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INTRODUCTION

Stress analysis of concrete pipe is in
part based on the assumed distribution of
earth pressures. Most commonly it has
been assumed that the vertical earth load
is uniformly distributed over the horizon-
tal width of the pipe and that the lateral
load is exerted so that the force diagram
is trapezoidal in shape, applied on both
sides, and extending the full height of the
pipe. Further, it has been assumed that
the reaction due to these loads is uniform-
ly distributed over the full width of that
portion of the bottom of the pipe in con-
tact with the supporting surface. That these
assumptions are rather arbitrary has long
been recognized and efforts have been made
to develop assumptions that would agree
more closely with tests and with the gen-
eral fund of knowledge about soil mechanics.

In 1930, the late Dr, Anson Marston,
director of the Iowa Engineering Experi-
ment Station at Iowa State College, advanced
the theory that earth pressures on a rigid
conduit and the reactions to those pressures
would be exerted in such a manner that the
force diagram representing the pressures
would have characteristic bulb-like shapes
above and below the outline of the pipe. Dr.
Marston’s theory was confirmed and ex-
tended by an investigation carried out at
the Iowa Engineering Experiment Station
and reported by M. G. Spangler of the Sta-
tion staff.

While the design of the concrete pipe
for the first section of the Salt Lake Aque-
duct was being developed in 1938, W. A,
Larsen and H W, Birkeland, Bureau of Rec-
lamation engineers under the direction of
C. P. Vetter, who was in charge of the de-
sign, developed an analysis based on the
assumption of bulb-like distribution of earth
loads and soil reactions. This assumption
closely approximates actual conditions as
disclosed by tests. Since 1938, a number of
other pipe lines have been designed, and
the original analysis has been expanded so
that various widths of bedding of the pipe
may be analyzed.

In the original analysis the least work
method by summation was used, but in sub-
sequent studies a mathematical solution
using integral equations was developed and
is described in this monograph.

STRESS ANALYSIS OF CONCRETE PIPE

General

Under ordinary conditions a pipe placed
under a fill is subjected to loads due to earth

pressure around the pipe, the dead load of
the pipe itself, and the internal hydrostatic
pressure. For convenience of design the
hydrostatic pressure is divided into two
parts: (a) that part producing a uniform
internal pressure, of which the head H is
measured from the hydraulic gradient to
the top of the inside of the pipe; and (b)
the remaining part of the pressure of which
the head is measured from the top to the
bottom of the inside of the pipe.

The uniform internal pressure, part
(a), produces only uniform tension around
the pipe and is equal to 62.4 Hr,, where

ro is the inside radius of the pipe in feet,
and H is the head in feet measured as
stated above.

The remaining part of the hydrostatic
pressure produces bending, direct, and
shear stresses in the pipe. This part is
designated as water load and will be dis-
cussed in combination with earth load and
dead load.

Earth Load, Dead Load, and Water Load

The assumptions for the distribution
of earth pressures are based on results
obtained from tests as summarized in Bul-
letin 112 of the Jowa Engineering Experi-
ment Station. Figure 1 is developed from
data in this bulletin and shows the distri-
bution of earth pressures around a rigid
pipe placed on compacted backfill, repre-
senting the ordinary condition of a pipe
placed under fill or in a wide trench., The
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rigid pipe placed on compacted back-
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reaction resisting external loads is as-
sumed to be distributed over the bottom
of the pipe, limited by a definite central
angle and varying as some function of the
angle 6, see Figure 4. The limits of the
central angle will depend on the bedding
of the pipe, see Figure 2. Generally a 90

angle is used, but the analysis of the pipe
has been prepared here for central angles

- C
“Bedding

FIGURE 2 - Stress analysis of rigid pipe
requires that these basic dimensioms be
lnowm.

of 45°, 90°, 1209, and 180°, In the anal-
ysis, loads and pressure distribution around
the pipe are assumed to be symmetrical
about the vertical centerline,

Nomenclature

Pt = unit external pressure from earth.
It is a function of angle € and
the total downward force is
equal to the weight of earth on
the pipe.

