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Mission Statements 
The mission of the Department of the Interior is to protect and 
provide access to our Nation’s natural and cultural heritage and 
honor our trust responsibilities to Indian Tribes and our 
commitments to island communities. 

The mission of the Bureau of Reclamation is to manage, develop, 
and protect water and related resources in an environmentally and 
economically sound manner in the interest of the American public. 
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Executive Summary 

Spatial water allocation model development involves linking spatial elements of a conjunctive 
hydrologic model with those of a partial equilibrium economic model.  The hydrologic model 
describes the spatial distribution of surface water and groundwater interactions.  The partial 
equilibrium economic model simulates distributions of surface water and groundwater among 
suppliers and demanders which maximize the economic utility of water use (as measured by the 
sum of consumer and producer surpluses).  The coupled model can be used to evaluate both 
hydrologic and economic outcomes of various water management alternatives such as the 
construction of new water storage, new water conservation measures, and/or market-based water 
management.  

Spatial water allocation modeling can be conducted on a basin-wide scale, however this report 
describes the development and application of a prototype model for a comparatively small 
portion of the Boise Project, in the Lower Boise Valley.  The model includes only those canal 
diverters, groundwater pumpers and drain water irrigators within a 12 mile square sub-area of the 
Project, centered on an eight-mile section of the New York Canal, just east of Lake Lowell.  The 
model area includes portions of the New York Canal, the Nampa Meridian Irrigation District 
(NMID), and the Elijah, Aaron and Wilson drains.  It also includes 149 agricultural wells and six 
M&I wells that are part of the City of Nampa’s municipal supply system.  

The hydrologic model of the Boise Project sub-area describes the spatial distribution of surface 
water and groundwater interactions resulting from canal seepage, groundwater pumping, and 
drain return. The partial equilibrium economic model describes the same interactions as trades 
between spatially distributed water suppliers and demanders.   

The process of coupling hydrologic and economic models is best explained in terms of partial 
equilibrium economic model inputs and outputs.  Three exogenous data inputs are required by 
the partial equilibrium economic model: (1) water supply-price functions (2) water demand-price 
functions, and (3) transportation or conveyance costs.   

The conjunctive hydrologic model provides water supply functions and transportation costs 
based on hydrologic response data.  Hydrologic response functions describe canal seepage, drain 
return, and groundwater level responses to varying amounts of groundwater pumping and canal 
diversion. Response functions are converted to supply functions and transportation costs by 
incorporating unit cost-of-supply data. 

Exogenous water demand functions are developed separately, by fitting prices to current 
agricultural and municipal and industrial (M&I) water demands.  Demand function elasticities, 
which express the unit change in quantity demanded for a unit change in price, are derived from 
recent agricultural and M&I water use surveys. 
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Endogenous outputs from the partial equilibrium economic model include quantities of water 
supplied to and demanded by canal diverters, groundwater pumpers, and drain water irrigators 
along with equilibrium supply and demand prices.  Equilibrium water prices are made up of 
several price components including supply cost, transportation cost, and opportunity cost.  

The calculation of equilibrium prices is determined in part by site-specific hydrologic conditions, 
including the proximity of wells to drains and canals, and the connectivity of canals to the 
underlying aquifer. Equilibrium prices are also influenced by the existence of hydrologic 
externalities (un-priced economic impacts to third-parties) resulting from the influence of canal 
seepage on groundwater levels and drain returns. 

Three water management scenarios were developed for the prototype spatial water allocation 
model. The scenarios are aimed at describing the hydrologic and economic impacts of water 
conservation measures and/or market-based water management approaches which would either 
eliminate or internalize the externalities that result from Boise Project canal seepage. 

Scenario 1 is a base-case simulation of current conditions, including existing externalities 
resulting from canal seepage.  The results of the base case model scenario indicate that canal 
seepage is an important factor in limiting the marginal supply price of water for groundwater 
pumpers and drain water irrigators in the Boise Project.   

Scenario 2 simulates internalizing these externalities through pricing. Requiring groundwater 
pumpers to reimburse canal diverters for the impacts of groundwater pumping on canal seepage 
increases the marginal price of groundwater and reduces groundwater demand.  On the other 
hand, canal diverters who are compensated for some of the transportation costs associated with 
canal seepage experience a reduced marginal price and increased water demand.  Drain water 
irrigators benefit from the pumpers reimbursement because the impacts of groundwater pumping 
on drain return are reduced, resulting in increased drain water supply.   

Scenario 3 simulates elimination of these externalities through canal lining. Lining the canal 
eliminates canal seepage entirely and therefore all of the canal diverters’ transportation costs 
associated with seepage.  The result is a significant increase in the canal diverters’ demand.  
Lining the canal also increases the marginal supply price of groundwater pumpers and therefore 
greatly reduces demand for groundwater.  Canal lining has an even greater impact on the supply 
price of drain water irrigators, because canal seepage is the primary source of drain water supply.  

Spatial water allocation model results are also used to calculate valuations of water by canal 
diverters, groundwater pumpers and drain water irrigators.  Water valuations are calculated in 
terms of average supply cost and in terms of marginal demand price.  For canal diverters, the 
supply-cost valuation of an acre-foot of water at the head of the canal (which includes seepage) 
is fixed by irrigation district O&M and project repayment costs at $13.27 per acre-foot.  For 
agricultural pumpers on the other hand, the supply-cost value of an acre-foot of water depends on 
pumping rate and on how canal seepage affects pumping lift.  Model results indicate that based  
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on average pumping costs, an acre-foot of canal seepage is valued by agricultural pumpers at 
$10.95 per acre-foot of groundwater pumped.  For drain water irrigators the supply-cost value of 
canal seepage is $9.46 per acre-foot of drain diversion (as long as there is water in the drain).  
In terms of marginal demand price, canal water has a value of $89.85 per acre-foot to canal 
diverters (if delivered to the end of the canal).  Groundwater has a value of $35.92 per acre foot 
to agricultural pumpers, and drain return water has a value of $74.71 per acre foot to drain water 
irrigators. The differences in valuation are due mainly to differences in demand functions, and to 
the fact that groundwater is a secondary source of supply for most agricultural pumpers in the 
modeled area. 

Model results can also be used to calculate the value of hydrologic externalities. The marginal 
value of canal seepage to agricultural pumpers in the model area is $1.82 per acre-foot of 
groundwater pumped.  The marginal value of canal seepage to drain water irrigators in the model 
area is $5.53 per acre-foot of drain water diverted.   

Finally, it is important to recognize that the prototype model results presented in this report are 
site-specific, since they are based on the (site-specific) hydrologic conditions of the Boise Project 
sub-area. A follow-on model development project is aimed at coupling the partial equilibrium 
economic model with a basin-wide (Lower Boise Valley) hydrologic model.  
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Introduction 

Surface water and groundwater hydrologic models have long been used by Reclamation water 
managers as tools for decision making.  However integrated hydrologic and economic models, in 
particular models which can be used to assess the economic value or utility of water use are 
relatively new to Reclamation. 

This report describes the development and application of a prototype spatial water allocation 
model for a portion of the Boise Project, in the Lower Boise Valley.  Spatial water allocation 
model development involves linking spatial elements of a conjunctive hydrologic model with 
those of a partial equilibrium economic model.  The hydrologic model describes the spatial 
distribution of surface water and groundwater interactions resulting from canal seepage, 
groundwater pumping, and drain return.  The partial equilibrium economic model describes the 
same interactions as trades between spatially distributed water suppliers and demanders.  

Spatial water allocation modeling has the potential to provide Reclamation and other water 
management agencies with a predictive tool for evaluating both the hydrologic and the economic 
outcomes of various strategies for meeting growing water needs in the Boise Valley, including, 
but not limited to, new reservoir storage, new water conservation measures, and market-based 
water management. 

The integration of a conjunctive hydrologic model with a partial equilibrium economic model 
takes place via the development of water supply-price functions.  A partial equilibrium economic 
model maximizes the utility of an economic commodity such as water by determining the price-
quantity equilibrium positions of water suppliers and demanders, based on exogenously 
determined supply functions, demand functions, and transportation costs.  However, since the 
spatial distribution of surface water and groundwater supply and demand, and the costs 
associated with moving water from suppliers to demanders are hydrologically determined, a 
separate conjunctive hydrologic model is needed to generate the exogenous water supply 
functions. 

Economic externalities are defined as un-priced economic impacts to third-parties not directly 
involved in an economic activity or transaction.  Externalities associated with irrigation activities 
are referred to in this report as hydrologic externalities.  Externalities can be positive or negative 
in the sense that the un-priced impacts can be either beneficial or detrimental to the third-parties.  
Positive hydrologic externalities resulting from irrigation activities can include expanded 
groundwater resources and increased flows in drains.  Negative hydrologic externalities can 
include increased canal seepage and reduced drain return due to increased groundwater pumping.  
Canal lining or other water conservation measures can create new hydrologic externalities by 
increasing pumping lifts and reducing drain returns.  Hydrologic externalities can also be 
internalized through water pricing. 
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This report on spatial water allocation modeling is focused mainly on describing a methodology 
for coupling conjunctive hydrologic and partial equilibrium economic models, and on 
representing hydrologic externalities in these models.  However, in addition, the results of three 
model scenarios are presented.  The model results, which are preliminary and site-specific, 
describe the relative value of existing hydrologic externalities to groundwater pumpers and drain 
water irrigators in the Boise Project. The model results also describe possible hydrologic and 
economic outcomes associated with either eliminating or internalizing these hydrologic 
externalities. 

Supply Management and Demand Management 

Traditional approaches to water management are classified as either supply management or 
demand management.  Supply management approaches focus on increasing water supply to meet 
new demands, such as by building new reservoirs.  Demand management approaches concentrate 
on limiting demand for water through conservation, or by regulation based on prior 
appropriation. 

Historically, supply management has been the perspective followed by Reclamation in the 
construction of new reservoir storage. Reclamation first assesses a requirement for water (say 3 
AF per acre for 10,000 acres of an irrigation project) and then seeks to recover the cost of the 
Project in the repayment plan. The economic value of water to the end user is not considered in 
the cost recovery.  The only costs considered in the repayment are those associated with storing 
water and delivering it to the end user. 

Market-Based Management 

Balancing supply and demand by water trading or water allocation is termed market-based water 
management.  Market-based water management provides a mechanism for inter-regional and 
inter-sector water trading between suppliers and demanders.  A market enables the holders of water 
rights to transfer water to other users willing to pay for it.  Potential buyers may include M&I water users, 
agricultural users, or environmental programs. 

Most water trades and transfers occur between users within a single economic sector however.  
This precludes changes in the form, place, and timing of water use, which would adversely affect 
third-party water users. Water transfers between economic sectors are more likely in situations 
where the transfer can occur without major changes in form, place, and timing of use.  

In economics, market failure is a term which describes the condition wherein the allocation of 
goods and services by a market is not efficient.  Market failures can result from limited 
competition for water, high transaction costs associated with water trades, inadequate 
information about markets among water users, or water allocation strategies that fail to consider 
impacts to third-party water users (Bator, 1958).   
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Supply Functions and Demand Functions 

Water supply functions describe the relationship between the quantity of water supplied and the 
marginal supply price of water.  Water demand functions describe the relationship between the 
quantity of water demanded and the marginal demand price for water.  Price elasticity expresses 
the unit change in quantity supplied or demanded for a unit change in price.   

Supply management and demand management approaches incorporate different assumptions 
about the price elasticity of water demand functions.  Traditional evaluation of a water supply 
project from the supply perspective assumes that demand is fixed, i.e. that demand is completely 
inelastic and therefore not responsive to price. Water demand is therefore a requirement that 
must be met by increasing the supply of water.  In effect, there is a fixed amount of water 
demanded and that water has infinite value.  In this case, the price-quantity relationship in the 
water users demand function appears as a vertical line (i.e. it is a function with infinite slope). 

Economic evaluation from the demand perspective assumes the exact opposite; supply is fixed 
(i.e. quantity is limited).  It follows that demand management strategies require water use to be 
regulated or curtailed, or that water be conserved.  Water demand is assumed to be price 
responsive. Water pricing can be used to reduce the quantity of water demanded so as not to 
exceed the limited quantity available.  From the demand management perspective, the price-
quantity relationship in the water users demand function is not a vertical line, instead it is a 
downward sloping function which reflects the water user’s willingness to pay for increasing 
quantities of water. 

Figure 1 illustrates the price-quantity relationships underlying water user demand functions from 
supply management and demand management perspectives.  From left to right, a) is a completely 
inelastic demand function representative of the traditional supply management approach; b) is a 
linearly elastic demand function with price-quantity response that varies with the quantity of 
water demanded; and c) is a constant elasticity demand function with price responsiveness that is 
constant regardless of the quantity demanded.  The last two functions are suggestive of a market-
based demand management approach.  
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Third-Party Impacts and Hydrologic Externalities 

In economics, jointness of production occurs when the economic activity of one party impacts 
the production possibilities of another. When these impacts are also un-priced, they are referred 
to as economic externalities, or simply externalities. The term externality is often used in 
reference to adverse environmental consequences of economic activity that are borne by society 
as a whole, such as deforestation or water pollution. However not all externalities are negative. 
Externalities can be positive in the sense that the un-priced influence of production by one party 
is beneficial to third-parties. 

Economic externalities that are associated with groundwater and surface water interactions are 
referred to in this report as hydrologic externalities. Hydrologic externalities resulting from 
irrigation activities (both positive and negative) often occur as a result of unanticipated 
hydrologic interactions between surface water and groundwater systems. Some examples of 
hydrologic interactions that can lead to externalities include: 

• raised groundwater levels due to farm infiltration and canal seepage 
• increased drain returns that result from raised groundwater levels 
• reduced flow in drains and increased canal seepage due to new groundwater pumping 
• reduced drain returns and groundwater levels due to canal lining 

Hydrologic externalities can have one-way or two-way cause and effect consequences. A 
hydrologic externality with one-way cause and effect results from canal seepage when the water 
table is hydrologically unconnected to the canal. Under these conditions, canal diverters create a 
positive externality for groundwater pumpers through canal seepage. However since there is no 
direct hydraulic connection between the canal and the water table surface, water table drawdown 
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induced by groundwater pumping does not induce additional canal seepage, and thereby create a 
negative externality for canal diverters.   

A hydrologic externality with two-way cause and effect results from canal seepage when the 
water table surface is in direct contact with the canal.  Under these conditions, canal seepage 
creates a positive externality for groundwater pumpers, and groundwater pumpers, by creating a 
steeper hydraulic gradient beneath the canal, induce additional seepage from the canal, thereby 
creating a negative externality for canal diverters.  

Externalities that have a one-way cause and affect are known to economists as Meade 
externalities, while those having a two-way cause and affect are known as Cheung externalities 
(Meade, 1952; Cheung, 1970). 

Other examples of one-way and two-way hydrologic externalities arise in connection with drain 
water irrigators. Drain users who rely on groundwater discharge to a drain require a direct 
hydraulic connection between the drain and the underlying water table surface.  Groundwater 
pumping can create a negative one-way (Meade) externality for drain users by drawing down the 
water table surface and reducing drain discharge.  Deepening or widening a drain to prevent high 
water table conditions can create a two-way (Cheung) externality that is negative for canal 
diverters because it induces additional canal seepage, but positive for drain users because it 
increases flow of groundwater into the drain. 

Canal diverters are not required to “waste” water to sustain the externality that provides water for 
drain return users and/or groundwater pumpers.  Unlike other kinds of property, water rights do 
not convey ownership, but rather a highly regulated right to use and sell water.  In the preceding 
examples, groundwater pumping, by lowering the water table, increases canal seepage and 
reduces drain returns, thereby creating negative externalities for both canal diverters and drain 
users. If this causes the canal operator to line the canal, the negative externality is removed but 
both positive externalities are also eliminated, perhaps rendering the ground water and drain 
water rights unusable. 

Finally, water management strategies that do not account for all of the costs and benefits 
associated with water use often invoke the “public goods” aspect of water supply.  Pure public 
goods are non-excludable and non-rival, which means that no one can be effectively excluded 
from consuming them, and consumption by one individual does not reduce the quantity available 
to others. However irrigation water is very often excludable and rival.  In the previous example, 
canal lining increases the supply of water to canal diverters, but prevents consumptive use by 
groundwater pumpers and drain water irrigators.   

Boise Project Hydrologic Externalities  

Irrigation activity in Lower Boise Valley has greatly enhanced and enlarged the underlying 
aquifer system which functions as both water storage and water distribution system for 
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agricultural and M&I water users. Infiltration from Reclamation’s Boise Project canals, laterals 
and reservoirs in the early part of the 20th century boosted aquifer recharge and drain returns 
throughout much of the Lower Boise Valley, raising groundwater levels in places south of the 
Boise River by as much as 140 feet (Nace, 1957), and in many other areas by between 20 and 50 
feet (USGS, 2008). Much of the increased drain return flow that resulted was re-diverted for 
additional irrigation use. In the 1950s and 1960s, the abundant aquifer storage encouraged the 
development of deep well irrigation. 

