
V" 

UNITED S T A T E S  
D E P A R T M E N T  O F  T H E  INTERIOR 

B U R E A U  OF R E C L A M A T I O N  

FILE COPY 
BUREAU OF RECLAMAT I ON 

HYDRAULI C LABO.~ATORY 

NOT TO BE RK'~OV~.D ~l~O~ ~'I LES 

• p~q T H E O R E T I C A L  C O N S I D E R A T I O N S  ON 
M E A S U R E M E N T S  BY T H E  A L L E N  

D I S C H A R ' G E  
M E T H O D  

Hydraulic Laboratory Report No. Hyd-33 

ENGINEERING LABORATORIES BRANCH 

DESIGN AND CONSTHUCT1DN DI'VES~N 
DENVER, COLORADO 

March I, 1938 



.L 

m 

. m 

-THE01~ICALCONSIDEHATI01~B ON 

DISCHARGE MEASURE~NTS 

IBYTHEALLENI~VFHOD 

A translation of 

.Considerations theoriques sur la 

mesure des debits d'eau per 

la methode d'111en 

P. de Haller 

in 

iHelveticaPhyslca Acre 

Vol. 3, 19Z0, p. 17 

o 

~-t~ ~. 

, 4  

T~an~lated by 

EdwardTF. WllseM, Assistant Engineer 

U. S. Bureau of Reclamation 

Denver, Colorado 
March i, 1958. 



° 

~i~ i 

EIEORETICi.L C01~SIDERATI0~S 0:: DISCI~RGE ~ ~SUR~NTS 
BY TPLE ALLEI~ ;dEl~IOD 

Su~rua~y 

Measurements of the disclmrge of water by the £~len method 
are affected byerrors arisingfrom ~theprlnclple of themethod 
itself. The importance of different sources of errors and means~of 
attenuating their effects has been investigated on the basis of the 
theory of turbulent flow. 

~Q 

A new method for the determination of the discharge ,of 
w~ter, conceived by the American engineer, Charles ~. ALlen, ha~ 
been frequently used for some years. It is chiefly applicabls~o 
measurements in canals and pressure condults; the measurement Is 
simple and rapid and does not necessitates previous calibration nor 
experimental coefficients. However, ilt is not absolutely free of 
errors arising from the principle itself; the aimof this work is a 
purely theoreticalstudyof the method with a view to evaluatlng~he 
possible e~Tors independent of the errors inobservationand those 
arisi:~ from the imperfections on the apparatus. It appears possible 
to reduce these errors considerably ~bymodifying theapparatus. This 
seams most desirable~consideringthe numerous advantages of a prac- 
ticalnature inherent in the ~'~lenmethod. 

1,2 
The principle is.asfollows: 

(1 )  A @ o n c e n t r ~ t e d  , s o l u t i o n  o f  s a l t  l s  i n j e c t e d  o v e r  e ~short 
i n t e r v a l  o f  t i m e  a t  t h e  u p p e r  e x t r e m i t y  o f  a c o n d u i t .  T h i s  ~ so lu t i on  
modifiesthe electrical conductivlty oI t h e  water, i(2) Pairsof 
electrodes, each pair being connected to a source of CUZTent and to 
arecording galvanometer,~re placed a~any two sectlonB~f a conduit. 
Eachpair~ofelectrodes detects the passageof ~he salt solution. 
The time, T, separating~these two passages and also the volu~.~e, ~, 
of the conduit between the electrodes ismeasu~ed. The discharge 
is evidently: 

i~len, C. 5i. and Taylor, E.A.: TheSalt-VelocltyMethod of 
Water M e a s u r e m e n t ; T r a n s .  A m e r i c a n  S o c i e t y  o f ~ e u h a n i c e l  En- 
g i n e e r s ,  v o l .  45 ,  ~1925. 

2 M~Lller: DleSalzgescwhlndigEeits-Methode v o n A l l e n ; S c h w e t z e r l s c h e  
Bauzeitung;~ol. 87, /an. ~5, 1926. 
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However, the solution forms a cloud ~nlch occupii0Js a 
certain voluble within the condult. The deflections of the galva- 
nometers will not be instantaneous, but will occupy a certain time; 
hence the determination of T presents an uncertainty. 

Allen overcame this difficulty in the following fashion: 
Let A (figure l) be the curve recorded by a galvanometer during the 
passage of the solution past the first pair of electrodes and let B 
be a similar curve for the second pair of electrodes. The centers 
of gravity T 1 and T 2 of the tuvo cross-hatched areas are determined; 
the tim~ separating these two points will be the time, T, to intro- 
duce Into the formula. 

This procedure is justified. Briefly, in order to deter- 
mine the discharge, it is necessary to determine the average velocity 
of the water. Hm,,ever, the average velocity of a deformable body is 
equal to the velocity of its center of gravity. It will suffice there- 
fore to determine the instants that the center of gravity of the cloud 
formed by the solution passes by the electrodes at 1 and nt 2 (figure 2). 

