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THEORY OF ~ FLOW i~T 0F I~LUID ~TOTION "ONS 

Themotionofs fluid in~twodlmensions followsthe"s~ne 

basic physical laws as does thelflow of e 

This phenomenon allows certainhydraulic 

alyzed byelectrical methods. 

r~:the 

certain pr 

in the ap~ 

coordinate 
" / 

system, of orthogonaltraJectories.are drawn~:to form a 

linear rectangles or~squares, J urves,~is 

lines ofequal velocity potentl ectories a~ -- 

lines of equal flo~, The two~above-mentiomed gec~netric properties 

areas follows: 

1 .  Lines ofequel:.melocity~potentiai:i~tersect 

flow at rlghtamgles, 

l eng th  to  b r ead th .  I f  c u r v i l t n e a r  sq  

ratio is I. These .two omsmay 

emmtically. 
p 

In the following discussion, irrotational motion of an 

ideal fluid is considered. Thevolocity~potential is designate~ 

by the f~mction ~ ,and-is defined:as: - :  

@- 
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where u and rare the x!and y components of velocity and 

gration is performed from a point I~A to ia point ipi 'fin !%he i 

is Immaterial~hat path:in the fluld islfollowed:inmovi 

t V ~o P. Holding first x and hen:~ constan~ the following 

are evident: 

* 

fluid, It 

elatlonc 

:(2) 

Lamb: ~vdrodynamics, page35,5th Edition, 

It is difficult 

tion $ but its mathem~ti, 

The flc 

where 1 and m are direction,c, 

the curve ds. The integration Is 

point P withinthe moving 

t lon~0f tl~e funo- 

,lement of 

! 

path used need not be 

specified except that it be ulthin the fluid. Using partial deriv- 

atives: ..... !!i -, 

~* Lamb : Hydro~mmnios, i page 60, 5th Edition, 1924, 

The differential equation of continuity is a required 

condition of the problem. It is expressed as follows: 
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0 

If the valuea of u s _,quatlons (3) 

and %he operation ~indicated performed, i, we have 

and 

~e ~d 

(6) 

This is merely,another form,oftho e q u a t i o n  

sometln~s eX~essed 

y a n d  ":iS 

~L i ̧ 

* Thompson and T~it: ~rea%ise on Natural 
l~rt i, page .:148 , 1879, 

I% is convenl~a~ in this ipar% of %he :.proof :~o ~uSe ..... complex 

n~mbors. The proof of $he .Perpondicularl%y, of ,the equal velocity 

Potential limos and equal flor, onJ~te 

function 

in  which L= ~ . I n t roduc ing  ~ symbol fo r  t h o  funct ions on 
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each side of the equatlon,:we, have: 

= x~ b , W:-@,: 

By the four-stop rule .used in differentia 

derivatives j the following relation.:is~.d:e: 

constant : : 

:i : 

i/.i ,. .,. 

bta 

Then hold x constant, we have 

dW 

,Therefore, ~equati 

Now . . . .  equat~ ~ r~z ~p~ts ia=dt~ '~i~y:p~,ts 

and 

-o-,  o.:~ - ( I i )  

~quatlons (II) ~md (L~) are kno~ as the Cauchy,Riomann differen- 

tial equatimas° 

In or~.r ~o ..tfsi'y the condition, o~:linos:of.equal 

~velocity potential end lines of equal flo~,/~e,must have 
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~ = ~-k ~ '~J ) = constant 

= (, x ,9 ~),. i ~ -- :: i constant 

Consider first ~ ~= constant. Then, 9tom equations 

see that 

By transpositionnnd d~ 

Non, considering ~ :=i~consZant, by<the same method,~!we , 

can prove 

% 

~x 

When both (~ and~/ are constant, 

these functions ~intersect a~ 

the follo~in~rclation 

There fore : 

IS' 



Substitute equa 

;i > 

and ~we find i .... 