The impact of the Boise Project on the groundwater hydrology of the Lower Boise Valley is 
conveyed in a recent water budget report (USBR and IDWR, 2008). Figure 2 shows average 
annual rates of on-farm infiltration, canal seepage, and drain return, in relation to groundwater 
pumping and base flow (sub-surface gains) to rivers in the Lower Boise Valley. In an average 
water year, over a million acre-feet of irrigation water seeps into the underlying aquifer as a 
result of on-farm infiltration and canal seepage.  Of this, more than 600 thousand acre-feet is 
subsequently discharged to drains. About 165 thousand acre-feet of this drain discharge is then 
re-diverted by drain water irrigators. In addition, more than 100 thousand acre-feet of 
groundwater is pumped from shallow and deep aquifers for irrigation or M&I uses. In all, over 
600 thousand acre-feet of groundwater that originates as canal seepage or on-farm infiltration is 
discharged to rivers annually (mainly to the Boise River), much of it during winter months. 
From the standpoint of Boise Valley water users, the hydrologic impacts of the Boise Project are 
mostly positive. They are also mostly un-priced. 
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Figure 2: Average annual hydrologic impacts of irrigation activity in the Lower Boise Valley. 



 

 

 

 

 

 
 

  

 
 
 
 
 

Changes in hydrologic externalities are frequently associated with changes in the form, place, 
and timing of water demand.  Changes in land use in the Boise Valley will likely lead to changes 
in hydrologic externalities that have been fixtures of the Boise Project for many decades.  In the 
1980s and 1990s traditional agricultural landscapes in the Boise Valley began to be converted to 
residential uses. Since then, the rate of land use change has increased rapidly.  Between 2000 
and 2025 irrigated agricultural land in the Boise Valley is expected to be reduced by about 
23,000 acres as a result of urbanization.  An additional 17,500 acres of irrigated farm land is 
expected to be gone by 2050 (IDWR, 2000). Increased M&I groundwater withdrawals have 
accompanied many of these land use changes. In 2000, groundwater pumping for M&I use in 
the Boise Valley totaled about 110 thousand acre-feet.  By 2025, M&I demand is expected to 
grow to about 204 thousand acre-feet, and by 2050 to about 338 thousand acre-feet (IDWR, 
2000). 

Spatial Water Allocation Modeling  

A spatial water allocation model can be used to describe allocations of surface water and 
groundwater based on its hydrologic distribution, and on the economics of supply and demand.  
Spatial water allocation modeling provides a means of evaluating the hydrologic and economic 
outcomes of various water management alternatives, including but not limited to, new water 
storage facilities, new water conservation measures, and/or market-based water management. 

Spatial water allocation modeling is also a means for understanding water valuations.  
Understanding water valuations is particularly important for gauging the economic impacts of 
water management alternatives which would alter hydrologic externalities resulting from Boise 
Project operations. 

The process of spatial water allocation modeling is one of coupling a conjunctive hydrologic 
model with a partial equilibrium economic model.  The conjunctive hydrologic model describes 
the distribution of water between surface water and groundwater users, hydrologically.  The 
partial equilibrium economic model describes the same water exchanges in economic terms, as 
trades between water suppliers and demanders.  Model coupling occurs via the development of 
site-specific water supply functions, which are based on hydrologic model response functions.  

The coupled model simulates a distribution of surface water and groundwater among suppliers 
and demanders which maximizes the economic utility of water use, as measured by the sum of 
consumer and producer surpluses.  Model outputs include equilibrium quantities of water 
supplied and demanded in water exchanges, along with equilibrium supply and demand prices.  

19 



 

 

 

 

 

 

 

 

 

 

Conjunctive Hydrologic Modeling using GFLOW 

Conjunctive hydrologic models which simulate surface water and groundwater interactions may 
use either direct analytical solutions or grid-based numerical methods to represent hydrologic 
features such as canals, rivers, drains and wells. 

An analytical modeling method that has been widely applied to regional modeling problems 
involving groundwater interactions with rivers, reservoirs, canals, drains and wells is known as 
analytic elements (Strack, 1989; Haitjema, 1995).  GFLOW (USEPA, 2007) is a widely used 
analytic element modeling software package which solves the governing differential equation for 
steady-state, two-dimensional groundwater flow.  With the GFLOW package, a boundary 
condition (either a fixed elevation head or a fixed flow rate) is associated with each canal, drain 
and well boundary in the model.  Boundary conditions with a fixed elevation head are referred to 
as head-specified, and those with a fixed flow are referred to as flow-specified.  Typically, head-
specified boundary conditions are used to represent canals and drains, whereas pumping wells 
are represented by flow-specified boundary conditions.   

Regardless of which type of boundary condition is used, the GFLOW package provides the 
solution for the unspecified condition, referred to as the hydrologic response.  Thus for head-
specified canal or drain boundaries, the hydrologic response is the canal seepage rate or drain 
return rate. For flow-specified well boundaries, the hydrologic response is the aquifer head 
condition in the well bore, from which pumping lift can be calculated.   

Appendix A of this report describes some well known analytic element modeling concepts, 
including various types of interactions between pumping wells and canals.  Of particular interest 
are canals that are perched above the water table surface as in the condition of a one-way 
externality, versus canals that are in direct contact with the water table surface as in the condition 
of a two-way externality. 

Partial Equilibrium Economic Modeling using GAMS 

Partial equilibrium economic models examine the conditions of market equilibrium that exist 
when dealing with a single economic commodity, assuming all other economic variables remain 
constant in value.  Applications of partial equilibrium modeling are generally associated with 
problems of utility maximization, as for example in maximizing the sum of consumer and 
producer surpluses (Takayama and Judge, 1971).  

Partial equilibrium models maximize economic utility by determining the equilibrium position 
between supply and demand for a commodity, through trading.  Equilibrium quantities supplied 
and demanded and the equilibrium prices differ among trading entities because of differences in 
willingness to sell or buy the commodity.  These differences are reflected in the trading entities 
(exogenously determined) supply functions and demand functions.   
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The modeling software package that is used to obtain the equilibrium position in a partial 
equilibrium modeling problem is GAMS (General Algebraic Modeling System) (GAMS, 2007).  
The GAMS package solves the utility maximization problem using mixed complementary 
programming and the method of Lagrange multipliers. With the Lagrange method, certain 
equality constraints in the maximization problem are replaced by inequality constraints 
containing multipliers.  Collectively, these are referred to as complementary slackness 
conditions, or the Kuhn-Tucker conditions (Kuhn, Tucker, 1951).  The Lagrange multiplers 
describe the rate at which the output of an economic entity increases or decreases as the 
availability of a single constrained resource increases or decreases.   

Appendix B of this report contains a more detailed discussion of partial equilibrium modeling 
theory, including complementary slackness Kuhn-Tucker conditions for utility maximization, 
and there representation in a partial equilibrium model using the GAMS software. 

The Boise Project Sub-Area Model 

The Boise Project sub-area model is a prototype, intended mainly to demonstrate the spatial 
water allocation modeling concept, along with a procedure for mathematically coupling a 
conjunctive hydrologic model with a partial equilibrium economic model.   

The sub-area model deals with water exchanges that take place between canal diverters, 
groundwater pumpers, and drain water irrigators within an area of the Boise Project that is about 
12 miles square and is centered on an eight-mile section of the New York Canal just up gradient 
from Lake Lowell (Figure 3).  The model area includes portions of the New York canal, the 
Nampa Meridian Irrigation District (NMID), and the Elijah, Aaron and Wilson drains.  It also 
includes 149 surrounding agricultural wells, and six M&I wells that are part of the City of 
Nampa’s municipal supply system.  

This area of the Boise Project was chosen for a prototype model because it features the kinds of 
hydrologic interactions and water exchanges between surface water and groundwater users 
(including both Meade and Cheung externalities) that are common throughout the Lower Boise 
Valley. In addition, detailed canal seepage data is available for this area. 
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Figure 3:  Boise Project sub-area that includes a portion of Lake Lowell, the New York Canal, Elijah, Aaron 
and Wilson drains, and surrounding agricultural and M&I wells. 
 

 

The Sub-Area Hydrologic Model 
 
The hydrology of water distribution between surface water and groundwater users in the sub-area 
is modeled using the GFLOW analytic element modeling package. The sub-area hydrologic 
model simulates typical irrigation season conditions of canal diversion and groundwater 
pumping, and the model is calibrated using groundwater level, drain return, and canal seepage 
conditions that are mid-season averages.  Model calibrating parameters include aquifer 
transmissivity and the bed conductance of the New York Canal. 

 
Figure 4 shows locations along the New York canal where in 1997, 1998, and 2004 the USGS 
estimated canal seepage losses (USGS, 2004).  Over its 39 mile length (which includes a section 
of Indian Creek) the New York canal seeps between 26,000 and 51,000 acre-feet of water 
annually into the underlying aquifer.  The rate of seepage depends on diversion.  Higher seepage 
rates occur when the canal is full. Seepage rates are lower when diversion is reduced.  Almost 
half of total New York canal seepage losses occur within the model area shown in Figure 3. 
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The capacity of the New York Canal at the Boise River diversion dam exceeds 800,000 acre-feet 
per year, however after the Mora Canal and NMID feeder canal diversions, maximum capacity is 
reduced to about 250,000 acre-feet.  Actual irrigation season diversions average about 183,000 
acre-feet.  Seepage losses from the last eight miles of the canal before it discharges into Lake 
Lowell represent between 9 and 12 percent of the canal diversion at this point. 
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Figure 4: USGS seepage measurement points along the 39 mile New York Canal and 8 mile segment with 
highest seepage rate. 
 
The distribution of analytic elements in the sub-area hydrologic model is displayed in Figure 5. 
The model contains 709 head-specified line source-sink elements representing a portion of the 
New York Canal and portions of the Elijah, Aaron and Wilson Drains.  The model also contains 
155 flow-specified point-sink elements representing the surrounding agricultural and M&I wells. 
(Far-field boundary conditions representing Lake Lowell, the Boise River and the Snake River 
are also included in the model but not shown in this figure.)  Elevation heads of canal and drain 
features are obtained from digital elevation maps.  Agricultural and M&I well pumping rates are 
based on Boise Valley water budget data (USBR and IDWR, 2008). 
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Figure 5:  GFLOW model hydrologic boundary features. 

 

 

  

 

 

The hydrologic response data produced by the GFLOW sub-area model describe the quantity of 
water that seeps from the New York Canal and then either returns to the Elijah, Aaron and 
Wilson Drains or is pumped from agricultural and M&I wells.  The response data is used to 
develop supply functions for canal diverters, drain water irrigators and groundwater pumpers.   

In order to generate the necessary supply-cost relationships, multiple GFLOW model runs are 
necessary. Model runs are made with three different canal diversion rates and 36 different 
groundwater pumping rates (16 with M&I wells and 16 with agricultural wells), for a total of 96 
runs. 

 The canal diversion rates range from a full canal diversion (250,000 acre-feet per year) to no 
diversion. A full diversion is assumed to be representative of 180 days of canal operation; half 
diversion is 90 days of operation etc. No diversion is representative of zero days of canal 
operation or of a lined canal. 

The total (irrigation season) agricultural well pumping rate for the 149 agricultural wells located 
in the sub-area ranges from zero to 9,200 acre-feet per year. The total (year around) M&I well 
pumping rate for the six Nampa municipal wells ranges from zero to 2,000 acre-feet per year.   
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GFLOW Model Runs 

 
A sampling of GFLOW model results is shown in Figures 6 through 9.  The figures are contour 
maps showing aquifer head conditions in the sub-area resulting from four of the 96 GFLOW 
model runs that were made.  Figures 6 and 7 include only agricultural pumpers, figures 8 and 9 
include only M&I pumpers.  In Figures 6 and 8, the canal has a full diversion.  In Figures 7 and 9 
the canal has an impermeable liner installed to prevent seepage.  The difference in head 
conditions in these figures (the contour interval is five feet) demonstrates that canal seepage 
plays a major role in sustaining groundwater levels in the presence of both agricultural and M&I 

 

 
 
 

pumping.  
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Figure 6: Aquifer head conditions full canal with 54 acre-feet of pumping from each of 149 ag. wells.  
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Figure 7:  Aquifer head conditions, lined canal with 54 acre-feet of pumping from each of 149 ag. wells. 
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Figure 8:  Aquifer head conditions, full canal with 165  acre-feet of  pumping  from each of six M&I wells.  
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Figure 9:  Aquifer head conditions, lined canal with 165 acre-feet of pumping from each of six M&I wells. 

 

  

 

 

The details of how canal seepage affects pumping lifts and drain returns; and how groundwater 
pumping affects canal seepage and drain returns are best illustrated in chart form.  Figures 10 
and 11 are GFLOW results showing, respectively, average pumping lift in agricultural wells and 
M&I wells as a function of well pumping rate and canal diversion.  Figures 12 and 13 are 
GFLOW results showing canal seepage rate as a function of canal diversion and, respectively, 
agricultural pumping and M&I pumping.  Finally, Figures 14 and 15 are results showing drain 
return as a function of canal diversion and, respectively, agricultural pumping and M&I 
pumping.   

The hydrologic response data in these charts show what would logically be expected in the 
relationship between these hydrologic variables, i.e. that pumping lift increases as pumping rate 
increases and canal diversion decreases; that drain return decreases as pumping rate increases 
and diversion decreases; and that canal seepage increases as pumping rate increases and 
diversion increases. 

In the absence of groundwater pumping, canal seepage and drain return are influenced only by 
canal diversion, so canal seepage results in figures 12 and 13 are identical, as are drain return 
results in figures 14 and 15. However differences arise as pumping rates increase.  While 
gradients in pumping lift and canal seepage are steeper in the model runs that include 149 
agricultural wells, gradients in drain return are steeper in the model runs that include the six M&I 
wells. This is because most of the agricultural wells are located near the New York canal, while 
most of the M&I wells are located further north, closer to the three drains.   
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Figure 10:  GFLOW results showing average pumping lift as a function of the agricultural pumping rate and 
canal diversion rate.  
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Figure 11:  GFLOW results showing average pumping lift as a function of the M&I pumping rate and canal 
diversion rate.  
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Figure 12:  GFLOW results showing average canal seepage as a function of the agricultural pumping rate 
and canal diversion rate.  
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Figure 13:  GFLOW results showing average canal seepage as a function of the M&I pumping rate and canal 
diversion rate.  

Figures 14 and 15 also demonstrate that drain return is at a maximum when there is a full canal 
diversion and no pumping, but if there is no canal diversion there is no drain return, regardless of 
how much (or how little) pumping is occurring.   
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Figure 14:  GFLOW results showing average drain return as a function of the agricultural pumping rate and 
canal diversion rate.  
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Figure 15:  GFLOW results showing average drain return as a function of the M&I pumping rate and canal 
diversion rate.  
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Sub-Area Water Supply Functions 

Developing supply functions for water suppliers in the Boise Project sub-area involves two steps. 
The first requires fitting a functional form to the GFLOW response data shown in Figures 10 
through 15, in order to create empirical response functions that describe the hydrologic 
interactions between canal diversions, canal seepage, groundwater pumping and drain returns.  
The second step involves applying unit-cost data to the response functions in order to create 
price-quantity relationships for water suppliers.  

The GAMS partial equilibrium model requires that supply functions be continuously 
differentiable. While the analytic element modeling procedure used in GFLOW is based on 
analytic functions, the functions themselves are quite complex.  For this reason, a curve-fitting 
procedure is used to develop relatively simple empirical response functions.  These response 
functions are in turn used to develop supply-price functions for input to GAMS.   

Central to developing supply-price functions is the distinction made between the actions of one-
way (Meade) and two-way (Cheung) hydrologic externalities.  As described previously, a one-
way externality occurs when the canal is perched above the water table surface, and a two-way 
externality occurs when there is direct contact with the water table surface. 

The GFLOW response data indicates under what (diversion and pumping) conditions canals and 
drains are in direct contact with the water table, and under what conditions they are perched 
above it. Canal seepage and drain return response functions then reproduce the essential 
conditions that when canals are perched above the water table, canal seepage is fixed; and when 
drains are perched, drain return is zero. 

Forms of Empirical Response Functions  

The forms of empirical response functions used to estimate pumping lift, canal seepage and drain 
return, based on canal diversion and pumping rate are as follows. 

pumping lift = (A0-A1*diversion)*exp((A2-A3*diversion)*pumping) (1) 

canal seepage = B1*diversion+ B2*diversion*(1-exp(-B3*pumping))    (2) 

drain return = C0 +C1*diversion+(1-exp(-C2*pumping)) (3) 

Pumping lift, canal seepage, and drain return are assumed to be linearly related to canal diversion 
and exponentially related to well pumping rates.  In (1), when both diversion and pumping rate 
are zero, pumping lift = A0, where A0 can be thought of as the static depth to water in the aquifer.  
When pumping is zero but diversion is not, pumping lift = (A0-A1*diversion), which is the 
pumping lift reduced by the influence that canal diversion has on static head.  Finally, when 
diversion is also zero, pumping lift depends only on the static head condition and the pumping 
rate, i.e. pumping lift = A0*exp(A2*pumping).  
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In (2), when pumping is zero, canal seepage depends only on diversion, i.e.  

canal seepage = B1*diversion, and when diversion is zero, canal seepage is also zero.  In (3), if 

pumping is zero then drain return depends only on diversion, i.e. 

drain return = C0 +C1*diversion. If diversion is also zero then drain return = C0 a constant 

(which is also zero if the drain is perched), indicating that (the groundwater component) of drain 

return depends only on the static aquifer head condition. 