Suppose now that an ideal pair of electrodes is placed at 
a section whose abscissa is x I. These electrodes w i l l  occupy the 
entire section of the conduits and their conductivity is constant 
at all points. Such electrodes can be conceived as tw~ trellises 
made up of very thin conductors. These trellises are ve~t close 
to one another and in howay disturb the free flow of the liquid° 
They are insulated electrically from one another ~nd are subjected 
to a constant difference of potential. At the pas~!age of the cloud 
formed by the solution, a current is set up between i~each pair of 
electrodes. If the concentration and consequently the conductivity 
of the solution is constant, this current will be directly proportional 
to the area, S, of the cloud at the plane of each pair of electrodes, 
or 

L -- 5 

Suppose in addition that during a passage by a pair of 
electrodes, the cloud is not deformed, that is to say, the velocity, 
v, at every point of the cloud is the same. In order to simplify 
the reasoning, it ~ay be assumed that the cloud is stationary and 
that the first pair of electrodes is displaced with a velocity, v. 
Then 
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where ~i " the abscissa of the center of gravity of the cloud. Also 

Combining we have 

= 0 =  

o r  
-0 

This shows clearly that TI is the abscissa of the center of gravity 
of the curve recorded by the galvanometer. 

The same reasoning applies to the second pair of elec- 
trodes at the section whose abscissa is X 2. Allen,s procedure is 
therefore correct, providing the following three conditions are 
satisfied: 

(i) The velocity of every particle constituti~ the cloud 
remains constant. In other words, the cloud is not deformed between 
the two pairs of electrodes. 

(~) The electrodes are nets which occupy the entire sectloz of 
the conduit and do not disturb the flow of water; they have a constant 
conductivity at every point. 

(~) The concentration is constant at every point of the cloud. 

P r a c t i c a l l y  none o f  t h e s e  t h r e e  c o n d i t i o n s  i s  s a t i s f i e d ;  
t h e  f i r s t ,  because  t h e  p a r t i c l e s  i n  t h e  n e i g h b o r h o o d  o f  t h e  w e l l s  
o f  t h e  c o n d u i t e r e  h e l d  back ,  a n d ,  i n  c o n s e q u e n c e ,  t h e  v e l o c i t y  o f  
flow in this region is different from that which obtains at the 
centerof the conduit; the second, because such electrodes cannot 
possibly bemade and, hence, present considerable resistance to 
the flow; and~he third, because, even though it were possible to 
obtain a fairly constant concentration of the cloud at the momemt'of 
injection, diffusion will ~ulckly modify this condition. 

T h e r e f o r e ,  t h e r e  a r e  t h r e e  s o u r c e s  o f  e r r o r  i n d e p e n d e n t  o f  
one a n o t h e r  and ~ii of which can influence the results of measurements. 

! 
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We shall now attempt to estimate their effect. 

First of all, let us assume that conditions (~)and (S) 
are satisfied and attempt to evaluate the m~r srising from the 
defo~matlon of the cloud. This deformation is due to the fact that 
the velocity of flow is not a constant at every point on a diameter 
of the conduit. We knnw that in the case of lamlnar flow, the dis- 
tribution of .velocity is parabolic, zero at the walls, and ~num 
at the center. Turbulent flow in pressure conduit differs fram 
la~mar flow in that the path of a fluid pa~-ticle is no longer a 
straight llne-bUt an irTeguler line oscillating back and fol~th ~in 
all directions urlthout, in the meantime, going astrs~v very f~. 
Diffuslon and the viscosity both increase in intensity; the veloc- 
ities of flow that are used in calculations are not the instantaneous 
values but are the mean values depending on a ce~taln interval of 
time. The general principles of laminar flow are also applicable 
to turbulent flow. Only the numerical constants differ. In pa~icu- 
l a r ,  ~the d i s t r i b u t i o n  o f  v e l o c i t y  on a diamote~ of t he  c o n d u i t  i s  
no longer a parabola; it is gener-11y ad~tted-that it m~y be repre- 
sented by the formula: 

(1) 

where u 0 -the velocity at the center of the conduit and n is an 
exponen~ which varies within certain limits dep~endlng om the local 
conditions ~and egpecially on Reynolds' Number,i~= ~_, I/ being 

the kinematic viscosity, 

• " v 

Consider now a cylindrical pipe whose diameter is D -~R. 
A.salt solution is ~InJected at •point x -0 and at the time t- O 
( f i g .  5 ) .  The s o l u t i o n  f i r s t  forms a cloud bounded by ~wo p a r a l l e l  
planes ~at a distance, e. apart; let v be .the veloolty of ~any :point 
P ~on the front of the cloud at a distance r from the axis of the 
pipe. This front has a tendency ~to .deform because of the difference 
of velocity "between adjacent points on the f~ont. At ~some .instant, 
t, the displacement of P can be .represented by the equation: 

X m 
o 

" i i i • I n | : 

l: 'Handbuoh de r  Phys~l'k ~(Geiger und S c h e e l ) v o l .  7 ,  p. 144, J .  
Springer, Berlin, 1927 

Kaz~n, T. v;  +Zeitschrlft f~ angevlandte ~athematik und ~echanlk, 
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where v has the value indicated :by equation~! ~ introd.cing this, we 
hays 

! 

