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INTRODUCTION

The purpose of this monograph is to
present the mathematical methods used by
the Bureau of Reclamation to compute stress
from measured strain in concrete. The
methods developed are based on studies
which indicate that the direct application of
Hooke's Law to problems of stress and strain
in concrete without modification isinerror.

Modification of Hooke's Law is necessi-
tated by the phenomenon of 'creep'' exhibited
by concrete. Concrete, subjected to a con-
stant stress, continues to deform with time.
Concurrently, the properties of concrete
undergo significant changes with time at
least for some months immediately following
placement. Consequently, a modification of
Hooke's Law must involve time in two as-
pects, the age of the concrete at the time of
its subjection to any particular load, and the
time of duration of any particular load. Both
of these aspects are developed in the Bureau
of Reclamation's engineering laboratories for
each concrete tested. The results utilized in
the subsequent mathematical analysis are
described in this monograph. The Bureau's
laboratory investigations have defined the
properties of concrete in sufficient detail to
permit the derivation of a modified, more
accurate, form of Hooke's Law. The use
of that modification yields more realistic
values of stresses as deduced from meas-
ured strains than have been possible hereto-
fore.

PHYSICAL PROPERTIES OF CONCRETE

The relationship of stress to strain in a
perfectly elastic material when the stress is
less than the elastic limit of that material
is expressed by Hooke's Law:

o=EB . .......(1)

where o indicates the magnitude of stress,
either positive or negative, E is Young's
modulus of elasticity, and € represents
unit strain magnitude, either positive or
aegative, in the direction of the stress.
The positive sign denotes tensile stress
and increase in length. It has long been
recognized that the behavior of concrete is
only partly described by Hooke's Law. More
specifically, only part of the strain in con-
crete under applied stress can be related to
the applied stress by use of Equation (1).
Modifications must be made to Equation (1)
to relate strain to stress while involving the
change in strain in concrete with time as the
applied stress remains unchanged. The use
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of such a modified formula together with the
application of the principle of superposition
permits computation of stress varying with
time in concrete when sufficient measure-
ments of strain to permit the plotting of a
continuous time-strain curve are known.

The comparison between an elastic mate-
rial and one exhibiting creep properties may
be illustrated by an assumed test specimen
of an arbitrary material of uniform cross
section loaded uniaxially to only a small part
of its ultimate strength. If the specimen
consists of a perfectly elastic material, the

unit deformation € = % takes place instan-

taneously upon application of the load and
remains unchanged with time. Upon removal
of the load, the test specimen immediately
returnstoitsoriginalunloaded length regard-
less of the length of time elapsing between
application and removal of the load. The
load may be tensile or compressive with the
evident deformation and recovery properties
differing only in sense.

The test specimen may next be assumed to
be composed of a material such as concrete,
which exhibits the property of creep. When
the load is applied to that specimen, an in-
stantaneous deformation occurs as in the
elastic specimen. If the load is immediately
removed, the test specimen instantly regains
its original unloaded length and the equation

g applies. E' is designated as the

€ = =

E?
instantaneous modulus of elasticity of a
material exhibiting creep properties. In-
stead of removing the load, assume that
it remains unchanged on the test specimen
indefinitely and that measurements of € are
continued at predetermined intervals of time.
Those measurements will show gradually
increasing values of €. Those deforma-
tions are equal to the instantaneous deforma-
tion upon application of the load plus the
creep deformation taking place between the
time of application of the load and the time
at which € is measured.