Pp = unit external pressure on the bot-
tom of the pipe. It is a func-
tion of angle 8 and equals the
reaction of the earth on the
pipe, from earth load, water
load, and dead load.

Pj = unit internal water pressure from
part (b) of hydrostatic pres-
sure mentioned previously.

= 62.4ry(1-cos 6)

h = height of earth fill above pipe in
feet, See Figure 2,

r = radius of centerline of pipe shell
in feet,

ro = radius of inside of pipe in feet.

We = unit weight of effective earth cov-
er in pounds per cubic foot.

2rigin, 800 -~

A = total weight of earth on pipe
= ZI‘V\reh

W = total weight of water in p'p§ per
foot of pipe = 62.4nr,

t = thickness of pipe shell in feet.
D = total weight of pipe = 2ar150t
= 3001nrt.

Mg, Pq, Ve = moment, thrust, and
shear respectively on sec-
tion at angle © when pipe is
assumed to be cut at top.
See Figure 3b,

Me, Pg, Vq = final moment, thrust,
and shear on section at
angle 6.

Pipe Analysis

The stress analysis is made by the least
work method, taking advantage of certain
known facts about the final deflected shape
of the pipe ring, resulting from the sym-
metrical loads assumed. Due to the as-
sumed loads the pipe must deflect sym-
metrically about the vertical centerline,
and the two points on this centerline, top and
bottom, will neither rotate nor deflect hori-
zontally, The pipe then is assumed to be
cut in half and each half considered as a
curved cantilever beam free at the top and
fixed at the bottom. With the pipe cut in
this manner, earth, water, and dead loads
will cause the top to deflect. Thrust H,

and Moment M, see Figure 3, are then

calculated to restore the free end to its
final position so that its horizontal deflec-
tion and rotation are zero. Shear Vg at
the top is zero.

The solution for a pipe bearing over a
central angle equal to x/9 will be derived
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FIGURE 3 - Moment, shear, and thrust
are determined assuming that the pipe
is cut at the top and is free to deflect.
At a, the forces are sasumed on the
vertical centerline; and at b, at any
angle © to that centerline.



in detail, for earth load, water load, and
dead load. The solutions for other assumed
bearing areas are similar and only those
equations which are different will be given
as they appear.

FIGURE 4 - With a central angle of n/2,
earth pressures and reactions exhibit
the characteristic buldb shapes.

1. Analysis for Reaction over Central
Anglen/2,
A. Earth Load. See Figure 4.
assume P4 to vary as cos%e, or Py
= Pocos%e

3x
then 2 f o? Pocos§ Bcosfrdg = A

from which P = 'l_éAé_'l?

and Py = A cosZe (1)
1.697r 3

assume Py, to vary as cos26, or Py,
= P, cos28

n
then 2 4 Pncoszecoserd9=A
-n
4
A A
= P, = 529
Pn=Toasr’ TP TasroC (@

The forces on the cut section at 8, are
as follows:

From Py, where 0= @& %n

M = 1.061Ar(cos§9 ~ cose) (3)
Pg = 1.061A(cos§6 - cose) (4)
Ve = 1.061A(sin® - %sin%@) (5)

Where %u =gS,

M{ = 0.750Ar(0.667 sin @

- 0.748 cos 6) (6)
P -g (sin 6 - 1.122 cos 6) (7)
Ve -? (1.122 sin 6 + cos 8) (8)

From Py, where %,. S0,

M{ ==4%(0.707 cos 20 + sin

+ cos 9) (9
P{ = £(0.707 cos 26 + sin @
+ cos 0) (10)

VY = %(1.414 sin 20 + sin @ - cos 6) (11)

From P; + Py, where %,é e=n
Mg = -1.081Ar (-é- cos 20 +cos 8) (12)

Py = -'-§(2. 122 cos 8 + 0.707 cos 26) {13)
V= g(a 122 sin @ + 1.414 sin 28) (14)