Curve-Fitting to Empirical Response Functions  

The curve fitting procedure applied to equations 1, 2 and 3, yields response function coefficients 
that are applicable to a specific hydrologic setting.  Changes to the hydrologic setting, for 
instance the addition of new pumping wells or a new canal would require another application of 
the curve fitting procedure.   

For each of the three response functions, two sets of coefficients are produced.  One set pertains 
to a GFLOW model in which only irrigation wells are present (see figure 7).  The other set 
pertains to a GFLOW model in which only M&I wells are present (see figure 8).  Developing 
separate response functions and separate supply functions for these two groups of pumpers 
enables GFLOW and GAMS to independently determine the influence that canal seepage and 
drain users have on these two groups of pumpers. 
For M&I well pumping lift, the response function that best fits the GFLOW data is, 

M&I pumping lift = (56.0-1.1x10-5
*diversion) *exp((.00042-4.0x10-10

*diversion)*M&I pumping) (4) 

For agricultural well pumping lift, the response function that best fits the GFLOW data is, 

Ag. pumping lift = (56.0-1.1x10-4
*diversion) *exp((.00015-3.5x10-10

*diversion)*Ag. pumping). (5) 

The response function that best fits GFLOW results for canal seepage with M&I well pumping 
is, 

canal seepage = .04545*diversion+.006*diversion*(1-exp(-.0002*M&I pumping)), (6) 

and the response function that best fits GFLOW results for canal seepage with agricultural 
pumping is,  

canal seepage = .04545*diversion+.06*diversion*(1-exp(-.00003*Ag. pumping)). (7) 
The response function that best fits GFLOW results for drain returns with M&I pumping 

is, 
drain return = 0.0+.0145*diversion+(1-exp(-.0002*M&I pumping)), (8) 

and the response function that best fits GFLOW results for drain returns with agricultural 
pumping is,  

drain return = 0.0+.0145*diversion+(1-exp(-.00007*Ag. pumping)). (9)  
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Figures 16 and 17 show the fitted models for, respectively, M&I well pumping lift and 
agricultural well pumping lift.  Figures 18 and 19 show the fitted models for canal seepage with 
M&I pumping and agricultural pumping, respectively.  Figures 20 and 21 show the fitted models 
for drain return with M&I pumping and drain return with agricultural pumping, respectively.  
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Figure 16:  Fitted and modeled results showing average pumping lift as a function of total M&I pumping and 
canal diversion. 
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Figure 17:  Fitted and modeled results showing average pumping lift as a function of total agricultural 
pumping and canal diversion. 
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Figure 18:  Fitted and modeled results showing average canal seepage as a function of total M&I pumping 
and canal diversion.  
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Figure 19:  Fitted and modeled results showing average canal seepage as a function of total agricultural 
pumping and canal diversion.  
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Figure 20:  Fitted and modeled results showing average drain return as a function of total M&I pumping and 
canal diversion.  
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Figure 21:  Fitted and modeled results showing average drain return as a function of total agricultural 
pumping and canal diversion.  
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Converting Response Functions to Supply Functions  

Supply functions for the irrigation district, groundwater pumper, and drain water irrigator are 
developed by imposing a unit-cost (per acre-foot) on water supplied to these entities.  The 
additional water delivery cost that results from canal seepage is formulated as a transportation 
cost. 

Groundwater Pumpers’ Supply Function 

For groundwater pumpers, the unit-cost of supplying water is determined by groundwater 
pumping costs which are dependent in turn on pumping lift.  The formula for calculating 
groundwater pumping cost assumes that a submersible electric pump is used which is 75 percent 
efficient, electric power costs are $0.06 per kwh, and 50 psi pressure is required at the well 
collar. Costs are assumed to be the same for both agricultural and M&I pumpers.  The unit-cost 
of pumping as a function of pumping lift is given by the formula, 

cost of gw pumping (per acre foot) = $9.46+ $0.08*pumping lift (in feet). (10)  

Pumping lift depends on canal diversion (canal seepage) and on pumping rate.  Therefore supply 
functions for M&I pumpers and agricultural pumpers are obtained by substituting into (10) either 
the M&I pumping lift response function (equation 4); or the agricultural pumping lift response 
function, (equation 5). Figures 22 and 23 show the resulting supply functions developed for 
M&I pumpers and agricultural pumpers.  The supply functions in these figures are depicted as a 
series of upward sloping curves.  They are upward sloping because as the quantity of water 
supplied increases, pumping lift (and the unit-cost of supply) also increases.  

The different curves in each figure depict possible shifts in the groundwater pumpers’ supply 
function in response to changes in canal diversion or changes in groundwater pumping, either of 
which can induce a change in canal seepage which in turn influences pumping lift.   

The magnitude of a shift in the groundwater pumpers’ supply function is therefore dependent on 
both pumping rate and canal diversion.  As pumping rate increases, the shift in supply cost due to 
a change in canal diversion also increases.  For instance, if canal diversion is reduced from a full 
diversion (250,000 acre-feet per year) to zero (or equivalently if the canal is lined with an 
impermeable liner) and M&I pumping at the time is 600 acre feet per year, the marginal cost of 
groundwater pumping increases by only $0.60 per acre-foot.  On the other hand, if average M&I 
pumping is 4,200 acre feet per year when the reduction in canal diversion (and seepage) takes 
place, the marginal cost of pumping increases by $9.81 per acre-foot.  The difference in unit-
costs can be traced to a two-way (Cheung) hydrologic externality resulting from the fact that (up 
to a point) groundwater pumping induces more canal seepage.  As pumping increases the 
proportional contribution from canal seepage also increases and the pumper becomes 
increasingly reliant on canal seepage as a source of supply.  When that supply is reduced or 
eliminated, the impact on groundwater pumper’s supply cost is proportionally greater. 
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Figure 22:  Shifting supply functions for M&I pumper due to changes in canal diversion. 

Since there are many more agricultural wells in close proximity to the canal then there are M&I 
pumpers, (149 versus 6) the agricultural pumper’s reliance on canal diversions as a source of 
supply is proportionally greater. As a result, reductions in canal diversion (or canal lining) can 
result in much larger shifts in the supply cost of the agricultural pumper than they do to the 
supply cost of the M&I pumper.  For example if reduced diversion or canal lining occurs when 
the agricultural pumper’s total pumping is 25,000 acre-feet per year, the marginal cost of 
pumping increases by $182.63 per acre-foot. 
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Figure 23: Shifting supply functions for the agricultural pumper due to changes in canal diversion. 
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Canal diversion is an important factor in limiting the marginal cost of pumping groundwater.  
However once pumping has increased to the point where the entire length of the canal is perched 
above the water table, canal seepage has reached a maximum and increased pumping cannot 
induce any more seepage. If the canal diversion is also at the maximum (250,000 acre-feet), no 
further shifts in the groundwater pumper’s supply function can occur.  This situation is illustrated 
in figures 22 and 23, when the 250k supply function is nearing vertical. 

Drain Water Irrigators’ Supply Function 

For drain water irrigators, the formula for calculating pumping costs is the same as for 
groundwater pumpers except that obtaining water from the drain is assumed to require no 
additional pumping lift. With pumping lift set to zero in (10), the cost of pumping water out of 
the drain is fixed regardless of how much water is pumped, as long as there is water in the drain.  
The drain users supply function is therefore, 

cost of drain diversion (per acre-foot) = $9.46 (11) 

Drain water irrigators have no control over return flow to the drain.  Drain return flow is 
determined by canal diversion and by groundwater pumping in the vicinity of the drain. The 
drain response functions, (8) and (9), (for M&I pumping and agricultural pumping respectively) 
are used to determine how much return flow enters the drain, and therefore the constraint that 
exists on the drain user’s supply of water. The constraints are points where a shift in supply cost 
occurs if the drain user’s demand exceeds his supply.  If no other supply is available, the shift is 
from $9.46 per acre foot to an infinite cost. 

Figures 24 and 25 show the drain water irrigators’ supply functions, and some possible supply 
constraints (points where a shift in supply cost could occur) as a result of different combinations 
of canal diversion and pumping by agricultural and M&I users.  A shift in the drain irrigators’ 
supply function can occur at any drain diversion rate (including zero).  For any combination of 
canal diversion and groundwater pumping, the drain irrigators’ response functions, (8) or (9), 
determine at what level of drain water demand the shift in supply cost will occur.  For instance, 
with a full canal diversion (250,000 acre-feet per year) but in the absence of all groundwater 
pumping, figures 24 and 25 both show that the shift in supply cost occurs when drain user 
demand equals 3,750 acre-feet per year.  As groundwater pumping increases, drain return 
decreases and the shift in drain irrigators’supply cost occurs at ever smaller drain diversion rates.   

In figure 24, with a full canal diversion, if the average per well M&I pumping rate is 1,000 acre-
feet per year, the shift in supply cost occurs when drain irrigator demand exceeds 2,002 acre-feet 
per year. If M&I pumping increases to 2,000 acre-feet per year, the shift occurs when drain 
irrigator demand exceeds 2,880 acre-feet per year.  With a half diversion (125,000 acre-feet per 
year) and no pumping, the shift in the drain irrigators’ supply cost occurs at 1,810 acre-feet per 
year. With 1,000 acre-feet of M&I pumping the shift occurs at 1,600 acre-feet per year.  If canal 
diversion is zero (the canal is lined), then the shift occurs when drain demand is zero.   
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Figure 24: Shift in supply functions for the drain water irrigator due to canal diversions and M&I pumping. 
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Figure 25: Shift in supply functions for the drain water irrigator due to canal diversion and agricultural 
pumping. 
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There are many more agricultural wells then M&I wells in the model sub-area.  However the 
spatial properties of wells are important.  Because agricultural wells are closer to the canal and at 
higher elevations (i.e. where the Elijah, Aaron and Wilson drains are perched) pumping from 
these wells has much less influence on drain return. Shifts in the drain irrigator supply cost as a 
result of agricultural well pumping occurs, but only when total pumping rates are much higher 
than those of the M&I wells which happen to be at lower elevations and closer to drains (see 
figures 8 and 9). 

Irrigation District’s Supply Function  

For the canal diverters, the supply cost of water is determined by water district assessments.  The 
assessments consist of O&M charges and Project repayment costs.  Project repayment costs are 
determined by a repayment schedule for construction of the project, O&M charges are calculated 
based (partly) on Reclamation’s operational costs.  Most irrigation districts in the Boise Valley 
charge their members based on their irrigated acreage not on the quantity of water diverted by 
the district. For NMID, the total assessment in 2003 was $39.81 per acre of irrigated land.  
Assuming delivery of 3.0 acre-feet of water per acre of irrigated land, then the supply cost per 
acre-foot of water delivered to a member of the district was $13.27 per acre-foot, assuming no 
canal seepage. The canal diverter’s supply function is therefore, 

cost of canal diversion (per acre-foot)  = $13.27 (12) 

Canal Transportation Cost  

The irrigation district’s supply function describes the cost to the irrigation district of supplying 
water at the head of the canal. A canal transportation cost is associated with delivery of water 
from the head of the canal to canal diverters at the end of the canal. To the extent that the canal 
system is inefficient in its delivery of water, the cost of transporting an acre-foot of water 
through the canal may be greater than $13.27.   

Inefficiency in the delivery of canal water is the result of canal seepage.  If the canal 
transportation cost is assumed to be proportional to irrigation district supply cost and to canal 
seepage, then the canal transportation cost is given by,   

transportation cost (per acre-foot) = $13.27 *(canal seepage/(diversion–canal seepage)) (13) 

Canal seepage response functions (6) and (7) (for M&I pumping and agricultural pumping 
respectively) are used to determine the cost of transporting water in the canal.  In the absence of 
canal seepage, the unit transportation cost for canal water is zero. 

Figures 26 and 27 show, respectively, the increases in canal transportation cost that occur with 
increases in M&I and agricultural pumping.  In the absence of all pumping, canal transportation 
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6:  Increasing canal transportation costs due to increased M&I pumping. 
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Figure 27:  Increasing canal transportation costs due to increased agricultural pumping. 

cost due to seepage is $0.63 per acre-foot.  As pumping increases, canal seepage also increases 
and cost of the transporting water to the canal diverter at end of the canal increases.  
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If pumping from the six M&I wells increases to 2,000 acre-feet per year, the cost associated with 
transporting water in the canal increases by $0.03, to $0.66 per acre-foot.  An increase in M&I 
pumping to 4,000 acre-feet per year produces an additional increase in transportation cost of 
$0.02 per acre-foot, and a further increase to 6,000 acre feet adds $0.01 per acre-foot to the 
transportation cost.  The increase in transportation cost decreases with increasing pumping rates 
since the hydrologic connection between the canal and the water table surface diminishes as 
pumping increases.  The maximum impact of M&I pumping on the transportation costs occurs 
when average pumping from the six M&I wells reaches about 14,000 acre-feet per year.  At 
which point, the transportation cost is about $0.72 per acre-foot delivered to the end of the canal. 

A similar pattern of increasing transportation costs is associated with increases in agricultural 
pumping, except that in this case because there are many more agricultural wells than M&I wells 
in close proximity to the canal, the transportation costs continue to increase as pumping increases 
until the entire canal is perched above the water table.  Again, in the absence of all pumping, 
canal transportation cost due to seepage is $0.63 per acre-foot.  If pumping from 149 agricultural 
wells increases to 10,000 acre-feet per year, the transportation cost of canal water increases 
$0.23, from $0.63 to $0.86 per acre-foot.  An increase in agricultural pumping to 20,000 acre-
feet per year produces an additional increase in transportation cost of $0.18 per acre-foot, and an 
increase to 30,000 acre feet adds $0.13 per acre-foot to the transportation cost.  The maximum 
increase in transportation cost occurs when agricultural well pumping totals about 80,000 acre-
feet per year, at which point the transportation cost is $1.47 per acre foot.  Additional agricultural 
pumping does not affect transportation costs further, since the canal is now perched entirely 
above the water table.   

The canal transportation cost may be borne in whole or in part by the irrigation district (at the 
head of the canal) or by the canal diverters (at the end of the canal).  How transportation costs are 
split between the supply entity and the demand entity depends on the irrigation district’s supply 
function and on the canal diverters’ demand function, and is determined as part of the partial 
equilibrium model solution.   

Sub-Area Water Demand Functions 

Water demand functions are price-quantity relationships describing the quantity of water that 
users will demand at a given price.  As opposed to the fixed requirements demand described in 
Figure 1a, (exogenous) demand functions are assumed to be price responsive.  Depending on the 
water user, demand functions have varying degrees of price elasticity, expressing the unit change 
in quantity demanded for a unit change in price.  A common functional form used to represent 
price-quantity relationships is, 

log(quantity) = log(v)− e ⋅ log(price) (14) 

obtained by taking logarithms of both sides of a multiplicative demand equation.  The slope 
parameter, e, in (14) then directly measures the price elasticity of demand.  A log-log demand 
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function with constant elasticity is highly inelastic in the upper left, and highly elastic in the 
lower right, with a point of unit elasticity in between (see Figure 1c).   

The elasticity of demand, e, for Boise Project sub-area water users is derived from secondary 
sources described below. The log(v)  term in the demand function shifts the price-quantity curve 
up or down and is used to scale the demand function with respect to demand quantities and 
demand prices actually observed in Boise Valley water transactions. 

The multiplicative form of the log-log demand equation is 

quantity = r + v ⋅ price−e where v ≥ 0, e f 0, and r p 0 (15) 

The additional constant, r, is introduced in order to provide a finite price in the inverse demand 
function, when quantity demanded is zero.   

Estimating Agricultural Water Demand 

The most direct approach to estimating the demand for irrigation water by canal diverters is to 
observe market transactions where water rights are purchased by irrigators in a competitive 
market.  However such transactions seldom occur.  Although some irrigators sell water rights to 
M&I water users, and sometimes do so in relatively competitive markets, instances of open 
market water purchases by irrigators are rare. 

Lacking a direct measure of irrigators demand for water, economists have focused on water's role 
as an agricultural input (see for example Moore and Hedges, 1963).  Agricultural demand for 
water is a derived demand, derived from the value of the crops that can be grown with irrigation 
water. In its role as agricultural input, water affects two end products that are commonly sold in 
competitive markets; farm land and farm produce.  However in a controlled market, prices for 
crops and farm land are influenced by much more than resource demand and scarcity. 

In summary, calculating site-specific agricultural water demand functions is an extremely 
complex and costly undertaking.  In lieu of conducting a survey in the Boise Valley, an 
agricultural demand function for canal diverters is formulated based on a review of recent 
literature. 