Laboratory tests show that the instan-
taneous modulus of elasticity increases and
that the rate of change of creep deformation
decreases with increasing age of new con-
crete. Figure 1 is a set of typical curves
obtained from companion concrete specimens
each of which was subjected to a load, but
with the specimens loaded at progressively
increasing ages. Since the curves of Figure
1 are all reduced to unit stress and unit
deformation, o does not appear in their
description. It is important to note the use
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Figure 2 -- Typical creep curves defined by Equation (2).
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of two time scales both of which are meas-
ured on the same axis, that is, the hori-
zontal axis of Figure 1. Those two time
scales indicate first, the age of the concrete
at the time of loading, designated X,, K5,
K4, on Figure 1; and second, the time elaps-
ing after loading, designated (T - K ),
(T - K;), and (T - K,) on the same figure.
T designates the age of the concrete at any
time at which the deformation due to any or
all previously applied loads is desired. For
further simplification, t is used to indicate
time after loading and is equivalent to the
expressions (T - X ), (T - K,), (T - K3) on
Figure 1. Figurell shows graphically the
increase of E' and the gradual decrease in
the slope of the curves as the concrete
becomes older. It is evident from Figure 1
that Kp (the age of the concrete at a parti-
cular loading) plus t (the time after that
loading) must equal T (the age of concrete
at time t after loading).

It has been determined by curve-fitting
procedures that the curve of concrete defor-
mation for any one age at time of loading
may be closely represented by an equation of
the type:

€=z +f(K) 1n (¢t +1) . . .(2)
where €, E', and t have the same meanings
as already defined, K indicates the age of
the concrete at the time of loading, and In
indicates the natural or Naperian logarithm
to base e. The quantity (t + 1) replaces
t so that the logarithm will have a value at
t=0.

Figure 2 shows the same curves as those
of Figure 1, but defined by the more specific
Equation (2) instead of arbitrary functions.
In practice ¢ is evaluated in millionths of
an inch per inch per pound per square inch.
K and t are in days. By the generally ac-
cepted principle of superposition, the total
unit deformation € in a single specimen at
time T, subjected to the three loads of Fig-
ure 2 is €, +€; + €, Curves similar to

those of Figure 2 are determined by labora-
tory tests on specimens of the concrete from
the structure to be analyzed. The curves
commonly represent the effects of loads
placed on the specimens at ages 2, 7, 28,
90, and 365 days. Extrapolation and inter-
polation procedures are usedtoobtain curves
corresponding to ages before, between, and
after those obtained from tests.

Laboratory tests have shown that at
low working stresses, when a load on a con-
crete specimen is reduced or removed at
some particular time after application, the
amount of instantaneous recovery and the
amount and rate of creep recovery are of
the same magnitudes as the instantaneous
and creep deformations that would be pro-
duced by an equal increase or application
of load at the same time. Referring to Fig-
ure 2, if, at age K, , for example, the load
shown applied at that time had been removed
or, equivalently, had been applied in the
opposite sense, the resulting deformation
would be opposite to that shown and the total
deformation at time T would be€; + €, - €4,
That result is, of course, an extension of
the accepted principle of superposition.

If theunit deformationdue to unit stressis

€= +f(K) n(t+1).....(2
and if the principle of superposition is ac-
cepted, then the change in deformation, aAe ,
due to a change in stress, Ag , must be

&6 = Ao &17 + £(K) 1n (t + 1)}

or

a0 = £e
El—, + £(K) 1n (t + 1) )

which is a modification of Equation (1) that
relates strain changes to stress changes in a
material exhibiting creep properties.

APPLICATION OF
LABORATORY DATA TO MEASURED STRAINS

By applying Equation (3) to selected
values of Ae obtained at proper intervalsof
time from a curve of measured strains and
having determined values of % and f(K) at
those intervals from laboratory tests it is
possible to compute Ao for each selected

&€ so that a stress curve corresponding
to the measured strain curve can be plotted
from the summation of the stress changes.
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Equation (3) yields stress changes dependent
upon strain changes measured at, and oc-
curring between, selected times.

The selected intervals of time during
which individual strain changes occur should
be short during the early age of the concrete
while the elastic and creep properties are
changing rapidly and, to reduce the tedious




labor required, gradually lengthened as the
concrete age increases. The ages of the
oconcrete at times of loading are taken at the
beginning of each time interval and the values
of &c selected at the middle of each of those
intervals. A load applied at the beginning
o any interval is the computed stress incre-
ment, Ag ,necessary to produce the meas-
ured strain increment, ae, atthemiddle of
that interval. Owing to the creep charac-
teristics of concrete, stress, as a function
of strain, at any time is dependent upon the
entire past history of stress variation from
the time of placement of the concrete. The
computation of stress is a step-by-step proc-
ess. The stress at any time is the summa-
tion of all stress increments, aAg , positive
and negative to that time. Those increments
are computed by Equation (3) in which the
quantity g+ f(K) In (t + 1) is determined for

the age of the concrete at each mid-interval
when each & is computed.

