  t h e  c o n d o r  , imposes  on .the p u m p ~ e q u a t i o n  . . ~ill 

(18)  e x p r e s s e s  t h e  d y n a m i c  r e l a t i o n  a c c o r d i n g  t o  w h i c h  t h e  . v e l o o i ' . t y o f  : the  . .::. 

w a t e r  r e a c t s  on t h e  vana~e  s y s t e m  o f  t h e  p u m p .  i:ii~ 
r~! 

One can see here the d~fference~be~een the problemset down and : i li ~/i~ii 

t h a t  o f  A l l i e v i .  I n s t e a d  ~of a ~-being a n  a r b i , t r a r y  f u n c t i o n  of::~ti~e.. ¢ -. 

is a new variable, subject 'to oscillations and:accounted for ..by,a~differ - ~-~i:"~i 
ential equation with the terms o f  coupling to ~ths other ~varlables, ~ velo~,ty, ~ ~i  

or pressure of water. Yet in the aerivat~ once, of cur :equaticns~we have used. 

the assumption that the dyuamlc phenomena Inthe pump !are reprosentable by " !,ii~i: 

the system o f  static characteristics. But  the assemblage o f  equations (16), :',~i 

(17), and (18) present, in a simplifled~form, ~the properties re~uired:ifor. . .::ii'~ 

r e n d e r i n g  a c c o u n t  of  the  phenomena  o f  a u t o - o s o i l l  a t i o n ~ w h i c h ! i n ~ e r e s t  u s ,  ::~: 

I f  we c o n s i d e r  t h e  c o e f f i c i e n t s  T, ~ . . ~ .  ~f. a n d  k : t o  b e . s o n . .  " ~i 

a t a n t ,  a l t h o u g h  i n - . r e a l i t y  t h e y . d e p e n d  on u .  e q u a t i o n s  . (16 ) . . (17~)~  a n d  . .:.}~.~ 

o b t a i n  i n f o r m a t i o n  a b o u t  (18)  are n n e a r  we e a s i l y  the  

regimes which they represent. :::~ 

:Le t  u s  t r y  t o  f i n d  t h e  c o n d i t i o n  , f o r  w h i c h  t h e y  ;have s i n u s o i d a l  :~/'~i i'~ 

s o l u t i o n s .  The m o s t  s i m p l e  a r e :  .... 



~:  ::...'~ . 

• , m~,~ 
F ( t )  - y:,(t - ~ i ~ )  .~o_ ,oos, ~,~:.',~n,:t o ' ;  - 

' : 0  • " - 

E q u a t i o n  (16)  t h e n  g £ v e s  

," : , .  : . _ _ ~ !  ; . . . .  i, / ,~:~ 

. :~" . : ~  

I 

i " "  . 

T h l s . . r e l a t i o n  c e _ ~ b e  s a t i s f i e d  o n l y  i n  t h e - , £ ~ l l o w i n ~  o u e e s  :..-"- - .:- :.-.:~:~, .: .::.:~:, 

1 o .8in = O ,  the: , : .oonduit .vi -bra~e8 on ~ l f  waves  .orb:one, h e  
.-o 

2 .  -.!f,m O, and : i n  a d d l t l o n ,  ®2 . : .k~.  "Tb.is~.msan8 ~~ :~- ':- ' t h a l  -~he ~ . ~ e : :  : ; ~  : - " 

amohAn~ am ~. l n t r o d u o e e :  n e i t h e  r' !ipos i t ! r e  ~ n o r  ~oegat ive  i damp~ ! n g  ,i:~ad :!.. ~.: : :: .-~ " •" 

: tha t~ i~he: , -wa~r  ~£n ~.~he~-eonduit ::O.so~llates I n  -.~he ...:~requenoy ~pr..~OI~..~ . .:~.:.. :~ 

.o~ ~.~he . ~ s ~ e m , o f : v a n a ~ e  : d e f i o e d  p r . e o l a e l y  by : ~ -  - k  . . . . . . . . . .  ! .:'::~:: ~::ii:i! 

:.{ ',2 

+ :2 oos m t : a t n  .mTJ:_. ," 

Put4~ng Y ~  8 ~ l u e  i n .  e q ~ t l o n : : i ( 1 8 ) , : ~ i o n e  ~ h a s  ~ r: ":: ~'4~ L' J ~ " k ~ *:' 

o,7 
i ~ -  t ~ + k  ! ~(,In~wt~oo, . ~ a  :.._: :. 