The plane at X I cuts the front of the cloud in the followimg circle 
of radius r': 

~Uo't 

It cuts the back of the cloud in a circle of radius r" or 

l~cording to the assumed conditions, the c~m~ent passimg 
• between a pair of electrodes is simply proportional to the area of 
the cluud at the plane X 1 or i - o~ S. S is evidently: 

5 ---- ~ C r'2, " -T ' "  2 ) 

Therefore the equation for the curve recorded by the galvanometer is 

The abscissa of the center of gravity, TI, is defined as 
follows: 

•i(2) 

(3• ̧ ) 
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= C, !l d.t :-.c, : ( X,+ .e tj~o " ~. ¢ t o t /  ,... | - -  

( X , ÷ e  - - - C ,  ~ - XX_..~.' '~ ":~r~. 

T, ,= (:x,,-÷ ~-~ ~o 

The l n t e g ~ t - l o - n  ~ y  be !performed .as ~ o l l o w s :  C]~c~;e ~he l*~a~L~ 
.of' ,~he flus% integ~l, thus 
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We n~w have three :±nSeg~alB,, Oomblne the ~wo ha~i~ the same llmi~s 

and ,rewrite with the Chlzd integral, ~hus 

j _ (  x .  , _  ~ t  

~:!/.o 
t.¢. o 

Integrating and substitutln~ the limits we have 

- -~,°~c.--,)( :..)~'"-" + t 7,° j c: , . -~(~D.,--  + ~< ~, ° J 

2 : ~ .  ,) + ,,~,° J~,,- 2 ) ~ ) " : ~  - t ~,. J (,,-2jf~ f ~  
".~, ,CLo.;/ ~,-c~o/ 

i: 

Simplifying, we :have 

, . t  

\ : ~ , 2 )  ~--'-z + a - - 

,1~Lrther simplification gives 

\ i~o ] 
- z ~ 2 ; /  ~, ~I,,IL o I 
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T~m integration of S L~% is  analogous and r e s u l t s  ~n 

~Lo ~-! 

An ,analogous caloulatlon for the second electrode at ~he 
abscissa X 2 gives: 

) ~-I I 

Therefore ~he average velocity of .flow, Ue, COZTespondlng to that 
measured by the ~-llen method will :be,: 

- ' !  

. . . . ~ "  : . 1 '  

i !  ,~ , I . . , '  . ~  

i 

:! 

½ u  " ~  ii o {,'e) 

The true mean velocity, U, deducted .from ~he law of the distribution 
of velocity is 

~ Q  

, t  

U 

* . T ~ l ~ t  o r  ~ l  ~ 0 ~  • ' . . . . . . . . . . . . . .  
The , a v e r s e  ve loc i ty  l£S .computed f~om 

R 

• f i i _ i i 

(-~.,)* 
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The r e l a t ' i v e  e~Tor  d e f i n e d  ~by 

. . . -  . 

:E = 
. ...:-• 

is 

('B;) 

This error .is ne~atlve, ~lu~t is to say., .¢he method o~ ~llen 
wi~l~ :'give results that e_v~ too ~sma/~. .The .error rises-rapidly to 0 
for ~IncraasiD~-values o~ n. For ~n -7, which is a T.requent ~ea~, this 

• e r r o r  : is  .minus 4 . 8  p e r o e n t  ( £ i g .  4 ) .  

:For .~n n •less :th~n 2, fo~nula (8) ceases to be valid,•, Th~s 
arises .fwom ~he .£act tha~ the curve i ~s a :function of ~. :Ee~e~Tin6 
i~o :figure 5 it :-is .seen that .~or values oT n .less them-.7, ~he curve 
flattens out :so much-that the inte6ral 

,oeases-~o ~he~e ,.a meanlng .•for ~n -~:~_ ,. A8 ~a .~sult, we have She 
~paredox-.that .for•:~lem/naw flow ~eoZTeepond~ng to ~n -•l;, ..aocol-dln~ ..to 
e~uat•lon (8) Allen's method Is :not ~appllosble~ ~n .p~c~Ioe ,~hls is 
~not ,the .case, Actual!y:, ~we ~•are obllged•,~o ..~ns.ulate :~leot~oa.ll¥-..the 
eleetwodes ~from :.the :w~11s ,.of ~.he .~IPe; $herefewe.., ~he ~elec~des do 
.not ~oocupy. ~I ~.of ,.~he :ex.ee ~:~f ~the .oondult -and ~he~e~ow..e .do .~ot -1~oord 
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~he passage ~of~the slowlymovlng~par~icles in the :immediate ,neighbor- 
-hood of ithe w~l.ls.. ~It ~Is :precIsely ~hese ~P~tlcles ,which-are ,~he 
cause of the spread~n~,'out of the .curve of ~he cu~.rent :for:small 
:values of 'n. We shal~.mow:study.in more:~etail:the,deg~gn of e~ee- 
trodes. 

.-Take the case where condition 2 .is no-longer 'segis~i~ed. The 
electrode ~i~l:have such,a .form that it is ,symmetrical,With respect 
to:the:axls of theplpe. .~Its~c.ontzlbution .tO%he:current is ~here- 
,fore ~ :func.~ion of the ra~i~z,. 