Elasticity of Agricultural Water Demand 

Analysis of irrigation water demand and its price-responsiveness have been presented in the 
literature since the early 1960s. Some authors find that irrigators are very unresponsive to 
changes in the price of water. Other studies indicate a more elastic demand.  
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A number of variables influencing the shape of demand functions as well as elasticity have been 
identified in the literature. During the 1970s and early 1980s, irrigation water demand functions 
were developed from statistical crop-water production functions based on experiments with field 
crops at state experiment stations.  Demand function elasticity has also been estimated using 
econometric methods.  Table 1 summarizes the range of estimates in the elasticity of irrigation 
water demand from recent studies.   

Table 1: Irrigation Water Demand Elasticities.  
Author Number of Estimates Range of Estimates 

Mathematical Programming Studies 
Moore, C.V. and Hedges 
(1963) 

1 -.07 

Heady, Madsen, Nicol and 
Hargrove (1973) 

1 -0.15 

Shumway (1973) 1 -1.97 
Kelso, Martin and Mack (1 
973) 

8 -.0002 to –1.01 

Moore, C.V., Snyder and Sun 
(1974) 

1 -0.42 

Hedges (1977)  1 -.04 
Gisser, Landford, Gorman, 
Creel and Evans (1979)  

2 -0.10 to –0.12 

Howitt, Watson and Adams 
(1980) 

1 -0.97 

Bemardo, Whittlesey, Saxton, 
Bassett (1987) 

1 -0.12 

Hooker and Alexander (1998) 1 -0.22 
Scheierling, Young and 
Cardon (2003) 

3 -0.02 to-0.16 

Econometric Studies 
Frank and Beattie (1979) 16 -1.01-1.69 
Nieswiadomy (1985) 1 -0.80 
Ogg and Gollehon (1989) 1 -0.26 
Moore, R.M., Gollehon and 
Carey (1994) 

4 -0.03 to -0.10 

Field Experiment Studies 
Hexem and Heady (1978) 4 -0.06 to -0.10 
Ayer and Hoyt (1981)  3 -0.06 to -0.16 
Kelley and Ayer (1982) 3 -0.04 to -0.56 

The average elasticity from the complied studies is about -0.50.  In the absence of more site-
specific data, this average value is used for elasticity of water demand by irrigators in the Boise 
Project sub-area . 

Canal Diverters’ Demand Function 

Scaling the agricultural water demand function requires a known price-quantity point on the 
canal diverter’s unrestricted demand function.  The demand function cannot be fitted to a price-
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quantity point at the current water price because water is delivered to the canal diverter at a 
(restricted) O&M and Project repayment price that is unrelated to the actual demand price of 
irrigation water. 

The unrestricted price of irrigation water can be determined from crop budgets by a method 
known as residual imputation (RI) (Young, 1996).  The residual imputation method assumes that 
a homogenous total product function exists, where factors of production (land, labor, capital, 
water) are each paid their factor share of the total marginal product price. The values (prices) of 
all factors of production are known except for one (water), so that all the information needed to 
determine the value (price) of this last factor of production is available.   

For the most prevalent crop in the NMID, alfalfa, the RI method imputes a water value (price) of 
about $65.00 per acre-foot. And, on average, the NMID diverts about 42,600 acre-feet of water 
per year through the New York Canal to irrigated lands located in the model sub-area (about 
7,450 acres). The price-quantity scale point for the canal diverter’s demand function is therefore 
$65.00 per acre-foot for a quantity of 42,600 acre feet of water.  In addition, it is estimated that if 
the demand price for water were to rise to $130/acre foot, farmers would cease irrigating crops, 
and the quantity demanded by NMID canal diverters would drop to zero. The scaled water 
demand function for canal diverters in the sub-area partial equilibrium model is therefore  

quantity = −102845 + 1172619 ⋅ price−0.50 . (16) 

The scaled water demand function for sub-area canal diverters is displayed in Figure 28. 
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Figure 28: Scaled demand function for canal diverters in the Boise Project sub-area. 
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Agricultural Pumpers’ Demand Function 

Elasticity of demand for agricultural pumpers in the sub-area model is assumed to be the same as 
that of canal diverters (-0.50). Demand price is also assumed to be the same as for canal 
diverters ($65.00 per acre foot), and if the demand price for water were to rise to $130/acre foot, 
the quantity demanded by agricultural pumpers would also fall to zero.  Agricultural wells in the 
sub-area are used to irrigate about 23,000 acres, however for the most part groundwater serves as 
a secondary source of water for this acreage. Based on the Boise Valley water budget data, 
average annual pumping for 149 irrigation wells in the sub-area is about 18,000 acre-feet per 
year. The scaled water demand function for agricultural pumpers is therefore  

quantity = −43456 + 495473 ⋅ price−0.50 . (17) 

The scaled water demand function for sub-area agricultural pumpers is shown in Figure 29. 
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Figure 29: Scaled demand function for agricultural pumpers in the Boise Project sub-area. 

Drain Water Irrigators’ Demand Function 

Most re-diversions from the Elijah, Wilson and Aaron drains occur in the Pioneer Irrigation 
District at the north end of these drains.  Elasticity of demand for drain water by these irrigators 
is assumed to be the same as that of canal diverters (-0.50).  Demand price is also assumed to be 
the same as for canal diverters ($65.00 per acre foot), and if the demand price for water were to 
rise to $130/acre foot, the quantity demanded by drain users is expected to be zero.  Based on the 
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Boise Valley water budget, approximately 830 acres in the sub-area are irrigated with water 
diverted directly from these three drains before they discharge into Indian Creek. The annual re-
diversion rate from these three drains is about 1,660 acre feet. The scaled water demand function 
for drain water irrigators is therefore 

quantity = −4008 + 45694 ⋅ price −0.50 . (18) 

The scaled water demand function for sub-area drain water irrigators is shown in Figure 30. 
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Figure 30: Scaled demand function for drain water irrigators in the Boise Project sub-area. 

M&I Pumpers’ Demand Function 

Public utility water suppliers typically administer a rate schedule.  Administered rate schedules 
complicate the estimation of water demand, because price varies with the amount of water 
consumed.  The choice in developing an M&I demand function is therefore between using an 
average demand price for water or a marginal demand price for water.  Appendix C of this report 
discusses some of the arguments related to choosing average demand price or marginal demand 
price in modeling M&I water demand.   

In either case, empirical studies have shown that M&I water use varies inversely with price, as 
M&I consumers in the short run adjust their seasonal water use, and in the long run modify or 
replace water-wasting appliances or capital stocks with more efficient equipment.  For the Boise 
Project sub-area model, the Nampa M&I water demand function is based on the marginal 
demand price for water. 
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Table 2 displays some recent estimates of M&I water demand elasticity. Elasticity estimates for 
M&I water demand have ranged from highly inelastic (-.003 to -.01) to elastic (-1.57 to -1.63).  
The estimates are from studies that used marginal prices to estimate elasticity. With the 
exception of Nieswiadomy (1992), these studies show remarkable convergence in their estimates 
of elasticity. 

Table 2:  M&I water demand studies that used marginal prices. 
Author Price Elasticity 

Nieswiadomy and Molina (1989) -0.09 to -0.86 
Barkatullah (1996) -0.23 to -0.28 

Agthe and Billings (1997) -0.39 to -0.57 
Renwick and Archibald (1998) -0.33 to -0.53 

Martin and Wilder (1992) -0.32 to -0.60 
Nieswiadomy (1992) -0.02 to -0.17 

Taylor, McKean, and Young (2004) -0.30 

From these studies, the elasticity value from the Taylor et. al., 2004 study (-0.3) was selected to 
represent the elasticity of M&I demand for water in the Boise Project sub-area.  Again, the M&I 
demand function is scaled by fitting it through a single point representing the current level of 
M&I pumping from the six M&I wells within the model domain, and the assessed price for water 
in the Nampa municipal supply area.   

The M&I wells in the Boise Valley model area are part of the Nampa municipal supply system.  
Nampa wells provide 157 gallons of water per day per capita, (57,305 gallons per capita per 
year) to a total residential population of 44,550, using 47 supply wells.  Total annual M&I supply 
is about 7,835 acre-feet. 

Nampa charges a fixed monthly fee of $5.64 for hookups within the city and $11.28 for hookups 
outside the city. In addition the city charges $0.78 per 100 cubic feet for the first 4,000 cubic 
feet of water delivered inside the city and $0.46 for every 100 cubic feet over that.  Outside the 
city, Nampa’s fixed charge is $11.28, and the incremental rates are $1.86 for the first 4,000 cubic 
feet and $0.92 for every 100 cubic feet above that.  

For the sub-area, it is assumed that the average fixed monthly charge for Nampa M&I water is 
$8.46 per hookup, and that (based on four persons per hookup) there are 11,000 hookups total.  It 
is also assumed that for half of the year, the marginal cost of water is the higher of the two 
incremental rates, and for the other half of the year it is the lower of the two rates.  Therefore the 
average annual charge for water is $1.01 per 100 cubic feet, or $439.95 per acre-foot. 

Nampa’s total annual fixed charges for water are estimated to be about $1,116,720, and total 
annual incremental charges are estimated to be about $3,447,055.  The combined charges for 
7,835 acre feet of water delivered to M&I users is $4,563,775, or $582.49 per acre foot,  
which is equivalent to paying $582.49 per acre foot for 166.7 acre feet of water delivered from 
each one of Nampa’s 47 wells.   
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The M&I demand function for Nampa wells within the sub-area is developed assuming that a 
homogenous total product function exists for supplying M&I water, and that factors of 
production, including a “pumping factor”, are each paid their factor share of the total marginal 
price. 

Given a per well M&I pumping rate of 166.7 acre feet per year, average pumping lift is about 
76.5 feet (assuming a full canal diversion).  The price of the “pumping factor” of production can 
be calculated using (10). Nampa M&I water users pay $582.49 per acre-foot of water, but the 
“pumping factor” of production for M&I water is just $15.58 per acre-foot, all other factors of 
production are lumped together as a $566.91 transportation factor.  The price-quantity scale point 
in the M&I pumpers demand function is therefore $15.58 per acre-foot for a total quantity of 
1,000 acre-feet pumped from the six M&I wells located within the model domain. 

In addition, if the pumping factor of demand price were to rise to $175 per acre foot, the quantity 
of groundwater demanded by the M&I supplier is expected to be zero.  Assuming an elasticity of  
-0.3, the calibrated M&I demand function is, 

quantity = −938 + 4417 ⋅ price−0.30 (19) 

The scaled water demand function for M&I pumpers is shown in Figure 31. 
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Figure 31: Scaled demand function for M&I pumper’s in the Boise Project sub-area. 

It is important to note that the M&I water demand function is actually the pumping factor of 
demand price, and applies to the Nampa municipal water supplier not to the Nampa M&I water 
users. Implicit in this demand function is the assumption that if the factor price of groundwater 
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becomes too high (i.e. $175 per acre-foot) the M&I suppler would switch to some other source, 
perhaps surface water, to supply Nampa users.  

The Sub-Area Partial Equilibrium Model 

The sub-area partial equilibrium model balances water supply and demand while maximizing the 
utility of water use among four spatially distributed water supply or demand entities:  

1. The Bureau of Reclamation and the Nampa Meridian Irrigation District (NMID) as a 
water supply entity; 
2. Agricultural water users in the NMID who divert water from the New York Canal as a 
water demand entity;  
3. Private agricultural pumpers and Nampa (M&I) pumpers located near the New York 
canal as both a supply and demand entity; 
4. Elijah, Aaron and Wilson drain water irrigators located north of the New York  Canal 
as both a supply and demand entity.  

The Boise Project sub-area partial equilibrium model differs from the original partial equilibrium 
model developed by Takayama and Judge (see Appendix B) in some important ways.   

1) 	Rather than have a supply-cost function and demand-price function for each of the water 
trading entities, some entities have only supply functions and some have only demand 
functions. Transportation-costs are associated with transporting water from the irrigation 
district supply entity to the canal diverter demand entity.   

2) 	All water demand entities in the model have constant elasticity demand functions rather 
than linear demand functions (see figure 1).  The demand functions include a constant 
term, which reflects the fact that at some very high price level, water demands by 
irrigation and M&I entities will be zero.  On the other hand, no matter how low the 
demand price for water drops, the agricultural and M&I demand entities are never 
satiated. As the demand price falls and water supplies increase, there will always be 
irrigators and M&I users willing to buy these supplies of water. 

3) 	The supply function for drain water irrigators reflects the fact that the drain user has a 
fixed supply price regardless of the quantity of water diverted from the drain.  However 
the maximum quantity that can be diverted from the drain is limited by the drain return 
rate, which is controlled (hydrologically) by canal seepage and groundwater pumping. 

4) 	Supply functions for canal diverters, groundwater pumpers and drain water irrigators can 
be manipulated in the model in order to either include or exclude the impact of 
hydrologic externalities. 
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Partial Equilibrium Model Scenarios 

Three different GAMS model scenarios are developed for the Boise Project sub-area:  a base-
case scenario, a priced-externalities scenario, and a canal-lining scenario. 

The base-case scenario represents current water supply conditions (including existing hydrologic 
externalities). The priced-externalities scenario alters water supply in a way that is 
representative of the market-based approach to water management (i.e. by internalizing 
hydrologic externalities).  The canal-lining scenario alters water supply conditions in a way that 
is representative of the conservation management approach (i.e. eliminating hydrologic 
externalities).   

Besides these three scenarios, a variety of other supply and demand management strategies could 
be represented using the GAMS model, including managed aquifer recharge, curtailment of 
groundwater pumping, or conversions from gravity to sprinkler irrigation.   

Spatial Water Allocation Model Results 

Sub-area spatial water allocation model results are divided into two groups.  Each group of 
results involves four of the five water supply and demand entities described previously; an 
irrigation district, a canal diverter, a drain water irrigator, and either an agricultural pumper or an 
M&I pumper.  Agricultural pumping has much greater influence on canal seepage than does 
M&I pumping because agricultural pumpers are supplied mainly by the shallow aquifer system, 
while M&I pumpers are supplied mainly by the deep aquifer system (Petrich, 2004). 

For each group, the results of three model scenarios are presented.  Scenario 1 is a base-case 
representing current conditions with respect to availability and pricing of canal diversion and 
canal seepage, i.e. canal diversions are at historic averages, canals are unlined, and canal seepage 
externalities are un-priced. Scenario 2 internalizes the canal seepage externalities through 
pricing and by requiring a reimbursement by the recipients of externalities.  Scenario 3 
eliminates the externalities altogether by lining the canal and eliminating seepage.   

For each scenario, model results include the total annual quantity of canal seepage and the 
equilibrium quantity of water supplied to and demanded by each entity.  They also include the 
equilibrated supply price and demand price for water at the margin.  In addition, for those 
scenarios that include agricultural pumpers, the average supply cost of water is also presented.   

Total canal seepage is broken down into Meade seepage and Cheung seepage, indicating a one-
way or two-way externality. Meade seepage is the quantity of seepage that is uninfluenced by, 
or occurs in the absence of, groundwater pumping.  Cheung seepage is the quantity of seepage 
that is induced by groundwater pumping.  Figure 32 illustrates how the two components of canal 
seepage can be calculated using canal seepage response functions. 

51 



 

 

 

 
   

 

 

 
 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 

 
   

 

0 

2,000 

4,000 

6,000 

8,000 

10,000 

12,000 

14,000 

16,000 

18,000 

20,000 

0  2,00  
0 

4,000 6,00 
0 

8,00 
0 

10,000 12,000 14,000 16,000 18,000 20,000 
average pumping (af/yr) 

C
an

al
 s

ee
pa

ge
 (a

f/y
r)

 

modeled, full diversion 
fitted, full diversion 

Cheung seepage 

Meade seepage 

Figure 32:  Meade and Cheung components of total canal seepage from model results that include 
agricultural pumpers. 

Note that since supply costs for both canal diverters and drain water irrigators are fixed 
regardless of the quantity supplied, average supply cost is equal to marginal supply price for 
these two entities. This is not true for groundwater pumpers, whose supply price increases with 
increasing quantity supplied, due to increases in pumping lift. 

Model Results that include Agricultural Pumpers 

Table 3 summarizes the results of the three spatial water allocation model scenarios for the group 
of water suppliers and demanders that includes agricultural pumpers.   

Partial equilibrium modeling assumptions require that the quantities of water supplied to and 
demanded by each trading entity be equal, and that supply costs plus transportation costs plus 
constraint costs be equal to demand prices.  As described earlier, transportation costs are 
associated with water that is lost to the canal diverter because of canal seepage.  Constraint costs 
are associated with limits on canal diversion due to canal capacity (or to limitations of water 
rights). Constraint costs are also associated with limits on drain return, which are hydrologically 
determined. 
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Table 3:  Spatial water allocation model results for canal diverters, drain users and agricultural pumpers. 