L 
- ~ ( s l n  ~ t  oos. ~ 0 . . . . . . .  . . . .  . , ~ . .  • . . . . . , .  • . . . . . . . .  

One oan , e ~  t h a t  i f  the  pump hasi.a ; f l a t  . o ~ r a o ~ r ~ 8 ~ i o  ~. (~P~.- .O:~,~ant  '::~:.:i~::!i: :~:i::i: 

w h a t e v e r  the ~ a o h a r g e ) o  . ~ . -  O, T = ~:0, one~hA8 ..-~ . - ':i 



7 
7 

?,, 

~ ~ : ~  ~,',~"~i::•/~': :": : "'~::'~,"~:~ ':' '~";:: ~'~:'~'~ ~;W~;~V~;,s:: ~::', "~ :'~h: ~'~-. ~..,c::, ~.,.-~.;,.:. ~.~ :~:::~'~:~I -~:~:~'.~w. ~'; :.'~. "~:~.,-::W'~:~ 

-; :;",:::. :.:;:):., .... '-.= .. 

T ~ e e  oases o~fer ~no ,~.pr . : - ' , ~ , . . / . ~r> ,~* "'' ". ",'. . . . . . .  .. 

never , ~ v e  a:~lak. Oharaote~s t to ! :~d~end~nt .  ~o~ :dtsoherl~ .  e w n  , 

i n  w a r l a b l e  f l o w ,  a n d ' t b e s i d e s , ~ b e r e  n o ; ~ w a n s  O f , l u l t n g  , ~he  

ooeffte:Lent £.  ' - ' " "! 

?In t h e  ~eneral  .ease one ~has, : 
o o n d i ~ r A o n  For the i~:L~equenoy-l~-,.e~atil~ /~o ,lore.. 

o o s  ~ ,  ~ h u s  . • - 

(k IJ) , = l  . .i= (-~-) 

and a oondit~on o~ nai=teuanoe bY equating <~erO.:~he:ooe~oi:en~ ,o£ """i 

o . . , . . + .  t~,:~ 

o i n  ~t, t h u s  

I 1" p • > - 

In ~1~8 las~  e q u a ~  :the s ign  equa~8 s e r e ; i s  ~ t b . ; ~ o n d i ~ L ~ . , n a l i s e d - ~ o r  ', -: ,. 

per~anenoe of  purely  slnuso~'dal  . o s c i l l a t i o n s ,  :but: :'~he : s~Sn ~~.0 i;i~s :'~he 

~h~ a u ~ l o  b i r t h  of : o s ~ l l a t ~ o n s '  as .:a ;re~i:~ ::::: 

In 

~ , ~ . ~  ~ e ~ b r l ~ ,  ~ :6'e-  , u - . s , - ; o  ~ -  :~!i: i l 
-~ . y ~  of  ®qua~Ion. :(Is), :(.l.~), ~ .(18) 
o-= t m c i ~  ~ t  ~1~ vane :8ysten i s  b l o o ~ d b Y : a n a ° ~ s s ~ Y  <~lr.:W~oh?i./~,i  . . L 

. ~ ~o sere  i8 8 ~ I 1  n o ~ t n g .  One ez~nines  ~he / sys~en ,obta ined  t n  

o 2J ) H , O ,  F ( t )  '= 8 P  whioh  g~vess . . . .  
p l a o t n g  ¥ ( t - ~  

" " L 



2": - 

i%< = 

i~)i? . 

,:2.. :,, , 

/'l 
8 u  " , - -  8::P 

p O  

. " , .  j .  

One s e e s  t h a t  t h e  e q u a t i o n  i n  8 a +:is s t t l l  o F  ~he o s o l l l & t o r y : ~ e p e , ,  t h a t  

It contains a negatlve da~ping ~erm ~ ~: 

f >0 Is ~ths only oondltlon for the birth of osoi~llation'a~ 

Goln~ bask t o  g e n e r a l  e.qua'~tons ~(21),  ( 2 2 )  s . -equatl~n (21~), ~where 

i s  t h e  unknown,  d e t e r m i n e s  ~ a d i s o r e t e  : s e r i e s  o f  ;£requenotes.: ,  • "~1' ~ : : 

~ ,  and 8o f o r t h ,  whtoh~are •~he~ ~r~e~q~[~oles p r o p e r  o f ' f i b s  . o o n d u i t  s y s t e m  .~ 

o.o n ti, , those  .que ole. - oh ! 