,let :dl !be %he :current pessing :between corresponding ei~ents 
of area, <dS, ".on.e :pa:ir of '-electrodes. Referrln~ ,to figure .6, we 
shall •have '.then " 

= 

~ .and dS both .being ft~c$ions :of r.. .The itotel ,current :i .will .be 
expres sed ~ b y :  

I I  
"1" 

iL = j 
I o  

- iF {-"";I 

r' and r" ~have here the .same~meaning as :in .the preceding :~Iscussion. 
But wlth-a :re~is.tribution :.of velocity .r" is :uniquely a :function~of 

and r,' of ~'~-e . ,The equation of ~the curve recorded ~by .the 

galvonometer is therefore 

.or i ;is e.~ua, l ,.to the ~difference of th e ordln~tee.,ef ,the $.wo ,.Cu~es, 

i0 

• ..:,.. . . L. 

".: • . . 

.• . :. . 

J 
/! 
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The abscissa of the center of gravity of the curve of the 
current can be written as follows:: 

) ,e, e,,:d~ it : .  ~ .  (") 
te I as it is easily ~seen, is proportional to t :or 

:,: , - -  

Thus : 

and 

• Conse~,uen~ly,:  

2 IX:, 

.The :two i n t e g r a l s  ~heve ~,the l i m l t a :  

I -  ' :  

:U.o 

• ) ! 

. i I 
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when the.electrodes occupy the entire diameter of ~he pipe. Since 

C x.) 
we can change the variable; thus: 

Therefore, 

Uo t 
=7_ 

iI 

0 

Analogously for T 2 with 

(io) 

Z- 
w 

we~have: 

0 

Since the limits of ~he integrals i~lO amd foe are thesame, we 
can put 

(.loa} 

r 

12 
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and :hence 

!C ,'.'- 
J Z 
:1 

T.,L 
• 'CX.o 

The.aTerage ~velocityUcis: 

This mean,veloclty does.'not-depend:solely~on the :foxm.of 
t h e . e l e c t r o d e s  Q~d.on t h e  d i s t r ~ b u t i o n , o f  . v e l o c i t ~ ,  .both :of i these  
q u a n t i t i e s  ,bein~ c o n t a i n e d  i n : t h e  f a c t o r  :K, ~but a l s o  on ~he  l o c o -  
:tlon of the:electrodes :in:the conduits. 

.One ~ype.,of electrode frequently used is ,shown In figure 8: 
Two :Iron plates of .wldth .b are placed a short distaneeal~t,-and 
along,a.~lemeter of :the ~pipe, .thelrdlstance apert:din~nishlng 
linearly :from the ~center-of the .pipe to the ,~lls. 

..The element of eurr£n~ di .!is hare, .approzi~tely 

b d. r 
~.,::L.L - =  ~oc ,.a. 

and s i n c e  

I,V 

13 
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:By making :the same assumptions :as ,heretofore ~concerni~ ~the ,dlstri'.bu - 
"tion,:Of .velocity, ~e l~ve 

~r = !R I - 
',\:~ot,:] 

and 

The : f u n c t i o n  , ~  in this case is 

" ] 

~and, :therefore : 

~ o .  "4) ,-.'I~'I 
(14,) 

in whlchK is computed:as.definedabove. 

We .have-determined . t h i s . . c o e f f i c i e n t , ,  .K, and .the c o r r e s p o n d -  
:img error graphically :for different values :of :n-and for ,ao/a I = 5. 
The error is still negative ~and invarlaoly greater :.than-lfhat •.obtain- 
ed %vlth ideal electrodes :as defined by conditlon.2 i(fi6. 4). ~How- 
~ev.er, .for ,small values of-the •ratio .ao/a I the error :is small. It 
Increases ifor ~increasing .values ..of aoaS :is .shown :in figure :9 which 

is :plotted for .n = 7. 

L e t  ~us now , take t h e  g e n e r a l  .case where ~the ~ e l e c t r o d e e  .do 
no% occupy t h e  ,ent~.re d i a m e t e r  o f  t h e  p i p e .  "This means  t h a t  ~for 
radii, ~, lar~er thQna certaln.:radius,, :re., '~the contribut.lon !to 
the •current is O. 

.Integral .8 for the value of the ,-current :!, will -~the~efore 
have .the following ~llmits: 

14 
' ,• r 

4 

:?! 

. l 

i 

r t 

": "i 
• .!:! 
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~r, 'and~r' if ~',~ r e 

r "  and ,r a i f  ~z"::~ :r  e 

This means ",that ,,in figure ~7 curves y .and ~.y~ will ~not :pass 
,beyond the ~erdir~te Ya" iIt !is :necessaryto determine the .center :of 
gravity .'of ..the e~ea, r~BCD. 'iThls .calculation is ,ent~1~ely. analogous 
. t o  t h e  o n e  made  a b o v e .  T h e  c o e f f i c i e n t  'K ~is .now d e f i n e d  !by 

i . ~  - -  " ~ z ~  ' ((.,ls) 

- J  ...Z. 
: |  

,Where Z e .is ,obtained :from ~the relation 

it 

, | | |  

:~ R ] 

:Let us apply .this to the ideal .electrodes for which 

r . 