Conditions at equilibrium 

Base-Case 
Scenario 1: w ith 
canal seepage 
externality 

Scenario 2: canal 
seepage priced 
(externality 
Internalized) 

Scenario 3: 
canal lined 
(externality 
elim inated) 

Total canal seepage (af) 21738 
Meade seepage (af) 11363 
Cheung seepage (af) 10375 

20664 
11363 

9301 

0 
0 
0 

Quantity supplied (af) 
irrigation district 42600 
Ag. pum per 39220 
drain water irrigator 1286 

42600 
32261 

1386 

42600 
17031 

0 

Quantity dem anded (af) 
canal diverter 20862 
Ag. pum per 39220 
drain water irrigator 1286 

21936 
32261 

1386 

42600 
17031 

0 

Average supply cost (per af) 
irrigation district $13.27 
Ag. pum per $19.32 
drain water irrigator $9.46 

$13.27 
$16.82 

$9.46 

$13.27 
$30.27 

$9.46 

(M arginal)  Dem and price (per af)  
canal diverter $89.85 
Ag. pum per $35.92 
drain water irrigator $74.51 

$88.31 
$42.82 
$71.75 

$65.00 
$67.10 

$130.00 

Scenario 1 
In scenario 1, the quantity of water supplied annually by the irrigation district to the canal 
diverters in the model area is 42,600 acre-feet (the water right limit).  Canal seepage that occurs 
within the model area as a result of a full canal (the canal diversion capacity is 250,000 acre-feet 
per year) supplying 42,600 acre-feet annually to the canal diverters, is 21,738 acre-feet. (The 
remaining 207,400 acre-feet goes to irrigators outside the model area.)  Of this seepage, 11,363 
acre-feet is Meade seepage, uninfluenced by groundwater pumping, and 10,375 acre-feet is 
Cheung seepage, induced by agricultural pumpers in the model area who are pumping 39,220 
acre-feet of groundwater annually. Canal seepage also creates 1,286 acre-feet of drain return 
which is being used by drain water irrigators in the model area.   

The irrigation district’s supply cost for any quantity of water up to 42,600 acre-feet is based on 
O&M charges and Project repayment costs which total $13.27 per acre-foot, at the head of the 
canal. The canal diverters’ equilibrium demand is for 20,862 acre-feet of water, the canal 
diverters’ equilibrated demand price, which includes canal transportation costs and constraint 
costs, is $89.85 per acre-foot, at the margin.   
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The drain water irrigators’ supply cost for 1,286 acre-feet of water pumped from the drain is 
fixed at $9.46 per acre-foot. The equilibrated demand price for drain water is $74.51 per acre 
foot, at the margin.  

At equilibrium, agricultural pumpers demand 39,220 acre-feet of water.  The groundwater 
pumpers average supply cost, based on pumping lift, is $19.32 per acre-foot.  The equilibrated 
demand price for agricultural groundwater is however $35.92 per acre-foot, at the margin.  

Scenario 2 
In Scenario 2, canal seepage externality is internalized.  Agricultural pumpers and drain water 
irrigators reimburse the canal diverters for the canal seepage externality that was un-priced in 
Scenario 1. The reimbursements are based on the equilibrated demand price for water by 
groundwater pumpers and drain water irrigators. 

The irrigation district supplies the same quantity of water as before to the canal diverters (42,600 
acre-feet per year). As in Scenario 1, 11,363 acre-feet of canal seepage is unaffected by 
groundwater pumping (the Meade Externality).  Canal seepage induced by agricultural pumping 
(the Cheung Externality) declines however, from 10,375 acre-feet (in Scenario 1) to 9,301 acre-
feet per year. The decline in seepage can be traced to the decline in the agricultural pumpers’ 
demand for water from 39,220 to 32,261 acre-feet per year as a consequence of now having to 
pay for some of the transportation costs associated with canal seepage.  The reduction in 
transportation costs results in a reduction in the canal diverters’ demand price for water, from 
$89.85 (in Scenario 1) to $88.31, and an increase in the quantity of water demanded from 20,862 
acre-feet (in Scenario 1) to 21,936 acre-feet. 

The reduced demand for water by groundwater pumpers results in increased drain return and a 
reduction in drain water irrigators’ demand price from $74.51 per acre-foot (in Scenario 1) to 
$71.75 per acre-foot. As a consequence, the quantity of drain water demanded increases from 
1,286 acre-feet (in Scenario 1) to 1,386 acre-feet.  

Finally, the agricultural pumpers’ reimbursement for canal transportation costs results in a $6.90 
increase in the demand price for groundwater from $35.92 per acre-foot (in Scenario 1) to $42.82 
per acre-foot. 

Scenario 3 
In Scenario 3 the canal is lined, thus eliminating the canal seepage externality entirely.  As 
before, the irrigation district supplies the same quantity of water to canal diverters (42,600 acre-
feet). In the absence of all canal seepage (and transportation costs) the canal diverters’ demand 
increases to 42,600 acre-feet, which is the maximum allowable diversion. 

The agricultural pumpers’ demand declines significantly from 39,220 acre-feet (in Scenario 1) to 
17,031 acre-feet as a result of the greatly increased supply cost associated with increased 
pumping lift.  In the absence of all canal seepage, the drain water irrigators’ water supply 
disappears entirely. 
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In the absence of all transportation costs, the canal diverters’ equilibrium demand price for water 
declines from $89.85 per acre-foot (in Scenario 1) to $65.00 per acre-foot.  On the other hand, 
the agricultural pumpers’ supply cost increases, from $35.92 to $67.10 per acre-foot due to 
increased pumping lift.  The drain water irrigators’ marginal demand price exceeds $130 per 
acre-foot, which is the point in the drain water irrigators’ demand function (see figure 30) at 
which the demand for drain water drops to zero.   

Model Results that include M&I Pumpers 

 Table 4 summarizes the results of spatial water allocation model scenarios for the group of water 
suppliers and demanders that includes M&I pumpers.  As before, there are three model 
scenarios; the base case with externalities, externalities internalized, and externalities eliminated. 
The quantity of water supplied by the irrigation district is equal to total canal seepage plus the 
water demanded by canal diverters, and the quantity of water supplied to drain water irrigators 
and M&I pumpers is equal to the quantity demanded by these entities.  Note that table 4 shows 
equilibrated supply prices (not average supply costs as in table 3).  At equilibrium, supply prices 
equal demand prices for all entities.   

Table 4:  Spatial water allocation model results for canal diverters, drain users and M&I pumpers. 

Conditions at equilibrium 
Scenario 1: with 
canal seepage 
externality 

Scenario 2: canal 
seepage priced 
(externality 
Internalized) 

Scenario 3: canal 
lined (externality 
eliminated) 

Total canal seepage (af) 14,475 13,312 0 
Meade seepage (af) 11,363 11,363 0 
Cheung seepage (af) 3,112 1,949 0 

Quantity supplied (af) 
irrigation district 42,600 42,600 42,600 
M&I pumper 1,163 0 1,034 
drain water user 3,158 3,625 0 

Quantity demanded (af) 
canal diverter 28,126 31,238 42,600 
M&I  pumper 1,163 0 1,034 
drain water user 3,158 3,625 1,034 

Supply price (per af) 
irrigation district $80.16 $76.48 $65.00 
M&I  pumper $11.91 $253.06 $14.69 
drain water user $40.66 $35.84 $130.00 

Demand price (per af) 
canal diverter $80.16 $76.48 $65.00 
M&I  pumper $11.91 $253.06 $14.69 
drain water user $40.66 $35.84 $130.00 
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Scenario 1 
Again in Scenario 1, the quantity of water supplied by the irrigation district, at the head of the 
canal is 42,600 acre-feet. The canal diverters’ water demand at the end of the canal is 28,126 
acre-feet. Canal seepage totals 14,475 acre-feet, of which 11,363 acre-feet is uninfluenced by 
M&I pumping (Meade Externality) and 3,112 acre-feet is induced by M&I pumping.  The M&I 
pumpers demand 1,163 acre-feet of groundwater, and the drain water irrigators pump 3,158 acre-
feet from the drain.   

Because of differences in aquifer systems, well locations and pumping rates, M&I pumping has a 
much smaller influence on canal seepage and drain return than does agricultural pumping.  As a 
result, transportation costs associated with canal seepage are lower.  The 28,126 acre-foot base-
case demand for water, by canal diverters is 7,266 acre-feet greater than before, and the $80.16 
per acre-foot demand price is $9.69 per acre-foot less than before.   

Scenario 2 
Again in scenario 2, the canal seepage externality is internalized.  M&I pumpers and drain water 
irrigators reimburse the canal diverters for transportation costs associated with the Cheung 
portion of canal seepage.  The irrigation district supplies the same quantity of water as before 
(42,600 acre-feet) to the canal diverters. The reduction in transportation costs results in an 
increase in the quantity of water demanded by canal diverters from 28,126 acre-feet in (Scenario 
1) to 31,238 acre-feet. 

As in Scenario 1, 11,363 acre-feet of canal seepage is unaffected by pumping (the Meade 
Externality).  As a result of internalizing the canal seepage externality the Cheung portion of 
canal seepage declines from 3,112 acre-feet (in Scenario 1) to 1,949 acre-feet,.  The decline in 
seepage can be traced to the virtual elimination of M&I pumpers demand for groundwater.  As a 
consequence of now having to pay the transportation costs associated with the Cheung portion of 
the canal seepage externality, M&I pumping demand drops to zero.  In the absence of all M&I 
pumping, drain water supply and demand increases from 3,158 acre-feet in (Scenario 1), to 3,625 
acre-feet. The equilibrium supply price for M&I groundwater rises from $11.91 per acre-foot (in 
Scenario 1) to $253.06 per acre foot, which exceeds the price that M&I pumpers are willing to 
pay for groundwater (see figure 31). 

The total elimination of M&I pumping demand in this scenario can be traced to the demand 
function of M&I water users. The price-quantity relationship in this function reflects the demand 
for groundwater by an M&I supplier, and does not include “transportation costs” associated with 
delivering M&I water to the end users. The scenario results represent a situation where the M&I 
supplier has another source of water besides groundwater that is available to meet end user 
demand.  

The canal diverter’s demand price declines slightly from $80.16 per acre-foot (in Scenario 1) to 
$76.48 per acre-foot because the absence of M&I pumping has reduced transportation costs.  The 
drain water irrigators’ demand price for water declines from $40.66 to $35.84 per acre-foot also, 
as a result of the absence of M&I pumping.  
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Scenario 3 
As before in Scenario 3, the canal is lined thus eliminating the canal seepage externality entirely.  
The irrigation district supplies the same quantity of water to canal diverters (42,600 acre-feet), 
and in the absence of all canal seepage (and transportation costs) the canal diverters’ demand 
increases to 42,600 acre-feet. 

In the absence of canal seepage, the M&I pumpers’ demand declines from 1,163 acre-feet (in 
Scenario 1) to 1,034 acre-feet due to increased pumping lift, at the same time the drain water 
irrigators water supply drops to zero.  In the absence of transportation costs the canal diverters’ 
demand price declines from $80.16 (in Scenario 1) to $65.00 per acre-foot. 

Transportation Costs and Constraint Costs 

Supply prices in Table 4 are the sum of supply costs, transportation costs, and constraint costs.  
At equilibrium therefore, transportation costs and constraint costs account for the difference that 
exists between supply cost and marginal supply price.   

The following figures, which combine exogenous supply functions and demand functions, show 
the relationship between supply costs and supply prices for canal diverters, agricultural pumpers 
and drain water irrigators.  Figure 33 combines the supply function of the irrigation district with 
the demand function of the canal diverters.  Figure 34 combines supply function and demand 
function for the agricultural pumpers, and figure 35 does the same for the drain water irrigators.   
Red markers located at the intersection of the supply curve and demand curve in these figures 
indicate the quantity of water that would be supplied to and demanded by each entity in the 
absence of transportation costs and constraint costs (i.e. with supply-cost only).  Green markers 
along the demand curves show the equilibrium quantities supplied and demanded given the 
transportation costs and constraint costs that are imposed in each scenario.  

In figure 33, the difference between canal diverters’ supply cost and supply price in all three 
scenarios is due to transportation costs stemming from canal seepage and to constraint costs 
stemming from limited canal capacity and/or water rights.  In the absence of all canal 
transportation and constraint costs the canal diverter would divert about 219,000 acre-feet.  
However actual diversion is much less, mainly because of constraint costs.  Depending on the 
scenario, the canal diverter’s transportation costs and constraint costs range between $51.73 and 
$76.58 per acre-foot of diversion. 

On the other hand, in figure 34, the agricultural pumpers’ supply cost and supply price for water 
are the same, since transportation costs are fully incorporated into pumping costs (and there are 
no other constraint costs imposed on groundwater pumpers in the model).  The agricultural 
pumpers’ supply function fully accounts for the influence that canal seepage has on pumping lift.   
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Figure 33: Canal diverters’ equilibrium supply and demand (with agricultural pumpers).  
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Figure 34:  Agricultural pumpers’ equilibrium supply and demand.  

In figure 35, the difference between the drain water irrigators’ supply cost and supply price is 
due to constraint costs stemming from the limited availability of drain return.  In the absence of 
drain return constraints, the drain water irrigator would demand almost 11,000 acre-feet of drain 
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return. Again, actual drain diversion is much less because of constraint costs associated with 
limited drain water availability.  Depending on the scenario, the drain water irrigators’ constraint 
cost ranges between $62.29 and $120.54 per acre-foot of drain return.   
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Figure 35:  Drain water irrigators’ equilibrium supply and demand (with agricultural pumpers). 

Valuation of the Canal Seepage Externality 

One of the central questions for this application of spatial water allocation modeling has to do 
with the valuation of the canal seepage externality by canal diverters, agricultural pumpers and 
drain water irrigators. 

There are two ways that the value of canal seepage can be calculated; in terms of average supply 
cost of water, or in terms of (marginal) demand price for water.  Valuing seepage in terms of 
average supply cost means that only the cost of supply to canal diverters, groundwater pumpers, 
and drain water irrigators is considered.  Valuing seepage in terms of demand price means that 
canal seepage is valued based on equilibrated supply prices and demand prices i.e. the price of 
water at the margin.   
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Valuing Canal Seepage in Terms of Supply Cost 

Determining the value of canal seepage based on supply cost of water requires that average 
supply costs of users be calculated in each scenario.  Although the quantities of water supplied to 
canal diverters and drain water irrigators are constrained, their supply costs are fixed in all three 
scenarios. For the available supply, the canal diverters’ average supply cost is $13.27 per acre-
foot, and the drain water irrigator’s average supply cost is $9.46 per acre-foot.   

For agricultural pumpers, the average cost of groundwater is determined by integrating the 
pumper’s (marginal) supply function (between zero and the quantity supplied) and then dividing 
by the quantity supplied (Table 3). In Scenario 1, this results in an average pumping cost of 
$19.32 per acre-foot. In Scenario 2 the average cost of pumping declines to $16.82 per acre-foot 
because reduced agricultural demand for groundwater results in reduced pumping lift.  In 
Scenario 3, in the absence of all canal seepage, the average cost per acre-foot of groundwater 
pumped increases to $30.27 as a result of greatly increased pumping lift.   

From the supply-cost perspective, the value of canal seepage to canal diverters is $13.27 per acre 
foot. From the same perspective, the value of canal seepage to the agricultural pumpers is, at a 
minimum, the difference between the average supply cost in Scenario 3 and the average supply 
cost in Scenario 1, i.e. $10.95 per acre-foot of groundwater pumped.  This is considered the 
minimum value because the difference would be greater than $10.95 per acre-foot if demand for 
groundwater had not declined in Scenario 3 due to increased pumping lift.  

Canal seepage has no impact on the supply cost of the drain water irrigators, since their supply 
cost is a fixed $9.46 per acre foot of water pumped from the drain.  However seepage does affect 
the quantity of water that is available in the drain.  The value of canal seepage to the drain water 
irrigator can therefore only be specified in terms of the drain water irrigator’s demand price, 
which includes the drain return constraint cost. 

Valuing Canal Seepage in Terms of Demand Price 

The demand price value of an acre-foot of seepage to the canal diverter is the canal diverters’ 
marginal demand price for water at the end of the canal.  The canal diverters’ demand price in 
Scenario 1 is composed of irrigation district supply cost, price of Cheung seepage, price of 
Meade seepage, and price of canal constraint. 

In Scenario 1 these terms have the following values; 

$89.85= $13.27 + $3.73 + $4.08 + $68.77 ( 20 ) 

In words, the marginal value of one additional acre-foot of water to canal diverters, after having 
20,862 acre-feet delivered by the irrigation district, is $89.85.  For one additional acre-foot of 
water, canal diverters are willing to pay the supply cost of $13.27 to the irrigation district.  They 
are also willing to pay a canal transportation cost that amounts to $7.81.  They would also be 
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willing to pay an additional $68.77 to avoid the constraint on water delivery that arises from 
limited canal capacity or water right.  The constraint cost is essentially an opportunity cost. 

In Scenario 2, where the canal seepage externality is internalized, payments for the seepage 
externality by groundwater pumpers and drain water irrigators are included in the canal 
diverters’ demand price equation.  The terms that make up demand price in this scenario have the 
following values; 

$88.31 = $13.27 + $3.29 + $4.01 + $70.77- $2.68 - $0.35 ( 21 ) 

In Scenario 2, the marginal value of one additional acre-foot of water to canal diverters, after 
having 21,936 acre-feet delivered by the irrigation district, is $88.31.  