t o  t h e  f ~ r s t  term o f  . ( 2 1 ) ,  ~ + o s o i l l a t i o n s  a r e  p o s s i b l e ,  As 

it i s  n e v e r  p o s s i b l e  t ; o . e s t a b l i ~ a h  ~ / s t ~ l t e m e o u s l y  s e v e r a l  

41i'ferent E r e q ~ n o l e s .  In  r e a l i t y  t h e - i . o o e f f ~ e l e n t s  ~.and . n o ~ a b l y  ~ ,  T ,  ' ,~.  

and f are  no t  o o n e t a n t s .  >Thoydepend-~on: th~  P e t r i e  n , o f  t~e~ ' °hara° ter~ ,  

i s t i o s  u s e d  and o o n s e q u e n t l y ~ , t h e y  vary!wJ:th the a m p l i t u d e  ~of ~ithe ~oso i~ l la -  

, t t o n s .  T h i s  i n t u r n  e s t a b l i s h e s  i t t a e I f / i n  8 u o h a  a a n n e r ~ t ~ t  ~,a ikind o f  

m e : ;  v a l u e  ~of ~dLmptnl; i s  -serOo ' A l l  A;hese ~phenomena~oan :be d e m o n s t r a t e d  .{In i, " 

e n o e  ~ ,~a t  t h e  l r o b l e m ~ o f - p r o l ~ g a t t o n  4 h a  o o n d u t t  b e o o w s  . o o m p ~ a t e d * i i : ~  ~ , ~; ...... 

Tak4n8 i n t o  a o o o u n t  o q u a t t  on~ (Zl).  :i~he <~nequal~ty.~/,~2i)~b;OO~iS."i:::~'~: ~ ~ ~ ::i i~ i.i:i i i I 

i 
.. ~po 

~ 0  

,21 
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or d i v i d i n g  b y  1 [ ~  [ whloh i s  p o s i t i v e . .  

" I ~'~ " ~ 

l l l J  e f~ + 
f ~  

k ' i ~ '  

,i~'~ ' ~-~ -- . ' ~" i J 

.,,, . . . . .  (~s) 
3 

, , ,~. i s  equal  t o  
but  k - i. ~o 

I~ -- tam ~ + ~ 
0 

O 

; p O  

-.tan from w h i o h  ~im~11y 

• - . 

7" 

We oan g o n e  f u r t h e r  w i t h  <the d i s s u a s i o n  . w i t h o u t  . a s a u ~ n ~  ~ n u ~ r i -  

o a l  v a l u e s .  We w i l l  +Ake,  for e i e m p l e ,  , v ~ l u e s  .which ~re£er  t o  e ~  ~ t o ~ l & -  

tion of very great eapaolty whioh We ~ve investigated for a~o-eae11~tlen, 
. / 

The moment oflnertia of the ravage systems referredt°:%he~ ::. 

warlable a..is I0 I0 o.g.s. The frequenoy proper of ,the vanage system, 

a e o ~ t i v ~  for  t h e  e l a s t i c  p r o p e r t i e s  o f ~ a i 1  the  e o n t r o l  meohanism.and 

11n]mge. i s . o f  %he order o£ 5 .5  per s e e .  Thls eondult!t~-8 k - 1 . 2 8 ! x  ;1018' 

The v e l o a i t y  o f  s o u n d - i n  w a t e r  ~i8 ' l O 0 0 , ~ / s  appr, o x l m a ~ e l y ,  a s  

10 5 eegtao Finally. f is ..'ts~cgm as 5 x~ilO 9 o,~,sQ, and. ~In 

pump eharaet~erieties 

V. s.~ i I0 ° 

7 " ""1'25~ 107 "- : - 
Q 

10 5 - . . . . . . .  
~m 

Q 

I t  i s  n o t  p o s s i b l e  t o  ahow i n  .tl~e.!!.work :h~ n u m e r i c a l  : d e t e ~ n a t t o n  o f  ~., :i 

t h e s e  o o n s t a n t s  was  made .  We ~ask t h e  r e a d e r  .%o t a k e  ~bom a s  a n  . e ~ l e  £Qr .~ :~! 

For t h e s e  e o n d i t ~ o n e ,  t h e  o h a r ~ e t e r i s t ~ e  :~requenotes  a r e  ~ v e n  ~b~ ~,~,~ 

. ~ Jill 



'the, • qua'td, on 

o p o k ~- I m 

m E ,  m n m a m m m  , - - 

l o t  u8 s t u d y  more p a r t A o u l t r l y  w h a t ~ h a p p e n 8  For .-.small values:~'ol'~'~yane ~open- 

i n g  and p a r ~ : ¢ o u l a r l y  a - --~--. -~ - : t :  

° ~:5 
~J 2 .5  m 

° l o  s - ®2 

I f  we r e p r e s e n t  g r ~ p h i o a l l y ,  f o r  a o e r t a i n ~ y a l u o  o f  J o h o s e n  £ o r l ~ m -  . - .  