. e  

o 

= - z  " 
• j 

K ~ ..v~ - i  

For , r~  - . R 0  z a = O ,  and 
:t-ZZ" 

~(J .6 )  

i 
:I 

b% " 

• -I ":: • i - 

Usln~ this ..val~e .in .:e~uatlon :(~14) will :,result -in ,an expression 
,whleh agrees with equation ~'(8). 
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:,For r a = O,,Z a - !, K = i, and:l~ - u O. 

~Y 

..° 

Figure i0 shows the error i~ as a function of r a 
for 'both ideal and ~ordinary ~electrodes ~with a 0 , 5. 

al 

rStar~'i~gTrom:rs/R -i, i t  is ~seen that, st first, the 
error decreases rapldly. It ipasses through 0 when ~a =0.~96R, 
then beoomesposlti~e~and,a~%alns ~its maximum~alue for ra =~0 
when~the electrodes are reduced ~o ~ints and the ~elo~ity obtained 
is evi~ently"%hat W~ich ob~alns at t~is point, that ~s to say~,:u O. 

This suggests a s~udy of the case where this lpoint electrode 
instead of~belngplaced at the centerof the pipe isi~laced at a dls- 
tance rp from the axis. Let us in particular search for the distance 
rP for whlch the error isO. 

The nature of the cur~e recorded by the galvonometer ~s ,now 

different~. ,~ the moment when ~he f renter ~he cloud reaches ~he 
electrode, the current passes ~rapldly to a certain value, remains 
constant during the passing and falls rapidly ~o O. The asymptotic 
~ail :is therefore eliminated. Such a tail m~kes %he determination 
of %he center of gravity difficUlt (~fig. 14). ~On condition thatrp 
isthe samefor the two pairs of electrodes, we huve slmplz: 

and since 

= - X "  I 

~ V "~ ~TL 
• - - -  

in order that the error be :0, it is necessary that U a -U~, or 

16 
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This distance :rp varies very little ~relatlve to n '~i(~flg:. ::IT:),. 
It may therefore ,be ,expected that given ,a zero e r r o r  for "~n = '.?,, ',,%he 
error for :a value of rp remains ~small ,if the distribution ~of veloei,ty ~Is 
different from that defined for .n = .V. Figure 12 ~shows that this 
error is less ',than i percent for all values of n greater then ;n = ,4:; 
it is insignificant for .values c~n greater ' t han  V. 

We :have assumed up %0 now that the concentratlon was %he :same 
at all points of the cloud formed by the solution. 

:In .fact, even though a constant ~con~entration is realized 
at the moment of .the injection of the .solution, .diffusion ,will .tend 
to disburse .the cloud .so that its boundary will be less and 'less .well 
defined. .St .may be foreseen-that a Tirst effect ,of this :diffusion 
will be to round the sharp angles .of the theoretical curve :recorded 
by the galvanometer. Thus, it approaches nearer to the :cur,re record- 

ed experiment ally. 

Diffusion in s re~ime of turbulent-flow is :not simply a 
phencctennm that -is purely .molecular ..as It~is in the .case of a :fluid 
at rest. The particles are-transported by,an .irregular,movement 
~(turbulent) which has a considerably g~eater amplitude than mnlecular 
motion. Their special properties, electrical conduotivlty, ~tempem- 
ature, and-momentum are also ~changed. ..It is therefore the same 
mechanism ~hich governs diffusion :that also governs "the ~thermal 
c o n d u c t i v i t y . ,  t h e  v i s c o s i t y ,  ~e tc .1  

.Let u~ .imagine n o w a  . q u a n t i t y  G ..s~nehow ~ t t a o h e d  to  ,each 
p a r t i c l e  and whose v a l u e  v a r i e s  : f r an  one p o i n t  :to another . ,  .The 

.amount o f  t h e  q u a n t i t y  G .passing .per .un i t  o f  ..time a c r o s s  a ..unit ~of 
a r e a  will be 
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J 

~4 

:~.being the .gradient of the .variation :of ..Q along .the normal to 
the element .of a r e a ,  and the coefficient .of  diffusion, .~ ~, beln~ 
a q u a n t i t y  independent o f  "the n a t u r e  o f  G.  

~"6~V is the tangential ~fo1~e ~f G :is the momentum .~V, ~-,--~ 
~ v  

by' definition,e~al to,~=~.where ~ is the coefficient of V i S -  

a~t 
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"~:;e :arri.~e, :thevefore, iat ~he ;lira.portent ~result Lthst ~ths 
~.coefflclent .;of d~ffusion ils ~e~usl ~to tthe .~ratio of ~the -coal, Tic'lent 
• of '~viscoslty !to ~he 'density of ~the .,~luid. The ~cosfflc~en% ,io~f ' 
v~scosity,.~,. :is .not .~he ~sa~¢ ~as ~%hat ~obtained ~by '~viscosimete~ . 
'measurements .and :,~y be tseveral .~imes ~ree'ter. -.It is ~en :apparent 
coefficient analogous -~o <the '"turb~lenee, ~Introduce~ !by iBousS~nesq. 