followfr.g manner 

Equation (20) 

proofof the perpendicul 

tlal and:thelines'ofeq 

often referred to as equi-paten%ial 

The proof of the second 

: i : :F "~ ¸̧ 

the~ratios of :length to breadth of 

volves a vector interpretatlon of~ ~ 

s r ,  e COIl 

theorem of hydrodynmnlcs was introdu Pro£esscr 

Stokes,* Essentially, s ~ it i a Iormu gral 

intoa ~rface~ integral. :Wilson** gives a concise mathematical 

derivation off, the formula. A cmmprehensive anal~tical prodf ils 

given by Thamson and Talt *$~ and~a more analytiCal treat, 

ment is presented by Maxwell. *~** 

S~Ith,siPrize ~ n a ~ i o n  Papers.for 18G4. " ,.~ 
:* Adv~need Calcu!us,E..:B. Wilson, Ginn,&:,Co., ,pa~e 544, 1911. 
~Natural Philosophy--Thomson and T~It, Cambridge, 1912, Part !, ~ 

Art. IgO [ J 1, page 143. 
~Eleetrici~y and ~gnetimm---J. Clerk l!axuTe!l, Second Edltlon, 

0xford, 1881, Vol. I, Art. 24, pagc;:25. 
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The vector interpretation of StokeB' : 

uable tool in :the proof of the proposition. ' !  

Using. the ~ollo~rlng vcctor notation: i Vx ' Vy smd~zequa 

to the components of tho vector vOloci%~y~ diroctionsx, y, 

and z, respectively. Stol 

i 
Y 

i ' I s  an :lnval- 

X 0 

Fig. i 

Considd 

on'the planes ofrefer~uc 

Then using the:direCtionQ! 

the Fig. l 

The surface i~t 

t '~ ' .  

I 1 ~ i ~ .  

::3gl 
ff 

cated 

( 2 2 c ) .  

(23) 



' p 
X 

J 

We now define a ne~ q 

velocity. 

Curl V = 

where V is taken normal to 

this problem to prove that ( 

In order to sho~. ~ 

vector velocity and Stokes, formula ~, 

x%, plane is an.~ls-zed. For the first 

constant. The four parts of~i 

tangle, neglecting hi~er 'i" 

r 

X v,j -----/d 

Fig. 3 

z 

'ivatives,.are: 
:' ..' 

Or 



./ 

j/: 

! 

(~ t o  b) 

(b to c) 

(c to:d) 

~ V X 

? 

! Adding :the puts togother :I 

4 2 .  
and 

Therefore, 

Likewise 

. • I. ,- 'C 

:]~ ~ o  

0 

(~Bb) 

(~ac) 



I 

h ~ T e three above parenthel 

(Xi), ~ (~.ta)and ii~i{Zeta) 

called the components of vorti'.ity; and'~each~mus 

satisfy the condition of irrotational 

~' H. Lamb--Hydrodynar.,ics, 5th Editic 

the relative motion of,a ~,of 

.... ~i,i:;;,il ̧ ; i 

other words, the motion ot 

to that plane. This isan ideal ~ondition,,and ~ome,10~ 
/,~ :. 

mental ~iypotheses of the proof. // : 

The geometri 

velcc:ity and remainder of the pr0of,of ~onst~nz' 

the/~'dLmensions of the curvilinear rectangles is, given: by.Rie~'dS~ ~*' .... " 

Philoso 

i; 

"~/ A -~reehand Graphic Wayo~ 
tlals--L. F, Richardsonll 
No. 86, i~eb., 1908. 

Reference is made to t..e~ flownet of,infin~:t 

Fig. 4. 

Fig. 4 
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Lines .LB and DC ~ 

= 3 andbe~ween:~q~• = 2 and 

a center llne between: :~ " 

Therefore, P~ ~and~q.~s are the vlidt~ of .the 

il 
nter lines :between 

charge in .each .tube.is the. same,: then. the 

as PQ and ~LS- 

i: ~ •~i 

Taking the line ~ 

sides AB and CD: 

v 

A~D 
aslthe,.checker 

in words: The llne integral.of the vel~oCi~y 

to a constant-ti~.as the 

nolunalto ~.the .flovl. As 

of the vector velocity 

divided by the-area of 

ered approaching zero as a iL~..it. 

~e .have : 

i ~ ••i 
~ LO '̧  ̧

Sin~e the~curl ~.~V~must .~eq~zero, 
D' • 

ll 

J 

r. i 



• • k "!L"Ik~ 

w 

Curl V 

Therefore 

This means that the~chec} ~al ~to,~th 

:~ , ~.~ i~~ ~ ~,~ ~i: !~ ~i i~ ~i ~ .i,~ ~ :~ 
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