. . . .  i m S  . . . .  

lpl:Loi~y as 1000 n .  or 102-Oegem., on one h O ~ d - ! ~ r . ~ ,  , ,  -~ . aa i,i~lnoti~J. '~" 

Ot m. on t h e  o t h e r  hand : I 8 0 0  Q,@2 

t i ¢ ~  o f  t h e s e . ,  o u ~ r o 8  KiTo l  ~u8 t h e  i p o s a i b l o  ,~valuo8 o t  m, " ' " ' " " 1 ": " 

We aee ~ha~ / fo r  snudl Taluoa o¢ ~m,~ troT~eno4o8 d i s ~ L n o t l y  .loss 

. ,  7 

b 

I .  
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(M~ t h e  c o n t r a r y ,  f o r  .~e~ a p p r o ~ o h l n g  5 .55  .x:2~m,• '~the v a l u e  ~ ' ° f .  m .~.~..i..~: 

establishes itself around 10,5..or 11,5,. wi~h tan~ approaahin~in- 

finity. There are other solutionswith .values:of ~ ~ distinetiY~hlgher" 

mJ a p p r o a  t h e  s .  z e r o  : a g a i n .  ::,: 
such  t~at tan --~ • 

~;~.. then. in the system described, with the chosen numerical ~:1 
values, the oeelllations can be Of ~o typesl first, ~wlth :a o|~raoteris- "'"J 

m8 around ~ero, that .is to say. ~caualng the ..! 
tic frequenter giving 't~Lu 
c o n d u i t  t o  v i b r a t e  on  a h a l f  w a v e  or  on t h e  h a r m o n i c s  ~ ~**" ~2 ' ~ '  

and so f o r t h !  s e c o n d ,  w i t h  a c h a r a o t e r i s t ! °  f r e q u s n G y  n e a r  , : resonance  o f  -'- 

t h e  vanage, making the conduit vibrate very~near to a~oertain harmonic ~/in: i 

4 t  4J 
the series ~ = 4J, --g--, "~-' and so forth° i 

,! 

The state of pressures and velocitles at any point,~on the oon- .~i 

duit~ in the stationary regimen, and in particular at .the pump~ result 

from the relations of Allievi a n d ,  in partioular~ .~Cromform~las (19). 

The pressure P at the pump. setting ~F(t)- F(t '~ ~: ) 
~| takes a small alternating value for ,osoilla~ions 

- 2 cos  ~ t  s i n  --,~". 
of the first type (tan ~o ~ O) and one finds in :the conduit places 

where the pressure Is very ~ch'hig her" 

On the contrary, for oscillations of the second t y p e  with the '~ 

conduit vibrating on a frequency close to resonate of 'the vanaee, the in- 

verse takes place, and one finds the maxi~un alter~ti~ ~amplltude':Of ~he 

pressures at the end of the conduit, that is. at the level of .the.pu~. 

It remains to be seen~ by.means of a discussion of e~u~tion 

(2~.), what frequency can most effectively .establlsh. Y is approximatelyi~self* iln ~thle~lo0~ r:equa. 

t i o n  and i n  t h e  c a s e  w h i c h  c o n c e r n s  u s ,  ~ ~a~ - i  .~ 
i s  a f a c t o r  o f  t h e  , o r d e r  o f  1 / 5  t o  1 / 2 ;  a o f  t h e , o r d e r  ~ o f l / 5 ~ i n ~ t h e  * 

exa~le which has-been eeleoted~ free.which we get an order~of :magnltude i :i 

_~ I0~ . For the basic characteristic ~requencies. ~ ~ 2.. For ,.the 
o~ ~ , c o n d u i t  !~::! :'I~ 
c h a r a c t e r i s t i c  f r e q u e n c i e s  i n  t ~  n e i g h b o r h o o d  o f  r e e o ~ a n o e  o f  t h e  ' . . . . .  :i~i:i: 

m , " , - ' 2 ,  x 5 . 5 -  3 5 .  