;In 'a Circular pipe, ~th.e ~angentlai ~.foree,o~., ~)Is-no~ 
,:constant at every ..point ,,of.a transverse ~seotlon; It ~may ~be ~easily 
shown r~that :it ;is ;pro port:±on~l-~to the Tadius; Lthls .:ks a <consequenue 

• o f  ~ h e  : f a c t  ',~hat ' , the  " p r e s s u r e  s h o U l d  :be ~ c o n s t e n t  o n  ~ . i l ~ l a n e s  
.perpendicular ~to ~.the axis of ..the pipe. We :have.: 

-~  ' V  

" "L ~i  

, @  

. L-,, - 

.-Assuming t h a t  .the dis%ributlon of .veloCity can :'be expressed ~by ~he 
,equation 

we have 

~__ ~o,~ I _/(z%z 

, .,o "~R z ~ . ~ )  

yfrom ~.wl~ich ~v e., o b t  ~in 

.The floss of pressure per ..unit of length .~s 
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or again, 
.~.,~-"i'- .',.~L: ...... -:"t".. ~,"~ "~:,~,~ 
• %, 

~where .U is .the .mean ,velocity ,.of flow ~and.D ~the ,diameter of the 
- conduit. Blasius ~ .gives :the following ~expression for ,'~, :,: 

A = ® • o ~ '  ; f 

The coefficient .of .diffusion ,is c~puted ~o be, 

Roughly, Reynolds ' Number ~is of ~the .order of i06, hence 

This is more than 2;000 times the ,value~of~:the coefficient of ~-diffu- 
sion ~.for sti~ll : wa~er. 

The fact -.that ,-i~ ~is a function, of ~-r makes &t ,.possible to 
R 

,find e general solution of'the problem. However, ~in+order to obtain ecme 
~idee of :the !importance,of .diffusion, we assume that ;it does ,act 
only along .the axis of the-pi~m,-~thus we ~neglec~ dlffuslon~nlo~g a 
radlus. :This radial diffusion is :probabl.y . ~ a a l l  i becr.us~.s.t the .cen- 
ter-of the ~plpe where the coefficien~ of ~Iffuslon :,is ~la~Ee, :~he 
~radlent of ~the concen~ratlon .of ',~;he solution ; i s  ~ ,  ~in , ,con~:e- 
:quence ~ of t he syntactic,; ~ and, :Invezse!y~, in -~he ,neighborhood ~ of 
t h e  w a l l s  w h e r e  t h e  . c o n c e n t r a t i o n  g ~ - e ~ ~ n t  . i s  i h i ~ h ,  :.the . c o e f f i c i e n t  
:of diffusion ;is.small.. 

/~sum3~ ~that  ~ the  d i f f u s i o n  i s  ; p u r e l y  a x i a l ,  ~t.he e q u a t i o n  
o f  t h e  .p~ob: lam i s  

1 ~ u d b u ~ h  x. " ~p~. ! 1 £ 0  - " " " -  - -  ~,'de P h y s l k ,  v o l . . ~ r & ~ ,  
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and its generalsolutlon.can :be".w~itten:.in ::the:form I 

: : ,oo  .,~(x.~S~ ~ 
.-" ;. r . . . . . . .  

" , I ~  

.:(~19) 

c(~o) 

::c .= "~':~ ..,(x) being .t, he .~edistributlon of ~..the. concentration at ,'..the :%~'~a 

't = O, ,.the. moment of" injection...~it :,this .!instant, :the •:-cloud .".is '.bound- 
~.ed by,two.~allel pl~nes~at,a distance, .e,- ar~t. ..The~efome f (x) 
i s as ~fOllows : 

;:no= -e/2..:< z:<,,+,:,:e/~ ~,. 
nor =(.-e/,2 =nd,,z, :>..e/Z ,~, 

and equation (~0) beco:~es: 

.:.Zlz] -<0 

~here~.representB-;the,inte~al.of.Geuss,~.er~or~,.or 

Methoden der:.mathemat $.~che2 Ph~slk (.~eth~cls 
,of Mathematical .L:hyslcs) T, /p. :.61,. 3:. :S;~:In~er, :-Be~lln. 

'~ 'Jahnke a nd. ~ade: :~Funkt io nenta feln-.r~.it LFoz~neln ::u~d. ~uz~en: (Ts bles 
- of-.:: l~nct iolm wit h ?Yoz~ulas, end Curves )_ ~ ..B. ~G.; ."''z'~ubner, Lei'9~ig, 
1828. . 
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:By ?introducing . : into  :this ::-equation :%he :~velue of ~:6 ~ca!- " 
culated above, and, by ., plac ing. x. = ~vt :in .order Lie .~ake ~into .'.account '-~ 
t h e  : d e f o r m a t i o n  ~ o f  : the  c l o u d ,  -we ,:can " c a l c u l a t e " t t h e  < c o n c e n t r a t i o n  " ".: i i 
at .each ~instant ,.at each point :of ~the pipe.enid :~cm ~tliis :it i s  
easy : t o  .dete~nine '..the ;.current ~pesslmg between :e i . l~a: ir .~Of ~electrodes " " : :~: 
as .e ~functlon of .the time. 