The groundwater pumpers’ reimbursement to the canal diverter for the additional acre-foot of 
water delivered to the end of the canal is $2.68 per acre-foot. The drain water irrigators’ 
reimbursement is $0.35 per acre foot.   

For one additional acre-foot of water, canal diverters are willing to pay the supply cost of $13.27 
to the irrigation district. After receiving reimbursements from agricultural pumpers and drain 
water irrigators, they would be willing to pay $4.27 in canal transportation costs and $70.77 to 
avoid constraints on water delivery (i.e opportunity cost). 

The reimbursements made by agricultural pumpers and drain water irrigators in Scenario 2 can 
be re-characterized in terms of a price per acre-foot of groundwater pumped and a price per acre-
foot of drain water pumped, by multiplying them by the canal diverters’ demand in Scenario 2 
and then dividing them by, respectively, the agricultural pumpers’ demand and the drain water 
irrigators’ demand.  Doing so results in a marginal payment for induced canal seepage of $1.82 
per acre-foot of groundwater pumped, and a marginal payment of $5.53 per acre-foot of drain 
return diverted. These two payments reflect the marginal demand price (i.e. the value) of 
induced (Cheung) canal seepage to the agricultural pumper and the drain water irrigator. 

The value of an acre-foot of seepage to drain water irrigators is also characterized by the drain 
water irrigators’ marginal demand price for water.  The two components which make up drain 
water irrigators’ demand price are the drain pumping cost and the price of drain return constraint 
(i.e. the opportunity cost associated with drain water). 

In Scenario 1 after pumping 1,286 acre-feet of water from the drain, the marginal demand price 

for an acre-foot of drain water is, 


$74.51= $9.46 + $65.05         (22) 

In Scenario 2 after pumping 1,386 acre-feet of water from the drain, the marginal demand price 
for an acre foot of drain water is, 

$71.75 = $9.46 + $62.29         (23) 

Internalizing the canal seepage externality actually reduces the drain water irrigators’ marginal 
demand price by $2.76 per acre-foot.  This is because internalizing the seepage externality also 
reduces agricultural demand for groundwater.  While the drain water irrigators are paying $5.53 
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per acre-foot to the canal diverter, they are at the same time receiving a marginal benefit worth 
$2.76 per acre-foot because of reduced agricultural pumping. 

Summary of Model Results 

Valuations of canal seepage to canal diverters, groundwater pumpers, or drain water irrigators 
differ depending on how they are calculated and who they are valued by.  The value of canal 
seepage can be calculated in terms of average supply cost of water, or in terms of the equilibrated 
demand price for water.  Valuing seepage in terms of average supply cost means that only the 
cost of supply to the canal diverter, groundwater pumper or drain water irrigator is considered.  
Valuing seepage in terms of marginal demand price means that canal seepage is valued based on 
equilibrated supply prices and demand prices, and includes opportunity costs.   

The supply-cost value of an acre-foot of canal seepage to canal diverters in the model area is 
fixed by irrigation district O&M and project repayment cost at $13.27 per acre-foot.  On the 
other hand, the supply-cost value of an acre-foot of canal seepage to agricultural pumpers in the 
model area depends on how canal seepage affects their pumping costs.  In this regard, an acre-
foot of canal seepage is valued by agricultural pumpers at $10.95 per acre-foot of groundwater 
pumped.  Canal seepage does not alter the supply cost of drain water irrigators in the model area 
which is fixed at $9.46 per acre-foot as long as there is water in the drain.   

Demand-price valuations of canal seepage are derived from equilibrium model calculations of 
water quantities supplied and demanded by canal diverters, drain water irrigators and agricultural 
pumpers.  Based on demand-price, the marginal value of canal seepage to canal diverters is 
$89.85 per acre-foot of water delivered to the end of the canal.  The agricultural pumpers’ 
payment of $1.82 per acre-foot of groundwater pumped reflects the marginal value of canal 
seepage to the agricultural pumper.  Similarly, the drain water irrigators’ payment of $5.53 per 
acre-foot of drain water pumped reflects the marginal value of canal seepage to drain water 
irrigators. All of these prices include opportunity costs. 

Finally, it is important to restate the fact that the water valuations described previously are 
entirely dependent on site-specific hydrologic conditions as represented by the prototype model.  
Different hydrologic conditions, for instance different degrees of hydraulic connection between 
canals and the underlying aquifer, different proximities between wells, drains and canals, and 
different aquifer transmissivities all have the potential to significantly alter these canal seepage 
valuations. Canal seepage valuations could also be altered significantly by using different 
exogenous demand functions for canal diverters, drain water irrigators and groundwater pumpers 
representing different crop values or different M&I water uses. 
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Appendix A - Analytic Element Modeling Theory and 

Application to Canals, Wells and Drains 


RD Schmidt 

Groundwater models can provide important information regarding the type, location, and 
magnitude of externalities that arise in connection with hydrologic interactions between canals 
and wells. This paper presents some well known hydrologic modeling principles regarding the 
interaction between surface water conveyance devices (canals or drains) and groundwater wells, 
in the context of creating (or altering)  hydrologic externalities. 

The following discussion is based on the analytic element modeling work of Strack (1989) and 
Haitjema (1995).  The analytic element modeling method has been widely applied in the context 
of regional hydrologic systems that involve aquifer interactions with streams and rivers.  
However, the method is also applicable to sub-regional systems involving aquifer interactions 
with canals (and drains), provided certain conditions regarding the spacing of canals and drains 
are met (see Appendix). 

Basic Equations 

Following Strack (1989), the governing differential equation for two-dimensional steady state 
groundwater flow in a confined or unconfined aquifer, is written in terms of a discharge potential 
Φ  [L3/T]as 

∂ 2 Φ ∂ 2 Φ 
2 + 2 = 0     (1)  

∂x ∂y 

where Φ is a function of hydraulic conductivity k[ L/T], aquifer thickness h [L], and aquifer head 
φ ,[L] given by the following pair of equations 

Φ = khφ − 
1 kh2 if φ ≥ h  (i.e confined conditions exist) (2a)
2 

1 2Φ = k φ if φ < h  (i.e. unconfined conditions exist) (2b)
2 

Note that in either equation, when φ = h , Φ = 
1 kh 2 , which demonstrates that the discharge 
2 

potential Φ , is piecewise continuous at the boundary between confined and unconfined flow 
conditions. 
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Note also that the governing equation (1) is a linear with respect to Φ . This means that 
superposition of solutions to (1) is always appropriate, even when unconfined aquifer conditions 
exist. 

A discharge potential function Φ  which satisfies (1) is a harmonic function, which implies the 
existence of a conjugate harmonic function that is related to the discharge potential function by 
the Cauchy-Reimann conditions.  In groundwater mechanics, the conjugate harmonic function is 
known as the stream function Ψ . 

Since the discharge potential function and the stream function are related to each other by the 
Cauchy-Reimann conditions, it is possible to represent Φ and Ψ as the real and imaginary parts 
of a complex potential function Ω , where 

Ω = Φ + iΨ     (3)  

In groundwater mechanics, complex functions Ω(z) , where z is a complex variable x + iy 
representing a two-dimensional spatial location, and where Φ(z)  satisfies (1), are referred to as 
analytic elements. 

The Well Analytic Element Solution 

The steady state well function, often referred to as the Theim solution (Batu, 1998) is well 
known in groundwater mechanics.  Using analytic element notation, the complex potential for a 
steady-state well Ωw = Φw + iΨw is given by, 

Q
Ωw = ln(z − zw ) + C     (4)  

2π

where the real variableQ is the well discharge rate, zw = xw + iyw  is the location of the center of 
the well, z = x + iy  is a point in the aquifer where the well function is evaluated, and C is a 
constant of integration.  That the well solution satisfies (1) can be demonstrated by separating 

 into real and imaginary parts, and taking derivatives with respect to x and y. Aquifer head atΩw 

z, φw (z) , is obtained from the real part of (4) by the use of (2a) or (2b), depending on whether 
the aquifer is confined or unconfined at z. 

The Line Source-Sink Analytic Element Solution 

The line source-sink function is also well known in groundwater mechanics.  Conceptually it can 
be thought of as an infinite number of wells having a finite discharge rate, distributed along a 
line segment between two points. 
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Using analytic element notation, the complex potential for a line source-sink Ω ls = Φ ls + iΨls is 
given by 

σ ls −iαe ( − z )  (  − z − − z )  (  − z + − z )]Ω = [ z ln z ) (  z ln z ) (  z + C (5)ls 1 1 2 2 1 22π 

where the real variable σ ls [L/T] is the line source-sink discharge rate per unit length, α  is the 
angle of the line source-sink with respect to the positive x-axis, and z1 = x1 + iy1 and 
z2 = x2 + iy2 are the endpoints of the line source-sink.  

The complex potential Ωls is path-independent differentiable with respect to x and y, and 
therefore analytic. That the line source-sink solution also satisfies (1) can again be demonstrated 
by separating Ωls  into real and imaginary parts, and taking derivatives of Φ ls  with respect to x 
and y. Again, aquifer head φls (z) , is obtained from the real part of (5) by the use of (2a) or (2b), 
depending on whether the aquifer is confined or unconfined at z. 

Analytic Element Boundary Conditions 

The basic application of well and line source sink solutions in an analytic element groundwater 
model involves imposing either a flow condition (i.e. Q and σ ls  are known) or a potential 
condition (i.e. Φ w and Φ ls are known) on the real part of (4) and (5), and then solving the 
equations for whichever conditions remain unknown. Note that with (2a) and (2b) the potential 
condition equates to a head condition on φw andφls  . 

In the present application, where the focus is on quantifying the hydrologic impact of 
groundwater withdrawals on canal seepage (or drain returns), the obvious choices are the 
potential condition for the line source sink solution, and the flow condition for the well solution.  

 It is important to note that the potential (and head) conditions that are specified for a canal 
(hereafter denoted Φ c and φc  respectively) refer to the canal itself, and not to the aquifer 
underlying it. This means that additional information will be needed regarding the resistance of 
the canal bed or the canal lining material.   

Canal Boundary Condition, Confined Aquifer 

If the aquifer is confined (i.e.φ ≥ h ) then (by application of Darcy’s Law) 
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   φa − φcσ c = w 
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(6) 

where, φa is the head in the aquifer directly beneath the canal, w is the canal width, and c  is the 
vertical conductance of the canal bed or canal lining.  (Note: c = k 

δ where δ is the thickness of 
c 

the canal bed or lining, and kc is its vertical hydraulic conductivity.) The canal boundary 
condition imposed on aquifer head directly beneath the canal is therefore 

c ⋅σ cφa = φc + . (7) 
w 

Using (2a) to express (7) in terms of potentials gives   

Φ = Φ + 
khc σ (8)

a c c w 

which is the potential condition for a canal in a confined aquifer (figure 1).   

w 

clay/silt δ

sand/gravel 

d 

φ a hφ c φ r

Figure 1. Conceptual diagram of the interaction between a canal and a confined 
aquifer 
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Canal Boundary Condition, Unconfined Aquifer 

If the aquifer is unconfined (i.e.φ < h ) then (2b) is used to express the canal head condition in 
(7), in terms of potentials.  In this case the potential condition is given by 

⎛φ + φ ⎞kc a c⎜ ⎟ 
⎝ 2 ⎠Φ = Φ + σ (9)

a c c w 
Note in (9), that Φa  is dependent on an (a priori unknown) head condition φa . Although the 
aquifer is unconfined, the watertable surface can still be in contact with the canal bottom (figure 
2). Under these conditions it is necessary to provide an initial estimate of φa , and then solve the 
line sink equation (5) using iterative methods.  

clay/silt 
d 

w 

δclay/silt lenses 

r 
φ 

a 
φ h′ cφ 

Canal Boundary Condition, Percolating Unconfined Aquifer 

If the aquifer is unconfined (φ < h ) and the watertable surface is below the canal bottom (i.e. 
φa < h ) then the pore pressure beneath the canal is atmospheric and  the seepage rate σ c is 
independent of φa  (figure 3) .  The flow specified condition for the canal in the unconfined 
percolating aquifer is given by 

δ + dσ c = −w     (10)  
c 

71 



 

 

 
  

 

 

 
 

 

 
 

 

  

 

where δ  is the thickness of the resistance layer and d is the depth of water in the canal 

Note that when φa = φc − d − δ (i.e.φa = h ), (6) and (10) give the same result. 

 
 

w 

clay/silt 

sand/gravel 

d 
φ p = 0

φ c

Figure 3. Conceptual diagram of the interaction 
between a canal and a percolating unconfined aquifer 

Superposition of Analytic Element Solutions 

As indicated earlier, individual analytic element solutions to (1) can be superimposed on one 
another in order to generate a comprehensive solution Ω for a groundwater flow problem that 
involves both well and canal features. The comprehensive potential solution for a single well 
and a single canal feature is given by 

Q σ c −iα ( ) (  ) (  ) (  ) (  )  (11)Ω = Ω + Ω = ln(z − z ) + e [ z − z ln z − z − z − z ln z − z + z − z ]+ Cw c w 1 1 2 2 1 22π 2π 

For multiple wells and multiple canal features the comprehensive potential solution is simply 
n n 

Ω = ∑Ωw + ∑Ωc + C    (12)  
i i 

i=1 i=1 
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Canal Head Conditions and Externalities 

The relationship between diversion rate WA  needed to meet demand of canal user A, and the 
depth of water in the canal that supplies user A is given by   

(a + b)dWA = ⋅ v    (13)  
2 

where a is the width at the bottom of a canal with a trapezoidal cross-section, and b is the width 
at the water surface, d  is the depth of water in the canal, and v is the average cross-sectional flow 
velocity. 

Rearranging terms, 

⋅WAd = 2     (14)  
(a + b)v 

Relative to the datum of the underlying aquifer, the total canal head φc  is given by 

φc = d + δ + h      (15)

 or with (13), 

2 ⋅WAφc = + δ + h     (16)  
(a + b)v 

It follows from (8) that if the aquifer is confined, then the potential condition that is needed 
beneath the canal in order to maintain diversion WA  in the canal is  

2 ⋅WA cσ c 1 2Φ = kh + khδ + kh + kh (17)a (a + b)v w 2 

It follows from (9) that if the aquifer is unconfined, but the water table surface is in contact with 
the canal bottom, then the potential condition that is needed to maintain diversion WA  in the 
canal is 
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  ⎛ 2 ⋅W ⎞
2 

kcσ ⎛ 2 ⋅W ⎞ kcφ σ1 A c A a cΦ a = k⎜⎜ + δ + h′⎟⎟ + ⎜⎜ + δ + h′⎟⎟ + (18)2 
⎝ (a + b)v ⎠ 2w ⎝ (a + b)v ⎠ 2w 



 

 

 

 

 

 
 

 

 

where h′ is defined in the unconfined aquifer case as shown in figure 2. 

2 1 2If in (17) Φ a ≥ 1
2 kh or in (18) Φ a ≥ 2 kh′ , then the water table surface is in contact with the canal 

and the Cheung externality condition applies.  If however in these equations Φ a < 1
2 kh 2 

or Φ a < 1
2 kh′2 , then the water table surface is below the bottom of the canal, canal seepage is 

independent of the aquifer head condition, and the Meade externality condition applies.   

Calculation of Canal loss Induced by Groundwater Pumping  

Canal seepage induced by groundwater pumping is calculated by imposing three boundary 
conditions on the real part of (11). 

A far-field potential condition representing the average head in the aquifer is imposed at a 
distant point in the aquifer zr . 

A flow condition which satisfies the demand of the groundwater pumper, Q = WB , is 
imposed on the well. 

 A potential (head) condition which is based on the diversion rate WA needed to satisfy the 
demand of the canal user, is imposed at the center of the canal. 