)

If it is assumed that a constant modulus
of elasticity exists throughout a short time
interval and that modulus is used to compute

A¢  at the middle of the interval, an ap-
proximate value will result. If the time
intervals used are sufficiently short so that
there is little difference between the modulii
at the beginning and at the end of the interval
the approximation can be made to any re-
quired degree of accuracy, and, in the limit,
an exact solution would result. That mod-
ulus of elasticity, assumed to exist through-
out a time interval, is designated Eg, the
sustained modulus of elasticity, and is de-
fined as

Eg = T 1 N )
E?+1’(K) in (t + 1)

so that Ao - A&E_ is analogous to Equation
(1) expressing Hooke's Law for elastic ma-
terials.

Each computed Ac can be considered to
be a load which causes a strain, increasing
with time, according to the appropriate
curve from the family represented by Fig-
ure 2. Multiplication of Ag by the ordinates
of that curve at the succeeding mid-intervals
gives values of Ac due to Ag . Addition of
all values of &€ to any time T gives the total
strain resulting from previously applied
loads. The difference between that sum
and the measured strain at that time is
another & from which another Ao can be
computed by Equation (3) and the process
repeated and continued to the end of the
strain record. Forms have been devised
to facilitate the calculation of stress, tab-
ulation of data in order of use, and sys-
tematic storage of the calculated values
of Ao and Ae.
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Figure 3 shows the actual instantaneous
strain plus creep strain curves for a parti-
cular concrete as determined in the Bureau
of Reclamation concrete laboratory. That
figure is a specific example of the general
case shown by Figure 2.

For any particular age of concrete at
time of loading, the functions ELT and f(K)

reduce to constants. The values of those
functions for the five experimental load-
ings are given in the equations on Figure 3.
They were determined by a method of least
squares for a fit of the strain function to
points sampled from the total number of
laboratory measurements made in the tests.

Mathematical expressions for EJ" and f(K)

are unnecessary, but graphical representa-
tion of those functions is given by the two
lower curves of Figure 4. To eliminate the
need for logarithm tables in interpolation,
a third curve representing the elastic and
creep strain at t = 999 days after loading
(t + 1= 1000) has been computed from the
five experimental points on each of the other
two curves and the third curve also plotted
on Figure 4.

Using the i:l" and €ggg curves from Fig-

ure 4, instantaneous strain plus creep strain
curves for any age of concrete at time of
loading, that is, any K can be drawn. Figure
5 shows those curves for a number of ages at
times of loading.

The curves of Figures 3 and 5 are mem-
bers of the same family and the curves for
any corresponding age of concrete at time
of loading, for example K = 2 days, yield
identical information from either figure.
The logarithmic form of the equations of
the strain curves produces straight lines
when plotted on semi-logarithmic paper
which is used for purposes of facilitation
and convenience only. It would probably
be possible, but difficult and inconvenient,
to draw all of the required curves on a uni-
form scale such as Figure 3. Figure 5 was

drawn by plotting the ordinates of the é,- and

€ops curves from Figure 4 at each desired
K. Curves for later ages of loading and
longer times after loading, that is, greater
values of K and t, can be obtained by extend-
ing the curves of Figure 4 by extrapolation or
laboratory experiment, and from those
extensions the curves of Figure 5 can be
extended. Values forE—s for any selected

K at any t in millionths of an inch per inch
per pound per square inch can be taken
directly from Figure 5 and the necessary
extensions beyond the time limits shown on
that figure.
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Figure 6 is a curve of strain as measured
by a strain meter embedded in a concrete
dam. Specimens of concrete from the same
dam were used in the laboratory to obtain the
curves of Figure 3, which, therefore, de-
scribe the elastic and creep properties of the
same concrete as that in which the strain
curve of Figure 6 was measured.