24 



T 

to 

For freque~oAeS of the first type, tan ~~-,-,-~J ~ 0.2'S reduoe8 

• oOs  .- 

With a • 1/5, we get finally 

5 x 

~J 
I -~ t a n  

'~a o "- 
tan---- @ 

The frequenoy whic.h must establish itself oan be determined rigorously, aa 

we have said, only by a study of the :nonlinear equations whiah ex&o~ly 

govern the systemj but it ia evident that it ~is whatever~will have the 

property of ~ivin~ the greatest absolute value to ~m preoedln~ expression 

whioh will impose itself. Examination of~.,rigure 9, whioh~showsthe~deter- 

ruination of the roots for ~ proves that it *is the lowest:frequency, . .. 

=r 21, whioh must establish itself, amon~ those of ~the 'iflrst group, ~but 

we do not yet know whether or not one of the seoond group will ilmpose 

itself. We see that all the points, 5, 6, 7 ..... are prob.tbltedbeoause 

I - 5 tan ~J- for these points beoonms :lees than zero, 

For frequenoies of the second ~ type the inequality i(25')beoomes 

humor ioally 

L S 

- O 

I f  one r e f e r s  t o  ~ I g u r e  9,  one sees t h a t  f o r : a  ,~fre~_C~len@~ r o f  t h e - s e o ~ d  

group just below resoz~noe of the ,v&nage, tan ~~se :-a positive ~n~lue 

as  w e l l  as  oos - - ~ - o  On t h e  o o n t r a r y ,  f o r  ~a : f r equenoy  ~ u s t . b e f o r e  

r e s o n a n o e  ( p o i n t  9 ) ,  t a n  ~ J  has  a h ~ h r ~ d  p o s l t l v e  v a l u e ,  bu t  
,'@ 

oos becomes . n e g a t i v e ,  For f r o q u e n o l e s  above  and beyond ,  p o i n ~  11 
C 

i s  r e j e c t e d  f o r  t h e  i n v e r s e  r e a s o n  ~.that ; p o i n t  9 was r e  J e e r e d  

25 
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(ta  wJ.  O, oos----- > 0). 
• ' 0  0 

8unming-up,  wlth the nummrleal values leleeted,,only ;the fro- -~ 

quenoies  eorrespondtng  t o  p o i n t s  (10) f o r  the:seoond~Eroup and :(~) /£or . ~L q ~ ~ 

t h e  f i r s t  group are to be o o n s i d e r e d .  ~ 

As f o r  tkncwing whe~er Frequency (I) ~:or,i(lO).~'Al ~i'~i~tabllsh 

i t s e l f ,  t h i s  depends  very  ~ mush ~ ,the n u ~ r i o a l  ~ l u ~ s  'of  ~haJ : ;d i f ferent  

parsaeters. It 'is'sleet .that 'if ithe, oharao~erlstio frequen¢~ i~Of Lthe 

vanage .(5,5'.here) f a l l s v e r Y . m e s r - a  ~ n A q u e t : o f - ~ h e ~ s e r i e o  :i ~ =  4&, 
4J 4 f  i t  ~8 :the f r e q u e n g y  o f ~ t h e  seoond,:~roup t h a ~  w i l l  

transaite to all ~e~n%s a rapid T~bration of th~ wa~r. B~T~-the ~laveree 

san take pl'aee0 Inlwhleh ~ease the send, It l:~esee its :frequeney loa :the ~ • 

vanage w~Ioh takes  ,~he movement required ifor allowing the oonduit t o  vl- 
. 

bra~e near  a h a l f  wave ,  .... 

Mote eonoernlng .~he..~hen~ _~a... 
in o r ~  ~ ~l~es. °- 

Or~e~ pi~e8 ,are ~awl~lied at  their,  bases with a ~ ibrat iag r e e d  

whose ~ v e m n t  esn  modulate  . . t h e : a l r : b e i x ~  b l m m ' t n i t  the  base .of r ~  

p i p e .  The system e ~ p r i s e d  by lthe b l e ~ e r - ~ e e d ' p t p  e i s  e v i d e n t l y  ~overned 

by e q u a t i o n s  o f  ~he :same. s o f t  . as  .~hose we have° .deve l°ped : for. pumps i i o  ~.our 

work w i l l  i ~ - n l s h . a - ~ h e o r y  f o r - t h e  ~ u n e ~ e n i n ~  o f  o r g a n p i p e s  i f ~ c ~ e . a p - ~ . ,  : .~ 

pl ies  himself to t h e  .necessary :~transposi~on. An ~i=q~ortant differenee..IS 

oontslned in the fast that:one seeks to place.the organ pipe .in :vlbratl~ 

by,-reallslng an aeeord between the •reed e=d ~ thePipe- This.aooord,lie 

• necessary beoause the,air, ~ed as ~the fluid Instead of-~water, ~lupplies 

a reaotlonvhleh is auoh ~re.feeble (700 ti~s as feeble beeause' off'he 

ratio b f  densitie8). So, in the ease of &D OZgBz~ pi~,1~e al~8 ":bits 

vibrations -of-~ t h e  • eeoond t ype. 