:h 

:.It 'is hardly, possible '..to .'draw ~general ':conclusions :here. 
we. shall :.c onflne ourselves % o .the comput atlon :of ~a mumerlcal 
example Eiven ~the ~f011owlng: 

:Diameter Of the •pips = D :-"5.5:meters ':(:18:0 ~:fsefi ~ .... 

Mean '.veloclty .=:U = .-3.1 ~meters "per second '~(~O.P. ;feet -per :second,) 
..Time of ~injectlon ~= 0 ~:97 seconds 
'.Lengths of the ~.cloud .= .~e = :~.:met ers (~9.8.~eet"} 

:.The :firSt :p~ir. Of electrodes .is ~placed rat .iV meters (5~;:8 
:feeS)., the second:at ~;.meters ,,(.177 ~feet):~rom the section:at .which 
.-the :solution is ir~:jected. 

;:!,,, 

;wkex~ 

The coefficient of 'diffusion .:is: 

: =  ::I.(o.0~.:,5" ¢ m ~ / s e r . - .  

. .F igure  14  • s h o w s  t h e  ._c u ~ e  :of  t h e  c u r r e n t ,  s u c h  a s  . .would : be ; r e c o r d e d  
by a .point electrode placed at a distance-.:p :,~ 0,SR £rcQn~..the exl-s 
of .the pipe. ilt ;is seen .that the diffusion .serves to ~round-the 
: . ang les  and  t o  , . e l o n g a t e  : the  ..:c u r v e  , w i t h o u t ,  :however. ,  ~ . d i s p l a c i n g  
..apprec,iably :the center of gravity. 

:In . f i g u r e  ,15 -:are : .shown. c u r v e s  : such  .~as .wou~d :be ,reco~d@d 
:by. 6 1 e c t r o d e s  .:..occuPYiDg : t h e  w h o l e  : - s e e ~ i o n  ~ o f . - ~ h e  ..pi:pe. H e r e  ~.ega.in, 
:the .-diffusion does not!.'have ,a :large .Ir~luence. '~.Oelculetlons : ~ e ~ d  
..on ,these two .curves, :.thus :.~oklng ;into :acCount ~the diffusion, show 
:a :velocity :of ~flow ,whose me an ~value -',is : 2,.96 -meters .per :.second "(:8. ?i 
feet per:second).which !is .different .BY~.O,2 ~peroent from that p~e- 
dlcted ::.by :the .elementary .~heo .~.,. and "this :cliff erode :is, mo~over~, 
..lees .~han. the .~preo i s ion of ..calculatlon. 

I n / : s p i t e  -of %he :h!~h  , .va lue  . o f  : the  ',c 0 e f f l : c  i e n t  ~ o f  : . ~ l f f u s i o n  
.in :.thlspartlcular ..case, the :diffusion .-does no.t ,mc~If:y ~sensibly 

.. "t • 
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the numerical results obtained heretofore. On :the contrary,, it 
.represents %he true phenomenon much more exactly, :as-is shown ~by 
-the ,%hird~cur~e of ~flgure ~15, which ~is !taken from~a::recordi~g ,Of 
',~hich ~flgure 16 is an,exact :copy. This record has been obtained 
~iln".%he ~oourse ~of :tes'~s on a i.pipe which .sat:~sf£ss :approximately 
: the  : cond l~ ions  ~which we ~have a d m i t t e d ;  i n  regem'd to  ~,.the ' t heore t~ ic~ l  
curve, even "though ;it ~is not absolutely ~'identical ~to ',~hat ~h~ch 
we could :hope to. expect, ..at least ~it shows a sin~larlty col .character 
which ~ m d s  us  to think :that .our :reasoning :is r~lid. 

i 

Conclusions. 

As a basis :for ~thls study, ,we ,h~ve 'assume~ that ~the ,appara- 
tus ns cessary for applying the Allen~:~ethod, ~functions ~In nn ir- 
~eproschable~.and theoretically ~perfec~nner~, :Thls .being admitted, 
we :have ,'shown i tha t  %he v a r i o u s  . e r r o r s  .~h!ch may :occur  depend . e s s e n -  
~%lally on the veloclty,distrlbutlon along ~a diameter :of a ~condUlt 
~and the ~form~of :the elac%rodeso It .'is ~%heoretically l~sslhle, ~.given 
.:a :isw.~for the velocity distribution,-.to choose a form of elect~o~ 
such %hat . the erro~ .,is ~.0. !B~t ~Ifthe ~ntieIpated distribution :is 
not ~rea/ized, an error reappears, ~Re :ar~ive, %ho~efore, at %he'~con - 
:cluslon :that. in :order %o .make :reliable measurements, it is neces~z~ 
• %o know :this distribution,-of ~elocity. 

:The ~form.:of electrode which gives :theoretic~ly the best 
results, is a .point electrode placed at a distcnce :fx~mO,gSR =to 
0 ,SR :frQm ::the axis of the conduit ; ~as we have seen, large differences 
:in ~the .velocity dlst~ibutlon occasion only a .mlnimmu error, on 
condi~£on, however,, ~that the flow .is Per, fectly.~symm~trlcal. 