Having a curve of measured strain in
concrete, as determined in Figure 6, and the
elastic and creep characteristics of the same
concrete as described by Figure 5, it is
possible, as previously outlined in this
monograph, to compute the stress causing
the measured strain by the use of a step-by-
step process of computing stress increments;
summation of all preceding stress increments
yields the stress existing at any time.

Table I presents the mumerical values of
the ordinates of the curves of the families of
Figure 3 or 5. The selected ages of concrete

at times of loading and at the mid-intervals
as used by the Bureau of Reclamation are
given in that table for the first 19-1/2 days
only. Selection of those ages and, there-
fore, the lengths of the intervals is some-
what arbitrary. The intervals should be
short enough so that all significant changes
in the strain curve will be recognized. Dur-
ing the early age of a concrete structure,
temperature and construction effects together
with the rapidly changing properties of the
concrete itself dictate the selection of rela-
tively short intervals. In dams the imposi-
tion and relief of loads after construction is
completed is a slow process. Consequently,
the Bureau uses in its analyses intervals of
a maximum length of 90 days after a con-
crete age of several years. The intervals
are gradually lengthened from those shown
on Table I to the maximum length. In struc-
tures subjected to more rapid changes of
load, shorter maximum intervals would be
necessary to take cognizance of more fre-
quent strain changes.

ACTUAL COMPUTATION OF STRESS

Table II shows a form designed to facili-
tate the systematic recording and storage
of strain and stress increments and the
tabulation of other data necessary to the
computation of stress. The form may be
extended downward and to the right as far
as required to accommodate a strain record
of any length. The table also shows a sample
stress computation from the strain curve
of Figure 6 using the laboratory data summa-
rized in Table I.

The procedure in using the form of Table
II is as follows:

Enter under ''K-age of concrete at time of
loading-days'' those ages from Table 1. The
figures representing those ages should be
placed directly above the ends of the vertical
lines so that the spaces between the vertical
lines may be considered as representing
intervals of time elapsing between applica-
tion of successive loads.

Enter in the first column designated "'Age
at mid-interval'' the numbers in the first
column of Table I. Note that those ages are
halfway between successive ages of con-
crete at time of loading.

Enter in the second column designated
"Strain at mid-interval ¢ " values from
the strain curve at ages corresponding to
the first column.
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Enter in the fifth column designated
"Sustained modulus Eg' the reciprocals
of the first number in each column of Table
I. The remainder of the stress computa-
tion, as shown on Table II, is completed
by computation from the data so entered.

Enter zero on the first line of the third
column designated ''Strain from prior loads. "

The value on any line of the fourth column
designated ''Strain change &€ " is the value
on the same line in the second column minus
that in the third.

The value on any line of the sixth column
designated ''Stress change Ad¢" istheprod-
uct of the values on the same line in the
fourth and fifth columns.

The seventh column designated "'Stress
at mid-interval o " is the summation of the
sixth column.

The numbers in the triangular part of
Table II are increments of strain due to
the creep effects of the stress increments.
Those strain increments on any one line
are obtained by multiplying the value in the
same line of the sixth column consecutively
by the numbers in the appropriate column of
Table I and recording the results to the
nearest whole number.
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The number to be entered on any line of
the third column "'Strain from prior loads' is
obtained as the sum of all strain increments
above that line in the corresponding column
of the triangular part of the table. For
example, on Table II, the strain from prior
loads at the 2-3/4-day age at mid-interval
is the sum of the column betweenlines
K=2-1/2andK=3andis: 3+3+8+7=21.
That result is entered on the fifth line of the
third column.

Some practice is necessary to fafniliarize
a computer with this strain increment method
of computing stress. After facility is at-
tained in its use, the method is entirely
practical if the total amount of work to be
done is not too great. The stress, as given
by the seventh column of Table II, is shown

on Figure 7 and is the curve designated
"Strain increment method." That curve
extends somewhat beyond the 15-day limit
given in the sample calculation of Table II.