Note,-oo~oernin~ :-the p o s s i b l e  
- -resontnee  wi~h~an imposed. i frequeney 

There i e  to  be , e o n s i d e r e d  t h e  ~ e e  whereT~an~inposed froquea l  

~ x i s t 8  In some p e r t  o f  t h e  s y s t e m - e u s o e p t t b l e  ~ o . o s o i l l a t i o n .  'In ~ ,  

16 

/is- 
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. . . r  

~ o  

lem set up there might be, for,example, a slight unbalance Of one clothe ~:::~! 

pumps o r  o f  one o f  t h e  d r i v i ~ ~ m o t o r s  F o r  e x a m p l e ,  .~the pumps . ,of ' : the  ., :;~ ! 
i n s t a l l a t i o n  t h a t  we have i n  mind t u r n e d a t  4 . 5 8 : r . p . s .  T ~ i s  ~frequencsy 

As q u i t e  c l o s e  to  t he  f r e q u e n c y  5 . 5 5  found  f o r  t h e  o s o i l l a t i n ~  ~of t h e  

vanage system. But this oharaoteri'stic frequency*of the vanage was:,oal-• i 

culated for the system vibrating only i n  a i r j  in the presence~of~ter , ~i 

it has an added  mass due-to the entrainment o f  water by ~,the.parts, • , that . . . . .  .,. ~I 

vibrate, inertia increases, and the characteristic frequency dimAnishes. "ii' i~:: 

Thus f o r  a c e r t a i n  s t r e t c h e d  membrane one c a l c u l a t e s  a c h a r a c t e r i s t i c  :ii) 

frequency of 800 per second, then, ~in the presence ~of water~, it falls to i 

180 p e r  second. The added  ross is expressed as the inertia multipl£ed :by 

( 8~)2 . 25. In the case at handwhere the:~momsnt> of~inerti a~Of~,the 

movable vanes is one-twentieth, approximately, Of the :total inertia of the i,i: I 

system with the controlling mechanism, the increase due to the water. 'af, :i 

facts only this one-twentieth part. Thus, the fact that the vlbrating i 

v a n e s  do u o t  e x t e n d  i n t o  an  u n d e f i n e d  ~ f l u i d  b u t ~ o n l y  i n t o  th~/XJe~ w h i c h  (/ 

t r a v e r s e s  t h e  pump f o r c e s  us  to  t r e a t  a p r o b l e m  im two d i m e n s i o n s  whe re  
95 

one finds -~ to be the increase of inertia• The relative increase ,:;~ 

• 1 25 • or :approximately i • -~ in our problem will be I + :~-~x -~-~1 ,/. 

and the decrease of frequency will vary as the inverse of the ~sq~re ~root ~ 

which in approximately I -2"2~-' which ~ives a characteristic frequency ..... 

of 5.55 E1 . 2_~__~20 J " 5.0 in the presence of water. Under,these ~ocndl A~, 

tions, catching up on the frequency 4 . 5 8  becomes quite possibles Tl~e 

frequency "4.58 can introduce itself into the system if, for example. ~a 

pump has a slight unbalance or a slight eooentriolty oausi~ a modulation 

oorrespondlng to the discharge. It in ,then practically oertaln that in i 

the numerical example which we have chosen, a mechanical vibration of :~/, 

pumps, tinning at t~mir normal speed, serves ~:~to attach iitself to the ~ /\~: 

c o u p l e d  v i b r a t i o n s  of ~anage  and c o n d u i t  a t  a f r e g u e n o y  of~ithe o r d e r  :of  ' ~;~i~ 

'-4.5 p e r  s e c o n d ,  t h e  e f f e c t s  of w h i c h  may-be  c o n s i d e r a b l e  ~oni the  p a r t s  -~:~ 

which have no,means cf support. ~'- 

On. the  :contrary, if something happens ~whioh Increases the alas- ii. .~~i 

t i o i t y  o f  : the  v a n a g e ,  for e x a m p l e ,  a r u p t u r e  o f  t h e  g e a r s ,  t h e n  .~the~ooef-  
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