From M,, where 0= g=a

Mg = M, (15)

From Hy, where (0= @=n
M} = -Hyr (1 - cos 0) (16)

Pg

Hycos @ (17)
V¢ = -Hpsin 6 (18)



The rotations a¢ of the top (6 = 0) of the
cut section are as follows:

From P; and Py,
M{JZ (cosge cos 6) rde

.‘/2' (% cos 20 + cos 6) rde}

- Ll414 Ar2
EI

From M,,

Mo Mo oA
A Elforde B Mo

From H,,

- rZHO
EI

A#:EI:% ’:l'(l-cos Q)rde =
o

Horizontal deflections a h are as fol-
lows:

From Pt and Py,

F cos2o.
Ap =1.(%.A;{-_/; (cos-3-9 cos @)r(1

= cos O)rde + "(% cos 20 + cos 0)r(1

- cos O)rdd p = ;2%1.3. Ard

From M,,

Ah = -lrzMQ

El
From Ho,
3
= r°H
Ah = Ho ( -cos 9)2rd9 =§_EI—£

(o]

Since the rotation and the horizontal
deflection at the top are zero, the follow-
ing equations can be written:

ElAg= 1.414 Ard + arM,
- RPZHO =0 (19)

EIA, = -2.013 ArS - urzMo

3
+5ar’H, =0 (20)

from which

Hy = +.382A and M, = - ,088Ar

The final equations then for earth loads
on section 0 are:

Where 0=
6= 3

M, = Ar (1.061 cos % 0 - .B78 cos 6
- .450) | (21)
Pe = A (1.061 cos % 6 - .878 cos 6) (22)

Ve = A (.878 sin @ - .707 sin% 8) (23)

1 dMe

Note: Ve = o
r

Where %, =9,
Mg = Ar (-.354 cos 20 - .878 cos ©
- .450) (24)
Pg = A (-.354 cos 20 - .678 cos 6) (25)
Vo =A(.707 sin 26 +.878 sin8)  (¥R)

*°

31
3

Forces indicated
/ are positive

!

FIGURE 5 - Stresees within the pipe
shell are in accordance with these as-
sumptions. Positive direction of forces
is indicated.

B. Water Load. See Figure 6.
= -62.4r, (1-cos 6) =_ﬂ (1-cos 6)

For simplification let ry = r, then

P; = =W(1-cos 0) (27)
nr
= cos 20 (28)

.943r
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FIGURE 6 - Assumed pressure distribution
of water loed is in accordance with this

diagram.

The forces on the cut section at 8 are
as follows:

Frcm P;, where 02@=a

M} = 41; (1-cos © - g sin @) - (29)

Py =W (l-cos 6 - _g. sin 6) (30)
n

vy =W (.% sin © - % cos 6) (31)
n

The forces from Py, are the same as

given under earth loads with W substituted
for A. See Equations 9, 10, and 11.

The rotations A¢at the top are as fol-
lows:

From Py,
n
Dg= =Wr [ (1-cos 6 - 8sing)rd @
n EI o 2

Wl

"~ 2EI

From Py,

2E1
Zﬁ
2
+cos8)rd 6 =...Q'i%.IWL

A¢='_er'(.-70‘7 cos 20 + sin @

From Py + Py,

_ _,470 Wr2
Bg= El

The horizontal deflectionsA at the top
are:

From Pj,

Ap=¥r M(1-
h . f(l cos 8
° 3
-0 q - _ L LW
§smG)r(l cosG)rdG_+8 Bl

From Py,

2EI
g

+cos ) T (1-cos 8) rd © =:..Q.Q%JIML3

n
Ay =¥ 3 (.707 cos 26 + sin ©

From P4 + Py,

Ay = +.815 Wrd
EI

Then by the same reasoning as for Equa-
tions 19 and 20, we write:

Elag = -.470Wr2 + nrM,

-nrZH, = 0 (32)
El}, = +815Wr3 - ar2M,
+ §z.nr3Ho =0 (33)
from which

Hy = -.220W and M, = -.070Wr

The final equations for water loads are:
Where 0= 9 = %n

Mg =Wr (.099 cos 8+.159 8 sin 6

-.169) (34)
Pg =W (.099 cos © +.159 6 sin 8
- .319) | (35)

Ve =W (,061 sin @ +,158 8 cos 8) (36)



Where %n =Eg=n
Mg = Wr (,1596 sin @ - .500 sin 6
- .401 cos © - .354 cos 26 - .169) (37)
Pg =W (.1596 sin 6 - .500 sin

- .401 cos 6 ~ .354 cos 20 - .319) (38)

Ve =W (.561 sin 6 + .1590 cos 6
-~.500 cos @ + .707 sin 20) (39)

C. Dead Load. See Figure 7.
Total dead load = D = 300nrt

w = 150trd @ =;; de (40)
n

D, -..D 2

b 515 cos 20 (41)

The forces on the cut section from dead
load are:

Where (S @Sy

. Dr - X
My T“(Q sin@+cos6-1) (42)
Py = ;; O sin@ (43)

n
Ve=L6coso (44)
"

FIGURE 7 - Dead load due to the welght
of the pipe itself is assumed in this
manner,

are the same as for
stituted for A, See

The forces-from
earth loads with D s
Equations 9, 10, and 11.

The rotations at the top are as follows:

From D,

A¢=

n
Dr (0sin® +cos © - 1) rdd =0
2nEI |

From Py,
A¢ =.Im Dr2
El

The horizontal deflections are:

From D,

Ap=2Dr /M6 sing+coso - 1)r(1
2nE] 0

- _Drd
cos O)rd 6 = SET

From Py,
Ah = :hQQé.IDLs

From D + Py,

o
We may then write:

Elag = .030Dr2 + nrM,

-nr?H =0 (45)
Elsy, = .085DrS - urzMo
+ %nr3Ho =0 (48)
from which

Hy = - .061D, M, = - .070Dr

The final equations for dead load are:

Where 0 S gé%

Mg =Dr(.1596 sin 8 + .099 cos 0
-.169) (47)
Pg =D(.1590 sin 8 -.061 cos 6) (48)

Vg =D(.1596 cos 6 + .061 sin @) (49)



Where %ﬁ = o] Za
Mg = Dr(.1590 sin 8 - .500 sin 6
- 401 cos © -.354 cos 20 -.169)  (50)

Pg =D(.1596 sin 8 - ,561 cos 6

-.500 sin © -,354 cos 26) (51)
Vg = D(.1598 cos 6 -.500 cos 8 +.561
sin @ + .707 sin 20) (52)

NOTE: The formulas for Mg and Vg

are the same as for water
load with D substituted for
W. This holds also for bear-
ing areas other thanﬁ and in

following derivations for dead
load this fact will be used.

2. Analysis for Reaction over Central

Angle.’i.
A, Earth Load.
Pt _ A cos %9 (53)
1,568r
Pp-dgemse i
Where 0= 0 = %"
M, = .947 Ar(cos %9 - cos ©) (55)

Where %,:‘gﬁ ”

My =.947 Ar(-% cos 48 - cos 9) (56)

Dy =1 My and Vg =1 9M8 £or an condi-
e =% Me ) ;qge
tions of loading except for dead load where

Pg #% M{. See Equation 43, Hereafter the
equations for P§ and M will not be given.