When long strain records from large
mmbers of strain meters are to be analyzed
the strain increment method of stress calcu-
lation becomes tedious. Experience has
shown that the method is not well adapted
for use by punched-card calculators. At-
tempts to use punched-card calculators to
compute stresses in concrete resulted in a
modified method which has been used suc-
cessfully on those machines and on desk
calculators as well. That modified method
is designated, for reasons which will become
apparent in its description, as the ""Average
Logarithm Method. '

THE AVERAGE LOGARITHM METHOD

The principal objection to the use of the
strain increment method by punched-card
calculating machines lies in the computation,
accumulation, and storage of the progres-
sive strain increments shown in the triangu-
lar tabulation on the stress computation
sheets such as Table II. To overcome this
objection the average logarithm method has
been derived and depends upon the develop-
ment of a function which will accumulate and
store all of the strain increments before and
including any one interval in one operation.
Equation (3) is the fundamental equation used
in both methods of computing stress from
measured strain in concrete and is:

L

gv+ £(K) 1n (t + 1)]- .. (3)

Ae=Ac[

Stress, at any time, is the summation of
all Ao preceding that time. . Total strain at
any time is likewise the summation of all A€
to that time. Equation (3) may be expanded
to its complete form, that is, the form show-
ing the summation of strain increments for
all intervals, i, fromi =1toi = n, and there
results: n

€ = X Aei
n i=1
= Z [El—i +£,(K) In (¢t + 1)} aay . (5)

i=1
Equation (5) represents the sum of all
strain increments in any column of the tri-
angular part of Table II. That sum is the
number entered on the nth line of the third
column of Table II.

Referring to Equation (5) and to Table II
it may be deduced that, if the logarithmic
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term of the equation were replaced by some
new term, that new term may possibly be
selected so as to be a factor representing all
the In (t + 1) for any column in the triangular
part of Table II, that is, for all intervals
previous to any T. The concept of using an
average logarithm was arrived at intuitively.
Several variations of the concept were used
and the resulting computed stresses were
compared with those found by the strain
increment method for each of a number of
different strain records. Some of those
records were from strain meters in actual
service in an existing dam, and others were
entirely artificial and were made to provide
tests for agreement of the methods in possi-
ble, although hypothetical, situations. It
was determined by those trials that the re-
sults, when the term In (t + 1) was replaced
by In avg (t + 1), were in better agreement
with those of the strain increment method
than were other variations of the logarithmic
term which were tried.

Accordingly, Equation (3) was rewritten
as n
Oo = Eg5 |€ - L Ao
n 8 n . Ei 1-1
i=1

n
- 1navg (t + 1)y y f(Ki)MH] (6)
i=1

Table III shows a form devised for use in
applying Equation (6). The calculation of
stress demonstrated on that table is for the
identical strain record and concrete proper-
ties used in the computation on Table II. The
resulting stress curve is plotted on Figure 7
to show a comparison with the stresses com-
puted in Table II.
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DETAILS OF THE USE OF
THE AVERAGE LOGARITHM METHOD

A form, such as Table IIl, is necessary
to keep the data and calculations in proper
order if it is desired to use that method with
Jesk calculators.

The first column is a tabulation of the
selected ages at the mid-intervals of loading.

The second column is obtained from the
f(K) curve of Figure 4 at ages corresponding
to those listed in the first column.

The third column is obtained from the E'L.
curve of Figure 4 at the same ages as the
values in the first and second columns.

The fourth column is the ln of the quan-
tity obtained by calculation from the follow -
ing formula:

n
avg (t + 1) -i—[nTn-z K1}+1
i=1

where n = the number of the interval at which
In avg (t + 1) is required.

Ty = age at the mid-interval of the

same interval n

K4 = age at loading = age at beginning
of interval n.