The far field potential condition is denoted  Φ(z ) = Φ where Φ  is based on a known (confinedr r r 

or unconfined aquifer) head condition at zr  and used to determine the value of C.  Substituting 
the far-field expression above into the real part of (11), solving for C, and then substituting this 
expression for C back into the original equation yields, 

⎡ Q ⎛ z − zw ⎞⎤ ⎡σ c −iα ⎛(z − z1 )ln(z − z1 ) − (z − z2 )ln(z − z2 ) − ⎞⎤
Φ = Re⎢ ln⎜⎜ ⎟⎥ + Re⎢ e ⎜⎜ ⎟⎟⎥ + Φ r 

(19) 
⎣ π zr 

⎟ ln 2⎢2 ⎝ − zw ⎠⎥⎦ ⎣2π ⎝(zr − z1 ) (  zr − z1 )  (  + zr − z2 ) (  ln zr − z )⎠⎦ 

Imposing the well flow condition Q = W B , and the canal potential condition from (17), 
⎛ z1 + z2 ⎞Φ⎜ ⎟ = Φ    on (19), and evaluating this expression at the center of the canal yields  
⎝ 2 ⎠ 

a 

⎡ ⎛ z1 + z 2 ⎞⎤
⎜ − z ⎟ ⎡ ⎛⎛ z 2 − z1 ⎞ ⎛ z2 − z1 ⎞ ⎛ z1 − z 2 ⎞ ⎛ z1 − z 2 ⎞ ⎞⎤⎢WB ⎜ 2 w 

⎟
⎥ ⎢σ c −iα ⎜⎜ ⎟ ln⎜ ⎟ − ⎜ ⎟ ln⎜ ⎟ −⎟⎥ (20)Φ = Re⎢ ln ⎥ + Re e ⎜⎝ 2 ⎠ ⎝ 2 ⎠ ⎝ 2 ⎠ ⎝ 2 ⎠ ⎟ + Φ r

⎢ 2π z r − z w ⎥ 2π ⎜ ⎟ 
⎢ ⎜ ⎟⎥ ⎢⎣ ⎝(zr z1 ) (  ln z r z1 ) (  zr z2 ) (  zr z2 ⎠⎦ 

a ⎜ ⎟ ⎢ 
− − + − ln − ) ⎥

⎥ 

⎣ ⎝ ⎠⎦ 

Substituting in the full expression for Φa  from (17) and solving for σ c yields, 
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(22)


Equation 22 could be used to evaluate the Cheung Externality condition for confined aquifer 
settings only. For unconfined settings, Φ
a would be entered from (18) instead of (17) and the 
far-field condition would come from (2b) instead of (2a).  The non-linearity in the resulting 
equation would require an initial estimate of φa and solution by iterative methods. 

In order to facilitate direct calculation of σ
c  some simplifications of (22) are possible.  First we 
can assume that the canal lies along the x-axis so that z1  and z2  are real numbers and α
= 0 . We 
can also assume that zr  is on the x axis.  Finally, it is clear from (22) that in this simple case, the 
distance between the well and the midpoint of the canal relative to the distance between the well 
and the far-field boundary is the only relevant spatial condition as far as the well is concerned.  
So we are free to place the well on the x axis also.   

Under these conditions (22) reduces to 

  
φφ 

+ 

π 

π 

x x1 2 xwWB 2 kh kh 
2 

2 1 2 1 1 2 1 2 

2 

⎛
⎜ 
⎜ 
⎜
⎜

⎞
⎟ 
⎟ 
⎟
⎟

− 

x 
ln − +c r−xr w 

⎠⎝σ

⎡

= c ⎤⎛
⎜ 
⎜ 
⎜

⎞
⎟ 
⎟ 
⎟

− 

2 
− 

2 
− 

2 
− 

2 
⎛
⎜ 
⎝

⎞
⎟ 
⎠

⎛
⎜ 
⎝

⎞
⎟ 
⎠

⎛
⎜ 
⎝

⎞
⎟ 
⎠

⎛
⎜ 
⎝

⎞
⎟ 
⎠

x x x 

+ 

x 

) (  

x x x x
ln − ln −1⎢ 

⎢ 
⎢⎣

⎥ 
⎥ 
⎥⎦

ckh − 
w ( 
) (  ln ) (ln )
− − − −x x x x x x x x⎝ ⎠r 1 r 1 r 2 r 2 

(23)


75 



 

 

 
 

 

 

   
 

 

 
 

As (23) shows, under confined aquifer conditions σ c and WB  are linearly related. However 
under unconfined aquifer conditions the relationship between σ c and WB  would be non-linear. 

 A spreadsheet which calculates (23) shows the impact of different groundwater pumping rates 
on canal seepage.  The spreadsheet results have been verified by comparing them with analytic 
element modeling results.  

The GFLOW model is analytic element software developed for USEPA.  It is able to simulate 
multiple canal and multiple well interactions with any mix of confined, unconfined, or 
percolating aquifer conditions. 

Representing Localized 3-D Flow using 2-D Analytic Elements 

Although the line source/sink solution is a two-dimensional (horizontal) flow equation, it has 
been widely used to represent streams and rivers which overlie an aquifer, i.e. conditions which 
create three dimensional groundwater flow in the vicinity of the stream or river.  A 2-D 
simulation of localized 3-D flow is considered acceptable if 2-D flow conditions predominate 
throughout the rest of the aquifer. In a regional model where the spacing between streams and 
rivers is large relative to the thickness of the aquifer, this is generally not a problem.  However 
neglecting the vertical gradient may be a problem in a sub-regional model if canals and drains 
situated above the aquifer, are very close together.    

For a 2 D model application to be appropriate in a sub-regional model, the vertical head gradient 
that results from canal seepage or drain return should not extend more then half the distance to 
the nearest canal or drain. 

In order to determine how far apart canals and drains should be in order for a 2-D approximation 
to be acceptable, a modeling experiment was conducted, using a 3-D analytical solution for 
partially penetrating wells (Haitjema, 1995).  A row of 20 closely spaced, partially penetrating 
wells was used to approximate a canal or drain that is situated at the watertable surface.  The 3-D 
model results indicated that the vertical head gradient extended outward from the row of wells to 
a maximum distance of about two aquifer thicknesses.  Beyond this distance, no vertical 
groundwater gradient was apparent in the aquifer.  

 The model results imply that if individual canal and drain features are separated by a distance of 
al least four times the aquifer thickness, then representation of canals and drains using  the 2-D 
line source-sink element is appropriate in a sub-regional model.  In the Boise Valley, the upper 
aquifer layer varies between 200 and 300 feet thick, which implies that the 2-D line source sink 
element is appropriate if canal and drain features are 800 to 1200 feet apart.  In actuality, in the 
Boise Valley, they are almost always much further apart then this.   
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Appendix B - Partial Equilibrium Modeling Theory and 

Application to Water Supply and Demand 


 
Leroy Stodick 

 
 
Partial Spatial Equilibrium Theory 

 
Partial equilibrium models, following the example of Takayama and Judge, have traditionally 
been cast in the form of optimization problems. The modeler derives a quasi-welfare function or 
a net social payoff function which is maximized subject to various constraints and the 
equilibrium position is assumed to occur at the optimal point of the optimization problem. Few if 
any modelers attempt to explain why the optimum point is the equilibrium point and in some  
cases it may that this assumption is not justified. When Takayama and Judge published their 
book in the early 1970’s, numerical optimization techniques were well understood but mixed 
complimentary programming was just beginning to be studied. With the advent of GAMS and 
the accompanying solvers, it is now possible to directly solve the equilibrium equations set up as 
complementary slackness equations or as a mixed complementary problem, instead of setting up 
an artificial optimization problem and assuming (in some cases wrongly) that the Kuhn-Tucker 
conditions for the problem coincide with the equilibrium conditions. It is now possible to define 
equilibrium conditions as a mixture of equations, inequalities, and complementary slackness 
equations and solve them using mixed complementary programming. It is no longer necessary 
or, in some cases, even possible to equate these equilibrium  conditions to the Kuhn-Tucker 
conditions of an optimization problem. 

The basic partial equilibrium model developed by Takayama and Judge (1971) involved spatially 
distributed trading entities that have both supply functions and demand functions, and included 
the following assumptions: 

1. 	 One homogeneous product is traded. 
2. 	 Linear supply and demand functions are defined for each entities (see Figure 1). 
3. 	 A fixed per unit transportation charge is applied to all exchange paths between trading 

entities. 
4. 	 No monopoly behavior exists. 
5. 	 No import or export taxes exist. 

 A quasi-welfare or net social payoff function was defined as the sum, over all trading 
entities, of consumer and producer surplus, less transportation costs. This function was 
maximized subject to two sets of conditions: 

1. 	 There is no excess demand. 
2. 	  Excess supply is possible 
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Definitions 

QA  is economic output of canal water user A  
QB is the economic output of groundwater pumper B.  
f A  is the production function for canal water user A . 
f B  is the production function for groundwater pumper B 

WA  is the water demand by canal water user  A. 
WB  is the water demand by groundwater pumper B 

The Meade Externality for Canal Diverters and Groundwater Pumpers 

Water demand by canal water user A enters into the production function of groundwater pumper 
B since water that is available to user B (via canal loss) depends partly on the water demand of 
user A. 

Q A = f (W , X )  A A A 

 
Q = f (W , X ,W )  B B B B A 

 
 

 

 

This is a positive Meade externality for groundwater pumper B 

 
 

 

 

The Cheung Externality for Canal Diverters and Groundwater Pumpers 

Water demand by canal user A enters into the production function of groundwater pumper B 
since water that is available to user B (via canal losses) depends partly on the water demand of 
user A. In addition, when the canal is in contact with the watertable surface, water demand by 
user B enters in to the production function of user A, since groundwater pumping induces 
additional losses from the canal.  

 
 

 
 

QA = f A (WA 

QB = fB (WB 

),, BA WX 

),, AB WX 

The Chung externality is positive for groundwater pumper B and negative for canal user A.  

Partial Equilibrium Modeling with GAMS 

In order to explicitly state the Kuhn-Tucker conditions for what Takayama and Judge call a 
quasi-welfare function (or net social payoff function), define the following variables: 
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Exogenous variables: 

λi – intercept of the inverse of the linear demand function in region i 

ωi –absolute value of the slope of the inverse of the linear demand function in region i 

γi – intercept of the inverse of the linear supply function in region i 

ηi – slope of the inverse of the linear supply function in region i 

tij – per unit transportation cost from region i to region i 


Endogenous variables: 

yi – amount demanded in region i 

xi – amount supplied in region i 

Xij – amount exported from region i and imported into region j 

ρi – market demand price in region i 

ρj – market supply price in region j (subscript for ρ means market demand price, superscript 

for ρ means market supply price) 


The Kuhn-Tucker conditions (and coincidentally the equilibrium conditions) are: 

  

  

  

  

 

1. λi - ωiyi - ρi ≤ 0 and (λi - ωiyi - ρi)yi = 0 ∀ i 


2. -γi - ηixi + ρi ≤ 0 and (-γi - ηixi + ρi)xi = 0 ∀ i 


3. ρj - ρi –tij ≤ 0 and (ρj - ρi –tij)Xij = 0 ∀ i,j 
n n 

4. ∑Xji  - yi ≥ 0 and ( ∑Xji  - yi)ρi = 0 ∀ i 

j=1 j=1
 

n n 

5. xi - ∑Xij ≥ 0 and (xi - ∑Xij )ρi = 0 ∀ i 

j=1 j=1
 

where it is understood that these equations hold only at the optimum point (the equilibrium  
point). 

The economic interpretation of each of these equations is as follows: 

Equation 1: when the consumption in the ith region (yi) is positive, then the regional demand 
price 
(pi = λi - ωiyi  ) is equal to the market demand price ρi. When yi = 0, the market demand price (ρi) 
must be greater than or equal to the regional demand price (pi). This essentially results in a 
kinked demand function. As long as consumption in a region remains positive, the market 
demand price can be found along the demand curve. When consumption is 0, the market demand 
price may be above the demand curve on the vertical axis. In this case, the market demand price 
has risen so high that consumption in the ith region is driven to 0. 

Equation 2: when the supply in the ith region (xi) is positive, then the regional supply price (pi = 
γi + ηixi) is equal to the market supply price ρi. When xi = 0, the market supply price (ρi) must be 
less than or equal to the regional supply price (pi). This results in a kinked supply function. As 
long as supply in a region remains positive, the market supply price can be found along the 
supply curve. When supply is 0, the market supply price may be below the supply curve on the 
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vertical axis. In this case, the market supply price has dropped so low that supply in the ith 
region is driven to 0. 

Equation 3: this is the so-called price linkage equation. When Xij is positive (positive transfer of 
goods from region i to region j), the difference between the market demand price in region j and 
the market supply price in region i must be the per unit-cost of transporting the goods from 
region i to region j. If Xij = 0, then the difference between the market demand price in region j 
and the market supply price in region i must be less than or equal to the per unit-cost of 
transporting the goods from region i to region j. 

Equation 4: this equation insures that demand is met in all regions (no excess demand). If the 
market demand price in the ith region (ρi) is greater than 0, then consumption (yi) is exactly 
equal to the quantity imported into the region (Xji). (Xii is the amount produced in region i that is 
consumed in region i.) If the market demand price is 0, then the amount imported into the region 
(including the amount produced locally which is consumed locally) is greater than or equal to the 
amount consumed in the region. 

Equation 5: this equation allows for excess supply. If the market supply price in the ith region 
(ρi) is greater than 0, then the amount produced in region i (xi) is exactly equal to the amount 
exported to all other regions as well as the amount that is consumed locally (Xij). If the market 
supply price is 0, then the amount supplied must be greater than or equal to exports plus local 
consumption. 

The Boise Valley Partial Equilibrium Model 

The water allocation model developed for the Boise Valley Project differs from the model 
described above 

(Subscripts refer to demand quantities, prices, and functions.) 

(Superscripts refer to supply quantities, prices, and functions.) 

Model 1: The basic model with no externalities. 

Exogenous variables: 

1. 	 For each region with a demand function, the functional form and parameters of a 
monotonically decreasing demand function must be specified. qi = fi(pi). 

2.	  For each region with a supply function, the functional form and parameters of a 
monotonically increasing supply function must be specified. qi = fi(pi). (Horizontal 
supply functions (pi = constanti) are allowed. 

3.	  For each allowed path between regions, the per-unit conveyance cost must be 
specified. tij = cost of transporting one unit of the commodity from region i to region 
j. 

Endogenous variables: 

1. 	 xij = amount of commodity exported from region i and imported into region j. 
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2.	  qi = amount of commodity consumed in region i. 

3. 	 qi = amount of commodity produced in region i. 

4. 	 pi = locally determined demand price. 

5. 	 pi = locally determined supply price. 

6. 	 ρi = globally determined demand price. 

7. 	 ρi = globally determined supply price. 

pi is the price determined by the inverse demand function. pi = f -1
i (qi). This is the price that 

consumers in region i are willing to pay in order to consume quantity qi. pi is determined by the 
consumer’s utility function and budget constraints. ρi, on the other hand, is the price that 
consumers must pay in order to purchase quantity qi on the global market. This price is 
determined by how much other regions are willing to supply and how much demand exists in 
other regions. pi does not necessarily equal ρi. 

Similarly, pi is the price determined by the inverse supply function pi = fi(-1)(qi). This is the price 
that suppliers must receive in order to supply quantity qi. pi is determined by the producer’s 
profit function and production constraints. ρi, on the other hand, is the price that producers will 
receive if they sell quantity qi on the global market. This price is determined by the demand and 
supply conditions in all regions. pi does not necessarily equal ρi. 

Equilibrium conditions for spatial price equilibrium: 

A variable printed in boldface denotes the value of that variable at equilibrium. 

 

 

 

 

 

 

1.	 ρ j − ρi − t ij ≤ 0 and xij (ρ j − ρi − t ij ) = 0 , xij ≥ 0 . 

2.	 p − ρ ≤ 0 and q (p -ρ ) = 0 , qi ≥ 0 .i i i i i 

i i i i i i3.	 ρ − p ≤ 0 and q (ρ − p ) = 0 , q ≥ 0 . 

4.	 ∑x ji − q i ≥ 0 and ρi (∑x ji -qi ) = 0 , ρ i ≥ 0 . 
j	 j 

i	 i i i5.	 q − ∑xij ≥ 0 and ρ (q − ∑x ij ) = 0 , ρ ≥ 0 . 
	

 

 

 

j j 

Model 2: A model with interactions which look like externalities but which have prices assigned 
to them by the model: 

We start with the basic model and add the following endogenous variables for each externality to 
be incorporated into the model: 

1.	 EXi,j,k – the quantity of the externality accruing at node k from the quantity shipped 
from node i to node j. 

2. Ri,j,k – the price to be assigned to EXi,j,k. 

We also need the following exogenous variables: 

1.	 ci,j,k – the cost of transferring the externality from the route i,j to the node k. 
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We also need the following function for all nodes with positive externalities: 

Fi,j,k(Xi,j) – this function describes the relationship between the quantity shipped from node i to 
node j and the quantity available to node k as an externality. It must have the property that. 
Fi,j,k(0) = 0 and must be continuous with continuous first derivatives and must be monotonically 
increasing. 

The model now becomes: 

  

 

 

 

 

 

 

i ∂Fijk (xij )1. ρ −ρ − t + R ≤ 0j ij ∑ ijk ∂x
k ij
 

i ∂Fijk (xij )
and xij (ρ j −ρ − t ij + ∑ R ijk ) = 0 , xij ≥ 0 . 

k ∂x
ij 

2. p − ρ ≤ 0 and q (p -ρ ) = 0 , qi ≥ 0 .i i i i i 

i i i i i i3. ρ − p ≤ 0 and q (ρ − p ) = 0 , q ≥ 0 . 

4. ∑x ji + ∑∑EXkji − q i ≥ 0 and ρi (∑x ji + ∑∑EXkji -qi ) = 0 , ρ i ≥ 0 . 
j k j	 j k j 

i	 i i i5. q − ∑x ij − ∑∑EX ijk ≥ 0 and ρ (q − ∑xij -∑∑EXijk ) = 0 , ρ ≥ 0 . 
j j k	 j j k 

6. ρk −ρ
i − cijk − R ijk ≤ 0 and EXijk (ρk −ρ

i − cijk − R ijk ) = 0 , EXijk ≥ 0 . 