• Some ~.vez~ .careful measurements, made on :a .~uondult L.of :a 
lar~e power plant have shown that :this Isnot genereliy :%he case, 
The ~aeetlon~of.measul~ment ~was .in the mlddle reach ~.of a :stralg~h~ 

p ipe : ,220  m e t e r s  ( 722~fee t )  l o n g .  .Consequently. ,  i t  was .ve ry . f ,  a v o r -  
• a b l y  s i t u a t e d °  Measurements  had : b e e n m a d e ,  ueimg D u f o u r ' s  c u r r e n t  
m~te r  method ,  .at  58 p o i n t s  d i s t r i b u t e d  a long  'two d i~m~te r s  : p e r p e n d i -  
c u l a r , t o  each other. The di~tributlon~of,~velocity was four~ to .be 
.unsymmetrical, more so along a horizontal diameter than along a 
-vertlcel _diameter. The results of four meesuremente made at the 
• same distance :from the exls.on ~both-horizonte~l end ~,~erticel ~.diameter~., 
differed ~frc~ ~each other by more !..,than .4 percents; never~heiess ~ their 
mean :is almost exac~ly~the s~me.as that given :by form~a '.(I)whlch 
we have uaedQ n.Will have the-followln~ ~values COXTespondlng to 
the .velocity-of :flow at :the center of the _conduits, :u0: 
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us :n ia  

0.81 :5J65 1.51 x 1106 
1.59 5,80 2.61 x 10§ 
2.22 6.50 ~4.25 ~x l05 
2 , 5 6  6;75 4 . 9 1  ~z 106 

With •such an u n s y ~ . e t r i o a l  ' v e l o c i t y  d i s t r i b u t i o n  t h e  A l l e n .  
method,  u t i l i z i u 6  p o i n t  e l e c t r o d e s ,  w ~ t l  g i v e  v e r y  uncezrtal~n r e s u l t s °  
I t  will be preferable, therefore, ~o use annul~ electmodss :,whose 
radius is ~0,77R i(fi~. 17). The velo~'Ity which will be meP,.auz~ 
will not be exactly She avemage velocity at each ]~oint of ~%hls ~elec- 
itrode, but an approximate ",value whlch, in ~his pa~ioulPj~ ~case, w i l l  
d ifTor by only D.3 percent. 

~e "have s h o w n  t h a t  ~even by assure/rig .the most ; f a v o r a b l e  
c o n d i t i o n s  a s  :to tiLe u n i f o r m i t y  o.I' t h e  .~ low,  t h e  p e r f e c t  f u n c t i o n -  
lag of the apparatus, ,:etc., Allen, s method leads to results which 
.re subject to exTors, .hose ma~Litude~, ~howeve~, is :reJ~ely Iosstble 

t o  p ~ e d t c t  b ~  ~ h i c h  c a n  be e x p e c t e d  :to amount :to ~sevez~l  : p e r c e n t .  
As ~:re~ard~ t h e  f l o w  -phenome~ ,  ~we ~have used  :the ~ n ~  o f  , e m b ¢ ¢ r a ~  
aesumptlons. It may be objected that the inlti~l ~o~n of ~he ~cloud 
is not as :simple es we h~ve .assumed; ~n ~th~s case, ho~e~i, ou 
reasoning leads to t h e  same general ~eeul~s. The numeri~l ca lcula- 
~tlons ~iven hays only the .value of en~example; it will ibe pe~lect!y 
illusory ~to ask them ~to serY¢ as <eo~so¢ experimental ,resul%s. 

Sm~LI scale :laboratory tests have shown :a v e r y  ~ood agree- 
meat betmeen measurements by the ALlen me~hod and weir measurements. 
It is therefore probable :that the :sources of ezTor that we have 
pointed cu¢ are not ~he only ones; an~ it is poss~ble ~tha~ i~he dlffer- 
ant errors neutral lze each other. 

~atever :the case :ms:y be, this method does :not appear :to 
be above all crlticls~. Certainly it should be possible to find 
some a~Tangement of and :some £onn of electrode such ~.¢hat the erzo~ 
is reduced to a minimum. Furthermore, ~he ~apF~.v, a t u s  ~actuelly in 
use is susceptlble %0 conslde~able improvement. ~On ~the other ~hand, 
:the Allen method possesses the more essential advantages. ~o~t 
impoztant of ell, it pe_~Lits :~he me~ing of a larger :number c'~ meastu~- 
men~s An a short period of time. Thus, even ~in ~ts present form, ~it 
:is o f  ~grea~ service each time Chat it ~,Ii~i ~suf£iae ,to knom the ~fls- 
charge  to 8 law percent. .Only e lar6e numbe~ ~0f~compcvable ~ests 
:cover1~ a wide ~range of eond,%+~ions will ~is~loae whether ~o~ ~no% ~$~ ~ie 
:also appllc~ble ~to oases '~ho~'e a high de6ree of p~eclslon is ,~quL'~ed.~ 
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We wish  t o  ~hank .the ,Chief  E n g i n e e r ,  ~ k e r e t ,  f o r  t h e  
nmnerous su6geotlons ~that ,he thas ~n~de in ,.the oou~e of the ~olab- 
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