For example, to compute avg (t + 1)at
n = 4 on Table III:

l(n=2

Tn=2.25

nT, - h x 2,25 = 9.00

n
ZK1=0.75+1+1.5+2=5.25
i=1

evg (t +1) = 25222 4 12 1.9375

ln 1.9375 = log, 1.9375 = 0.66140

The value 0.66140 is entered on the fourth
line of Column 4.

Eg, Column 5, is essentially the same as
that used in the strain increment method. In
that method it is obtained as the reciprocal of
the first number of each column of Table I;
Table I is taken from Figure 5. Since inthis
average logarithm method the necessity for
Figure 5 and Table I to provide unit strain
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increments has been avoided, it is necessary
to compute values of Eg from the equation:

E, - 1 o B
g+ £(K) In(t + 1)

where (t + 1) = (T + 1) at any interval,

and n, T, have e same meanings as

used in the calculation of Column (4).

Computed values of € may differ very
slightly from those obtained graphically
from Figure 5. The values of Eg used on
Table III were copied directly from those
on the stress computation of Table II and
were, therefore, obtained from Figure 5 and
Table I.

Since the first five columns of Table III
are dependent only upon the selection of time
intervals and upon laboratory data they are
the same for all strain meters in any parti-
cular concrete structure.

Having the first five columns of Table III
and a time-strain curve available, transcribe
strains from the curve of Figure 6 to Column
(6) at the corresponding ages given in Column
(1). For greater ease in making that tran-
scription and for later use in plotting stress,
Column (11) may be filled by adding the
corresponding ages from Column (1) to the
initial date and time, that is, to the selected
zero time for the particular strain meter.
With Column (6) filled, the form is in readi-
ness to begin the actual computation of
stress.

Enter zeros on the first line of Columns
(7) and (8) as those summations are zero at
the beginning of the record. The value of &c
to be entered on the first line of Column (9)
is the product of the values on the first line
of Columns (5) and (6).

The value of If(K)As to be entered on
the second line of Column (7) is the product
of the values on the first line of Column (9)
and second line of Column (2).

The value of £ EL' Ao to be entered on the

second line of Column (8) is the product of
the value on the first line of Column (9) and
the value on the second line of Column (3).

The value of Ag to be entered on the
seeond line of Column (9) is obtained by the
formula at the top of that conmn. All values
80 used are to be taken from the second line
of the columns.



Symbolically, the computation of all suc-
ceeding values in Columns (7), (8), and (9)
may be shown as follows:

Let numbers in parentheses represent
columns.

Let subscripts to those numbers repre-
sent lines.

For example:

(8)4 :n;eans the fourth line of Column
8).

(7), means the nth line of Column (7).

To compute the nth line of Column (7):

(Mg = (9)n-1 (2), + (D

To compute the nth line of Column (8):
(8) = (9)n-1 (3)n + (8)p-1

To compute the nth line of Column (9):

O)n = (5)q [(s)., - (8), - (D (4),1]

From the foregoing it is evident that the
values on any line in Columns (7), (8), and
(9) must be computed before those in the
succeeding line can be computed. It is not
possible to compute any one or two of those
columns independently.

Column (10) is the cumulative summation
of Column (9).

SUMMARY

It is evident from a comparison of the
stress curves of Figure 7 with the strain
curve of Figure 6 that the greatest dis-
agreement between the stress curves occurs
during times when the strain is changing
rapidly. At least a part, and possibly most,
of the evident error is in the strain incre-
ment method and may be due to the use of
strain increments rounded to whole numbers.
It is not known whether Equation (6) and
hence the average logarithm method is capa-
ble of rigorous mathematical proof. Some
indeterminable error must be inherentin
Equation (6) since its development was mainly

by intuition and trial. However, itdoes
make practicable the computation of stress
records by punched-card calculating ma-
chines and is preferred by some to the strain
increment method when desk calculators are
employed.

It is believed that the errors incurred by
the use of either method are within the limits
of accuracy of the experimental data. The
elastic and creep properties of concrete, too,
are subject to such wide variations that high
accuracy in any stress analysis of that mate-
rial cannot be expected.
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