Elag=1.823 Ard 4 rrM,

- arZHy = 0 (57)
Elsp = -2.335 Ar3 - n r2M,
+ %nr3H° =0 (58)

H, = .453A, M, = -.064 Ar

Where oéeé% n

Mg = Ar(.847 cos % 8 -.484 cos ©
-.517) (59)

Po = A(.947 cos £0 -.494 cos 6)  (60)

Ve = A(.494 sin 8 -.541 sin% e  (61)

Where %ng B =n

Mg = Ar(-.135cos 46 - .494 cos ©

- .517) (62)
Pg = A(-.135cos 4 © - .494 cos 8) (B3)
Vg = A(.541 sin4 6 +.494 sing)  (64)

B. Water Load.

- W cos 48
Po .493r (85)

Where %n-'-ie En

Mg from Py, = -Wr(.135 cos 40

+.500 sin © +.207 cos 6) (66)
ElAg= - .493 wre + nrM,
- ar?H, = 0 (67)

EIAh =+.860 Wr3 - urzMo

+%¢3H° =0 (68)
Hy = -.234W, M, = -.078Wr

Where 05 g /4

Mg = Wr(-. 1682 +.084 cos ©

+.159 8 sin @) (69)
Pg =W(-.318 +.084 cos 0

+.159 6 sin @) (70)

Ve =W(.075 sin 6 +.159 6 cos @) (71)

Mg = Wr(-.182 - .500 sin @
+.159 6 sin 8 - .123 cos @
- .135 cos 46) (72)
Pg =W(-.318 - .500 sin 6 + .159 © sin 6
-.123 cos 6 - .135 cos 46) (73)



Vg = W(~-.500 cos 6 +.158 6 cos 6

+.282 sin 6 + .541 sin 48) (74)
C. Dead Load
Els = +.007 Dr? (This rotation is from
pb only.)

Since Mg = -.078 Dr we may write the
following equation:

Ela¢=+.007 Dré - xr(.078)Dr
- arzﬁo =0 (75)
from which,
H, =.075D

Where 05 6 = %a
Mg = Dr(-.162 + .084 cos 6
+.159 8 sin 6) (76)
Pg =D(.159 6 sin 8 - .075 cos 6) (77)

Ve = D(.075 sin 6 + .159 6 cos 6) (78)
Where %a =g=n

Mg = Dr(-.162 - ,500 sin 6
+.1590 sin 0 - .123 cos &

- .135 cos 46) (79)
Pe = D(.159 6 sin @ - .500 sin

~.282 cos 6 - ,135 cos 40) (80)
Ve = D(-.500 cos © +.159 © cos ©

+.282 sin 6 + .541 sin 40) (81)

3. Analysis for Reaction over Central
Angle %x

A. Earth Load

7 3 '
Pt=.1_2%cosze (82)

=-5-é - i §9 83
Pb 6r( Sn2 ) ( )

Where O§9§§'l

Mg =% Ar(cos g. 8 - cos 8) (84)

Where %n So=n
Mé=.‘§Ar(.;: smge- cos ) (85)
EIA¢=-§-AI‘2 +arM,
- anHO =0 (86)
Elsp =-1.885 Ar3 - ar2M,
+§ll‘3Ho=0 (87)
H, =.351 4, M, = -.078 Ar
Where 0% ¢ 5%!
Mg = Ar(2 cos 30 - 082 cos @

1 (88)

- .424)
Py = A(.g. cos % 8 - .982 cos 6) (89)
Vo = A(- sin 3 6 + .982 sin 6) (90)

Where %ns 6 =4

=Ar(2sin3 @
Mo = Ar(Z sin

- .982 cos 6 - ,424) (91)
Pg = A(% sin g @ - .982 cos 6) (92)
Vo = Alcos % 0 +.982 sin 6) (93)

B. Water Load,

5W 3
el X (-sginz
Py 6r( Snze) (94)
Where %ﬁs@sﬁ
. 2 3
Me from P, = Wr (§ sin-2-9
-%sine-.SBG cos ) (95)

Elag= - 2WrZ 4 arMy - ar?H, - 0 (g6)
Elap, =.766 Wr3 - ar2M,

+% II'SHO=O (97)
Hy = - .205W, M, = - .083 Wr



Where 0= 9 é%“

Mg = Wr(-.177 +.114 cos 8

+.159 © sin @) (98)
Pg = W(-.318 +.114 cos 6

+.159 6 sing (99)
Vo =W(.159 6 cos © +,046 sin 8)  (100)