7. Fijk (xij ) − EXijk ≥ 0 and R ijk (Fijk (xij ) − EXijk ) = 0 , R ijk ≥ 0 . 

In order to make EX into a true externality, we must remove any price attached to the quantity. 
We do that by removing equation 6 from the model described above and changing equation 7 
from a complementary slackness equation into an equality. 

Model 3: a model with true externalities. 
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i ∂Fijk (xij )1.	 ρ j −ρ − t ij + ∑cijk ≤ 0
 
k ∂xij
 

i ∂Fijk (xij )
and xij (ρ j −ρ − t ij + ∑ cijk ) = 0 , xij ≥ 0 . 

k ∂x
ij 

2. p − ρ ≤ 0 and q (p -ρ ) = 0 , qi ≥ 0 .i i i i i 

i i i i i i3. ρ − p ≤ 0 and q (ρ − p ) = 0 , q ≥ 0 . 

4. ∑x ji + ∑∑EXkji − q i ≥ 0 and ρi (∑x ji + ∑∑EXkji -qi ) = 0 , ρ i ≥ 0 . 
j k j	 j k j 

i	 i i i5. q − ∑x ij − ∑∑EX ijk ≥ 0 and ρ (q − ∑xij -∑∑EXijk ) = 0 , ρ ≥ 0 . 
j j k	 j j k 



 

 

 

 

 

 

 

 

 

6.  Fijk (xij ) − EXijk = 0  

Notice that the six equilibrium conditions do not correspond to the Kuhn-Tucker conditions of an 
optimization problem. No net social payoff function is constructed and it is not possible to 
determine the total social welfare of the system. Total consumer surplus in particular cannot be 
calculated although it may be possible, although not necessary, to determine the net benefits of 
trade in terms of change in consumer and producer surplus. 
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Appendix C - Average versus Marginal Demand Price 

Specification for Agricultural and M&I Water Users 


RG Taylor 

Average versus Marginal Price 

Residential water demand is often specified with the marginal price observed from a rate 
schedule (Howe 1998). Despite theory and empirical evidence, average price has been 
championed, in both early (Foster and Beattie 1981a) and recent research (Neiswiadomy and 
Cobb 1993; Michelsen, McGuckin, and Stumpf 1999), as the behaviorally relevant price 
perceived by consumers (Howe 1998).  Espey et al. (1997) conducted a meta-analysis on 124 
observations on the price elasticity of residential water demand.  They found that the use of 
average price in place of marginal price resulted in higher price elasticities.  If price elasticity 
estimates differ systematically when average price is used in place of marginal price then 
different methodological and policy implications ensue.   

 Marginal price specification in demand can be empirically equivalent to average price in two 
cases: (1) when firms are competitive price takers, average price equals marginal price (Edmonds 
1977) and; (2) when the data result from a single equation demand function which is double log, 
price elasticities are invariant to marginal or average price specification (Halvorsen 1975).  

As opposed to the equivalency argument in the two cases above, average price has been specified 
in water demand based on the assumption that consumers perceive price to be average price. 
Foster and Beattie (1981b) submit that the fixed charge is perceived as a marginal cost: 
“ ...consumers view their choices in the fixed charge block not as a fixed cost (minimum charge) 
with associated zero-marginal cost for some range of water used, but as a variable cost associated 
with the desired level of consumption in the first block.  Thus, a positive “marginal cost” is 
perceived in this block. If so perceived, marginal and average cost would be the same for the 
amount consumed ...” (pages 258-259) 

Average price replaces marginal price so that the demand function becomes: 

W = f (P , P , M )         [1]  Avg x 

where, PAvg is computed as a utility’s average revenue (total revenue divided by total water 
sales). The perception argument justifies average price because consumers are alleged to ignore 
the details of the rate schedule when water represents a small portion of their expenditures 
(Foster and Beattie 1981b). At issue in the marginal price versus average revenue specification 
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is the consumer’s knowledge and decision mechanism.  Utility bills inform customers of total 
expense and in many instances marginal price.  Whether, on a widespread basis, consumers 
convert billing information to an average price to judge cost of water consumption is an 
empirical question.  Except for the special cases described earlier, average revenue is not 
marginal price but average revenue could be a proxy or measure upon which water consumption 
decisions are mistakenly based. 

Specification of average price in demand poses serious estimation difficulties when utilities 
charge a constant monthly fee sometimes in combination with either flat or block rates.  Taylor’s 
(1975) study hinted at the average price specification problem:
 “Also, there is the problem that when average price is defined ex post as the ratio of total 
expenditures to quantity consumed, as is the usual procedure, a negative dependence between 
quantity and price is established that reflects nothing more than arithmetic.” (p. 78). 

Consider the customer bill derived from a rate schedule that includes a fixed charge coupled with 
a generic variable water rate; 

TR = K + R(W ), [2]it i it 

where, TR is total receipts, K is revenue derived from a monthly fee fixed by each water utility, 
and R(W) is revenue derived from the variable portion of the rate schedule; indexed over utilities 
(i), and time periods over which revenues are collected (t). By definition, the fixed fee charged 
by the ith utility is fixed over all quantities consumed.  Average price based on average revenue is 
thus; 

TR K R(W )it i itPAvg = = +       [3]  
it Wit Wit Wit 

Equation (3) shows that average revenue is composed of average fixed revenue and average 
variable revenue components when fixed fees are included in the utility rate schedule.  The 
average revenue definition of the price is substituted into the demand function (equation 1).  
However, for utilities charging only a fixed fee, the average variable revenue in equation (3) 
equals zero, and the demand function as shown in (4) becomes an identity with Wit on both sides 
of the equation: 

⎛ Ki ⎞
Wit = f (PAvg , Px , M ) = f ⎜⎜ , Px , M ⎟⎟ [4]

Wit 
⎝ it ⎠ 

When the only charge is a fixed fee, the price quantity relationship is average fixed revenue, 
which is a rectangular hyperbola with unitary price elasticity.  Taylor’s “arithmetic” is thus an 
identity. A perfect fit (R2 = 1) results when this identity is “properly” estimated.  For example, 
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⎛ K ⎞assume a linear demand model is estimated for equation (4), W = b + b ⎜ ⎟ + b P + b M . If0 1 2 x 3
⎝W ⎠ 

ordinary least squares (OLS) was capable of returning the identity the estimated coefficients 
W 2 

would be: b0 = 0, b2 = 0, b3 = 0, and b = − .1 K 
⎛ ∂W ⎞⎛ P ⎞ ∂W W 2 

Price elasticity is defined as E p = ⎜ ⎟⎜ ⎟ and = b1 = − , when price is average
⎝ ∂P ⎠⎝W ⎠ ∂P K 

⎛W 2 ⎞⎛ P ⎞ WPfixed revenue. Thus, price elasticity is E p = −⎜⎜ ⎟⎟⎜ ⎟ = − , but both WP and K are total 
K ⎝W ⎠ K⎝ ⎠ 

revenue and therefore price elasticity must always be minus one.  The embedded identity is 
easily detected by OLS for a double log demand function.  The double log demand equation is 
shown in (5) where for ease of illustration the nuisance parameters (other prices and income) are 
omitted: 

2⎡ K R(W )⎤β 

Wit = β1 ⎢ 
i + it 

⎥       [5]  
W W⎣ it it ⎦ 

For the ith utility, charging only a fixed fee (i.e., average variable revenue = R(Wit) = 0), the 
observed time series of price-quantity data again is a rectangular hyperbola.  The estimated price 
elasticity (β2) will equal minus one and β1 will equal a constant k representing the fixed fee. If 
all utilities choose the same value for their fixed fee then the fit of quantity demanded on average 
price will be perfect and no other explanatory variables should enter the regression.  If the value 
of the fixed fee varies across utilities then there is a set of rectangular hyperbolas whose distance 
from the origin varies with the magnitude of the fixed charge.  (If variations in the fixed charge 
across the utilities could be explained, data would again fall on a single rectangular hyperbola.)  
The presence of variation in the fixed fee across utilities or over time may tend to obscure the 
existence of the embedded identity. 

The crux of the argument is that when average fixed revenue (fixed fee) is high, relative to the 
average variable revenue portion of the rate structure, the change in total revenue over time, will 
be nearly invariant to water consumption.  Thus, the effect of a rate schedule that is dominated 
by the fixed fee is to dampen any price effects on quantity demanded.  When the variance of Ki 
is small relative to Wit, the major source of variation in the average price data originates from 
variation in water usage, Wit. Thus, as average variable revenue tends to zero, estimated demand 
tends to an unitary elasticity identity and measures of fit will increase and price elasticity will 
approach minus one.  

Short run substitutes for water are virtually nonexistent.  Our data are cross sectional and thus 
portray long run consumer water consumption decisions.  Expensive water-saving appliances, 
irrigation systems, and landscaping are long-run substitutes for water.  Utility bills are 
notoriously vague in detailing water costs and usage. Yet, knowledge of total water costs at 
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different points on the rate schedule and projections of costs over time is essential in making 
capital investment decisions.  Be it from their own experience, talking with neighbors, or 
contacting the utility, consumers do make long run adjustments to increasing water costs. 

Boise Valley Water Provider Rate Schedules and Quantities 

A municipal water utility is a local monopoly, with pricing latitude to set a rate schedule and thus 
administer water price.  Typical rate schedules of municipal water distributors include unmetered 
connections with fixed monthly fees, flat rate (proportional) pricing, increasing block rates, 
declining block rates, and combinations of fixed monthly fees with block rates.  Utility 
customers paid varying marginal (or average) prices set by an administered rate schedule unique 
to each utility.  The various rate schedules used by Boise Valley M&I water providers are 
described in Table 1. Table 2 shows the current and projected future demand for M&I water in 
the Boise Valley. 

The econometric implications of rate schedule(s) must be considered when estimating price 
elasticity. Thus, identification of the demand function requires specification of an appropriate 
simultaneous model structure (Taylor 1975, Billings and Agthe 1980). 

Price is measured at the margin in the neoclassical demand model in the presence of a rate 
schedule and with informed consumers (Foster and Beattie 1981a, 1981b; Howe 1998).  Cost for 
a consumer of a given amount of domestic water consumption is: 

TCW = ∫ PMarg dW ; [6] 

where, PMarg = R( )W , the rate schedule, is a function of water quantity (W) and thus W =w 

marginal price  is conditional on water consumed.  The resulting demand function is: 

W = f (R ( )W , Px , M ) ; [7] 

where, marginal price PMarg, selected from a given rate schedule R(W), is the appropriate price 
measure when the consumer maximizes utility subject to an income constraint (M) and Px is the 
numeraire price.  The quantity of water demanded is thus determined simultaneously with the 
rate schedule.  When simultaneity is present, OLS under a declining block tariff will 
underestimate or overestimate demand elasticity depending on whether the supply schedule is 
steeper than the demand schedule or otherwise (Griffin and Martin, 1981). 

The double–log demand function is a very popular functional form because of the ease of 
estimation and the demand coefficients can be directly interpreted as the constant-elasticity of 
demand. The constant elasticity of demand implies an equal price responsiveness to quantity of 
water use at high and low prices. In contrast, with a linear demand function, elasticity changes at 
every level of water quantity consumed and consumers are less sensitive to price the lower the 
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Table 1: Boise Valley water providers, rate schedules 
Summer**** Winter 
monthly Winter: monthly 

Summer****: incremental monthly incremental 

Municipal Provider Description of Charge 
monthly fixed 
charge 

rate ($ per 
100 cu.ft) 

fixed 
charge 

rate ($ per 
100 cu.ft) 

United Water Idaho Incremental charge levied on > 0 use $ 6.63 $ 1.12  $ 6.63 $ 0.89 
Meridian, City of Fixed Charge only: 0 - 4,000 gal. $ 6.48 $ 0.92  $ 6.48  $ 0.92 
Garden City, City of Incremental charge levied on > 0 use $ 7.68 $ 0.60  $ 7.68 $ 0.60 
Capitol Water Corp. Fixed charge only $ 24.05 $ - $ 12.65 $ -
Eagle Water Co.  Fixed charge only:  0 - 600 cu/ft. $ 8.17 $ 0.45  $ 8.17 $ 0.45 
Kuna, City of Incremental charge levied on > 0 use $ 15.50 $ 0.65  $ 15.50 $ 0.65 
Nampa, City of   750 - 3,999 cu. ft. $ 5.64 $ 0.78  $ 5.64 $ 0.78

  4,000 + cu. ft. $ 5.64 $ 0.46  $ 5.64 $ 0.46 
Nampa, Outside City   750 - 3,999 cu. ft. $ 11.28 $ 1.86  $ 11.28 $ 1.86

  4,000 + cu. ft. $ 11.28 $ 0.92  $ 11.28 $ 0.92 
Caldwell, City of Incremental charge levied on > 0 use $ 3.35 $ 0.55  $ 3.35 $ 0.55 
Middleton, City of Fixed charge only: 0 - 400 cu/ft.  $ 8.00 $ 0.94  $ 8.00 $ 0.94 
Middleton, Outside City Fixed charge only: 0 - 400 cu/ft. $ 16.00 $ 1.87  $ 16.00 $ 1.87 
Parma, City of Incremental charge levied on > 0 use $ 14.00 $ 0.97  $ 14.00 $ 0.97 
Star Fixed charge only N/A N/A N/A N/A 
Melba Fixed charge only N/A N/A N/A N/A 
Eagle Water Company Fixed charge only N/A N/A N/A N/A 
Other Public Water Systems Fixed charge only N/A N/A N/A N/A 
Individual wells Pumping costs * TBE TBE TBE TBE 

Irrigation Water Use ** 
$30 annual per acre @ 2.4acft per 
acre $ 0.01 $ - $ - $ -

Irrigation Water Use *** $200 annual per developed acre  $ 0.09 $ - $ - $ -
          
          

            
         

    
        

        
 
 
 
 

price. Al-Quanibet and Johnson 1985 criticize the double-log functional form as being 
inconsistent with utility theory.  

Notes: 
N/A: not available at this time 
TBE: to be estimated 
* pumping costs at various well depths in the valley are required here 
** Non pressurized only. The number of gallons is calculated over the entire population. 
** *Pressurized (Based on Nampa Meridian irrigation district average payments) 
****Summer months are May thru September  inclusive 
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Table 2: Boise Valley water providers, current and future demand  

Gallons Gallons 
Provided Provided 
in in Gallons 

Total Winter Summer Provided 
Total Residential in 2000  in 2000   in Year 
Residential Population (per (per 2000 (per 
Population Projected in capita capita capita

Municipal Provider served (02) 2025  per day) per day) per day) 

Gallons 
Provided 
in 
Winter 
2025 (per 
capita 
per day) 

Gallons 
Provided 
in 
Summer 
2025 (per 
capita 
per day) 

Total 
 Amount 

Provided 
 in Year 

2025 (per 
capita 
per day) 

United Water Idaho  196,945 323,074 104 59 163 121 68 189 
Meridian, City of  29,700 63,693 104 59 163 121 68 189 
Garden City, City of 9,000 17,728 104 59 163 121 68 189 
Capitol Water Corp. 7,400 9,000  104 59 163 121 68 189 
Eagle Water Co. (Mun.) 4,328 6,739 104 59 163 121 68 189 

 Kuna, City of 4,590 9,263 104 59 163 121 68 189 
Nampa, City and Outside  44,550 88,868   101 57 157 109 61 171 
Caldwell, City of  23,000 50,544   101 57 157 109 61 171 
Middleton, City and Outside 2,978 4,194  101 57 157 109 61 171 
Parma, City of 1,817 2,091  101 57 157 109 61 171 
Star 1,344 2,019 102 58 160 115 65 180 
Melba 296 528  102 58 160 115 65 180 
Eagle Water Company  1,000 3,411  104 59 163 121 68 189 
Other Public Water Systems  30,000  55,000 102 58 160 115 65 180 
Individual wells  76,052  94,052 102 58 160 115 65 180 
Irrigation Water Use *  433,000  730,204 0 13 13 0 13 13 
Irrigation Water Use **  433,000  730,204 0 13 13 0 13 13 

  

   

 
   

          
  

 

             
            

         
 
 
 

* Non pressurized only. The number of gallons is calculated over the entire population with United Water data. They are 
likely to underestimate water use 
** Pressurized. The number of gallons is calculated over the entire population with United Water data. They are likely to 
underestimate water use 
1. Coefficient values obtained from Cook et al., December 2001 
2. For irrigation company controlled water, dual use is calculated 
across entire population because of the way the coefficients were 
originally developed. 
3. Water use numbers are based on assumption of real price levels 
remaining the same over time but income levels rising as predicted by 
JC. They differ among counties mainly because of differences in lot 
sizes (Canyon is higher) and incomes (Ada is higher).  
4. Summer months are May thru September inclusive 
5. Average Percentage of summer use obtained from United Water Records 
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