Where £ % 6 34

Mg =Wr(- .177 - .752 cos ©

+.159 @ sin 8 - 500 sin 6

+.667 sind o) (101)
Py = W(-.318 - .752 cos 6

+.159 6 sin@ - ,500 sin €

+.667 sing ) (102)
Ve = W(.912 sin 6 +.159 6 cos 6

- .500 cos © + cos % 0) (103)

C. Dead Load.

Elag= 53 Dr? + ax(- .03 Dr) - a r2H,

=0 (104)
HO = '.046 D

Vhere 0= o §%n

Mg =Dr(- .177 +.114 cos ©

+.159 6 sin 0) (105)
Pg=D(.159 8 sin 0 - .048 cos 6)  (106)
Ve =D(.159 6 cos € +.046 sin®)  (107)

There %u Sos=
Mg = Dr(- .177 - .752 cos ©
+.158 @ sin 8 - 500 sin 6
+.667 sin § ) (108)

Pg =D(.159 6 sin 8 - .500 sin 6

+ .667 sin % 6 - .912 cos ) (109)
Ve =D(.912 sin © + .159 6 cos ©
- .500 cos 6 + cos % e) (110)

4, Analysis for Reaction over Central
Angle n,

A, Earth Load.
Py = %‘% cos 9 (111)
Py ='—;2-£— cos 6 (112)
Where 026 S 1
My =2l osing (113)
Where %é 8=y
My = Ar(sin6 - € sin 0
- ﬂg cos 6) (114)
Elag=2Ar? 4 xrM, - nr2H, =0 (115)
Eldp = -1.773 Ar3 - ar2M_
3 3
+§ur Ho= O (116)
Hy = .318A, Mo = - .087 Ar
Where 0= o é%
Mg = Ar (.3180sin 6 +.318 cos 9 -
- .405) (117)
Pg=A(.3186sin 6 +.318 cos 8) (118)
Ve =.318 ABcos 8 (119)

NOTE: Mg and Pg are symmetrical

about the horizontal axis. The
values of Vg between lzL andn

are numerical%y equtaﬁl but op~
posite in sign from those
where 0= 8 §§ .
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B. Weater Load.

=22W o5 6 (120)
pb xr
Where % =¢3,

Mg from Py =W 8 sing-6sine

- cos 6) (121)
Eldg=-.363 Wr + nrM,

- ar?H, =0 (122)
Elap = .613 WrS - ap?um,

3 3

+§ur HO =0 (123)

Hy = - .159W , M, = - .044 Wr
Where 0= 6 §-;-

Mg =Wr (.159 cos 6 +.159 6 sin@

-.203) (124)
Py =W (.159 cos 6 +.159 6 sin @

-.318) (125)
Vg =W (.159 0 cos 9) (126)

-<
=

Where %’E e

Mg =Wr (- .159 cos 6 - ,159 © sin 8

+.500 sin & - .203) (127)

Pe=W(- .159 cos 6 - .159 8 sin 8

+.500 sin 6 - .318) (128)
Ve =W (.500 cos ©

- .159 6 cos ©) £129)

C. Dead Load.
Pp = 222 cos 6 (130)
Ela¢ =.136 Dré + nr(-.044 Dr)

- llI‘zHo =0 (131)

By =0
Where 02 9= -%
Mg =Dr (.159 cos 6 +.159 8 sin @

- .203) (132)
Pg=D(.159 @ sin ) (133)
Vg =D (.159 6 cos 8) (134)

Where '-‘2- =0 =q
Mg =Dr (- .159 cos 6 - .159 © sin

+.500 sin 8 - ,203) (135)
Pg=D(-.318cos 8 -.159 6 sin @

+.500 sin @) (136
Ve =D (.500 cos 6 -~ .15 @ cos 8) (137)
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Note: Cpefficients for moment ond sheer for water load are the same as for dead load.
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Deod load = XDr
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(Water lood = XWr
° Forces indicated
ore positive
‘Dead lcad = YD
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(Water lood =ZW
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